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Abstract

In this paper, we consider three types of functions given by products of Bernoulli and ordered Bell functions and derive
their Fourier series expansions. In addition, we will express each of them in terms of Bernoulli functions.
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1. Introduction

Let B (x) denote the Bernoulli polynomials given by the generating function

t
et—le

oo tm
“=D Bm(x)—, (seel6 9,10, 15, 18)).
m=0 )

For x = 0, Bjy = By (0) are called Bernoulli numbers. The Bernoulli polynomials satisfy the following
properties.

d
aBm(X) = mBm*l(X)/ (m 2 1)/ Bm(l) - Bm + 61,111/ (m 2 0)

For any real number x, we let
(x) =x—|x] €[1,0)

denote the fractional part of x. We also need the following facts about Bernoulli functions By, ((x)):
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Zm.nx

(@) for m > 2, B ((x)) = —m! ¥ 7o rgmyms
n#0

eminy {Bl((x>), for x ¢ Z,

b) form=1, — o
(b) L #£0 2rein 0, for x € Z.

n

The ordered Bell polynomials b, (x) are introduced as a natural companion to ordered Bell numbers
bm = bm(0) and defined by the generating function

Loy bm(x)%, (see [8]). (1.1)
m=0

The first few ordered Bell polynomials are as follows:
bo(x) =1, by(x) =x+1, ba(x) =x>+2x +3,
bs(x) = x4+ 3x%> 4+ 9x + 13, by(x) = x* +4x> + 18x% + 52x + 75,
bs(x) = x° 4 5x* 4 30x> + 130x? + 375x + 541.

The ordered Bell numbers have been studied in many counting problems in enumerative combinatorics
and number theory, the first appearance of which goes back to as early as 1859. The ordered Bell polyno-
mials are monic polynomials with integral coefficients, as we can see from

m—1
bo(x) =1L bm(x) =x™+ ) <nll>b1(x), (m>1).
1=0

Also, the ordered Bell numbers are positive integers, as we can note from
m o0 nm
b =) niS(mmn)=) s (M= 0).
=| n=0
From (1.1), we can easily deduce

d

abm(x) = mbmfl (X)/ (m P 1)/ _bm(l) +2bm = 6111,0; (m = 0)/
! 1 1
. b (x)dx = m(bmﬂ(l) _bm+1> = mbm+1-

Throughout this paper, we will assume that r and s are nonnegative integers with v +s > 1. Here we will
consider three types of sums of finite products of Bernoulli and ordered Bell functions om ((x)), Bm ({X)),
and ym ((x)), and derive the Fourier series expansions of them. In addition, we will express each of them
in terms of Bernoulli functions.

1) am((x) = D iy bt = Bi, (%)) - By, (()) b5, (%)) -+ b ((x)),  (m=>1);
() Bm(<x>) = le+ FirHjittHjs=m WBH«X)) -+ By, ( ) X b)l( X ) "bjs(<x>)/ (m=>1);
3) Ym((x) = 2 it bietj et e=m mB ((x)) -+ By, ((x)) x bj, ((x)) -+ b5, ((x)), (m=71+5).

Here the sums for (1) and (2) run over all nonnegative integers iy,--- ,ir,j1,- -+ ,js with iy +---+1, +j1 +
--+js = m, and the sum for (3) runs over all positive integers i1,--- ,ir, j1,---,js with iy +---+i- +j1 +
cdje=m

For elementary facts about Fourier analysis, the reader may refer to any book (for example, see [1, 16,

18]). As to am((x)), we note that the polynomial identity (1.2) follows immediately from Theorems 2.1

and 2.2, which is in turn derived from the Fourier series expansion of om ((x)).

> By, ()~ By, (x)by, (x) -+ by, () = ———— <m+¢+ S) Am 511Bi(x),  (12)

. .~ . m-—+r71+8 4 )
U+t i+ Hjs=m j=0
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where, for each positive integer 1,

w5 Qe T e

Ogagr i4-+ig+j1++Hje=a+l—r
0<ce<s
r—l<agr

_ Z Bi, -+~ By, bj, -+ by,
i s =1
The obvious polynomial identities can be derived also for (., ((x)) from Theorems 3.1 and 3.2. It
is noteworthy that from the Fourier series expansion of the function ' T B () Bm—((x))

we can derive Faber-Pandharipande-Zagier identity (see [4, 5, 9, 10, 17]) and Miki’s 1dent1ty (see [9, 10,
17]). Indeed, the next polynomial identity follows immediately from the Fourier series expansion of that
function (see [13]):

m—1 m—2
1 2 1 2 1 m
Y L B 0Bk )= 2 (Bm n ) 12 ( )Bm_kBk )
= k (m—k) m 2 m .~ m—k\ k (1.3)
+":Z*Hm—le(X)r
where m > 2, and H,,, = Z] -1 ] are the harmonic numbers. Simple modification of (1.3) yields
m—1 1
kZ:1 mBZk (%) Bom 2k (%) + P B1 (%) Bam—1 ()
_ 1y 12m 1 (1.4)
= 1<Z:1 o <2k)BZkBZm2k (x) + —Ham—1Bom (x)
+ 5B () Bam—1, (M 2>2).
Letting x = 0 in (1.4) gives a slightly different version of the well-known Miki’s identity (see [17]):
m—1 m
1 1 1 /2m 1
BB BokBom —Hym_1B >2).
kZ_12k(2m—2 2kBom—2k = ZZk(Zk) 2kBam—2x + —Hom—1B2m, (m >2)

Setting x = % (1.4) with By, = (%) Bm = (21_m — 1) B =Bm (%), we have

m—1 m

= = 1 1 /2m = 1 -

— By Bomok=— ) — BokBom—2k + —Hom—1Bom, =>2),
kZ_12k(2m—2k) 2kBam—2k me—12k<2k> 2kBom—2k + —Hom—1Bom, (m >2)
which is the Faber-Pandharipande-Zagier identity (see [5]). Along the line of this paper, the Fourier
series approach has been done for Bernoulli, Euler, Genocchi, poly-Bernoulli, poly-Genocchi, ordered
Bell, r-derangement, derangement, Fubini, and two variable Fubini polynomials and also for their mixed
types by the present authors and some other mathematicians. The reader may refer to the recent papers
[7, 12-14] for a few related results.

2. The function cxm((x))

Let am(X) = D ij4ti, Bil(x) -+ By, (x)bj, (x) - - - b, (x), (m = 1), where the sum is over all non-

it Hjs=
negative integers iy, - g i, )1, -+ ,js satisfying i1 +---+ir +j1+---+js=m
Then we will consider the function
om ((x)) = > B, ((x)) -+ By, ()5, ((x)) -+ b5, ((x)),

iFe it Hs=m

which is a periodic function on R with period 1.
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The Fourier series of om ((x)) is

00
Z A%m) eZninx,

n=—oo

where

1 1
Al = J otn (X)) e 2™ M dx = J Ot () e 2T dx,
0 0

To continue our discussion, we need to observe the following:

ol (x) = Z 1By —1(x)Bi, (x) -+ - By, (x)bj; (x) - - - bj (%)
igbobip i Hig=m
121
R ) By, (x) -+ By, (x)irBi,—1(x)bj, (x) - - - by, (x)
bttt His=m
i1
+ Z Bi, (%) -+ - By, (x)j1bj,—1(x)bj, (x) - - - b (x)
bty o His=m
121
s > By, (%) -+ By, (x)bj, (%) - -+ by, _1(x)jsbj,—1(x)
i1+"-+ir<j:j]><;~"+i5=m (21)
= Z (i1 + 1By, (x) -+ - By, (x)bj, (%) - - - by (%)
Yttt js=m—1
bt > (ir +1)By, (x) -+ By, (x)bj, (x) - - by, (%)
i+ Fir i+ js=m—1
+ > (j1 + DBy, (x) -+ - By, (x)bj, (x) - - - by (%)
i+ Fir i1+ js=m—1
ot > (s +1)Bg, (x) -+ By, (x)bj, (x) -~ by, (x)
ittt js=m—1
=(m+r+s—1)om_1(x).
From (2.1), we immediately obtain
Km+1 (X)
= X),
<m+r+s> m{x)
and
1 1
Xm(x)dx = ——(« 1) —« 0)). 2.2
J, om(r1dx = (i (D) — 2 (0)) @2)
For m > 1, we let
Am = otm (1) — am(0)
= Z (Bil(l)"'Bir(l)bil(l)'”bjs(l)_Bil.”Birbjl.”bjS)
i+t e js=m
= > (Biy +81,,) -+ (Bi, 4814, ) (25, = 85,0) - (2b5, —85,.0) 2.3)
bt js=m
_ Z Bi, -~ By, by, -+ by,

i1t js=m
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T S _
OO 5 e
0<agr

i1 +-+ig+Hj1+je=at+m—1

0<c<s
r—m<a<sr

_ Z Bi, -+ By, bj, - - by,
L+ tir+jr+ejs=m

We note here that the sum over all ij +--- +1i, +j; +---js = m of any term with a of Bi_, r —a of 81,
(1<e f<r),cof2bj,and s—cof =0 o (1 <u,v<s)all give the same sum

> Bi, - BigS1ia, - 01, (2b5,) -+ (2b5,)(—85.0) - -+ (—85,0)
i1+ e s=m
= Z (—1)7€2°By, --- By bj, - - by,
i1+ Fia 1+ He=at+m—r
which is not an empty sum as long as a+m—r > 0.
We now see from (2.2) and (2.3) that

1
1
OCm(O) = Oém(].) <~ Am = 0, and JO Oém(X)dX = mAerl.

We now would like to determine the Fourier coefficients Afim).
Case1l:n #0.

Al :J o (x)e 2T X 4y
0

_ 1 —27minx 1 Jl / —27minx
= "2min [om (e Lﬁ 2min ), Om¥Je dx
1 m+r+s—1 o
= _m(“m(l) —am(0)) + TJ Ot 1 (x)e 2 dx
:m+T+s—1 (m—1) 1 m
2min " 2min~ 7
from which by induction we can deduce
A(m):_i(m+r+s—1)j,1 o1 i(m+r+s)j .
" P (27in)j m—jH mtTs 2min) MmOt
Case 2: n = 0.
(m) _ 1 1
A = | om(x)dx = ——A .
0 JO m( ) m4+r+s m+1

am((x)), (m > 1) is piecewise C*®. In addition, am ((x)) is continuous for those positive integers with
Am =0, and discontinuous with jump discontinuities at integers for those positive integers with A, # 0.

Assume first that A, = 0 for a positive integer m. Then &y, (0) = am (1). Hence o ((x)) is piecewise
C* and continuous. Hence the Fourier series of am ((x)) converges uniformly to om ((x)), and

1 > 1 (m+71+5s);
_ 1A . POA . 27tinx
%m ((x)) m4+r+s m+1+n;()o m+r+S~Zl (2riny [ E
n#0 )=
1 1 m m-+r4+s o0 eZﬁinx
- - A _ Am—jt1 x | —j! .
m+r+s m+1+m—i—r+s;< j m=jtl ) n_ZOO (27in))

n#0
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1 1

— (m+T+s
=——A _— Am_j
m+4r+s m+1+m+r+sj§< j ) mo

B1((x)), forx ¢ Z,
< By () & Am {O, for x € Z.

Now, we can state our first result.

Theorem 2.1. For each positive integer 1, we let

S R

0gaxr i+ +ig+ji++Hje=a+l—r
0<ce<s

r—l<agr

_ Z By, - Bi,bj, -+ by,

i =1

Assume that Ay, = 0, for a positive integer m. Then we have the following:

(a)

i+ Hs=m

has the Fourier series expansion

> Bi, ((x)) -+~ By, ((x))bj, ((x)) - - by, ({x))

it e Hs=m

1 > 1 = (M4 T+s);
— A _ ) ]A . 2minx
marrs T Z m—i—r+s_Z Q2min)y Mot ¢

n+#0

for all x € R, where the convergence is uniform.

(b)

> By, ((x)) -+ By, ((x))bj, ((x)) - - by, ({x))

ittt Hs=m

1 1 — (Mm+T+s
= — —j B.
m+T+SAm+1+m+1‘+Sj§_2< ) >Am j+1 )(<X>)
for all x € R, where B;((x)) is the Bernoulli function.

Assume next that Ay, # 0 for a positive integer m. Then oty (0) # xm(1). Hence am ((x)) is piecewise C* and

discontinuities at integers. The Fourier series of xm ((x)) converges pointwise to om ((x)) for x ¢ Z, and converges
to

1 1
E(“m(o) + am (1)) = am(0) + EAm

for € Z.

We can now state our second result.
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Theorem 2.2. For each positive integer 1, we let

SRS <D(z>(_1)s_c2c > Bi, - Bi by, -+ by,

Osasr L+ Fig i1+ He=a+l-r
0<c<s
r—l<agr

_ Z By, - Bi,bj, - by..
it et s =1

Assume that Ay # 0 for a positive integer m. Then we have the following:

(a)
1 > 1 — (Mm+71+35);
X 27tinx
m-+r+s m+1+n;w m—i—r—i—szl Qminy Mt ©
n#0 =
_ {Zil+~-+ir+j1+m+js_m Bi1(<x>)"'Bir(< )3, ((0)) -+ b5, ((x)), forx ¢ Z
Z byt btjemm Biy o Bub by 4 AR, forxeZ
(b)
m
m+r+s
m+r+s]§< ) m—j+1B; ((x))
= > Bi, ((x)) -+ By, ((x))bj, ((x)) - - - bj ((x)) forx ¢ Z,
G e js=m
1 = (m4r+s
- - A s B
m—l—r—i—sj;)( j ) m—j+1B;((x))
1
= Z Bi1"'Bier'1"'bJ's+§Am fOT’XEZ.
Gt et Ajs=m
3. The function Bm ((x))
Let Bm(x) =2 i tis WBM(X) - By, (x)bj, (x) - - - b, (x), (m > 1), where the sum runs

HiteHs=m
over all nonnegative integers iy,--- ,ir,j1,- -+ ,js satisfying i1 +--- +i, +j1+---+js=m

Then we will consider the function

Bm(<x>) = Z

Yottt s =m

B () B () by, () -+ by, (),

[SLERER TS

which is a periodic function on R with period 1.
The Fourier series of Bm ((x)) is

o0

Z B 1(1111 eZTnnx

n=—oo
where

1 . 1 .
B_ELm) _ J Bm (<X>) e—27'nnx dx = J Bm (X) e—27unx dx.
0 0

To continue our discussion, we need to notice the following.
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1
Bm(x) = Z PE NS 1 Bii—1(x)Biy(x) -+ By, (%) x by, (x) -+ by (%)
bttt Ais=m 1 2 o)1 )s:

1121
1
+- Z . - - - — By, (x) By, (x)Bi,—1(x)
.. 1. — 16151 r—1 v
iy Lo ie=m 1 Lt =Dt !
i1
1
X by, (x) - by (%) + > . — By, (x) - By, (%)

i1+ i+ Hie=m

jizl

X by, —1(x)bj, (x) - by (x)
1

bt Y BB

| N P | —1) 1 r

il+~~~+ir+j1+~~~+is:mll. 1)1t js—1!0Gs —1)!
js=1 3.1)

X b)l (X) o bj$71 (X)bjsfl(x)

1
- > . By, (x) -+ B, (x)b3, (x) -+ by, (x)

NN
e i je=m—1 | r1 e )s

1
et Z T h ,Bi1(x)"‘Bir(x)bh(x)"'bjs(x)
. .8 . 1+ )1 )se
i+ i +j1+js=m—1

1
Z Tl inligle. i ,Bi1(x)"’Bir(x)bjl(x)"'bjs(x)
. - . 1° )1 s
i1+ +ir i1+ js=m—1

1
4+t Z T |Bi1(x)"‘Bir(x)bh(x)"'bjs(x)
. .5 . 1 )1 )s:
4l js=m—1

=(r+s)Bm-1(x).

From (3.1), we get

B (1
( T+s ) - Bm(x)/
and
! 1
|| Bm(idx = (Bt (1) = B ). 62

For m > 1, we let
O-m = Bm(l) - ﬁm(o)

— 1
§ - — - (Bil(l)"'Bir(l)bh(l)"'b]'s(l)_Bil"'Birbjl"'bjs)
. . . 11!"'1r!11!"‘]5!
it i+ js=m

1
-  (By +8) o (Bi, + 00,
i1+--.+ir+Zj1+---jsm 11!“'17!)1!"'15!( " Lll) ( ' lll)
x (2bj, —8j,0) -+ (2b5, —85,0)
_ Z i 1 Bi, -+ By, bj, - b; (3.3)

TN js
T B PR P L

2 00 e

Ul talnl !

0gasr i1+-+ig+j1+je=a+m—r
0<c<s
T—-m<gasr
1
XBil"'Biabjl"'bjC_ E - Bil"'Birbh"'bjs'

PRI
oy 4 e=m LTI s



T. Kim, D. S. Kim, D. V. Dolgy, J. K. Kwon, J. Nonlinear Sci. Appl., 11 (2018), 500-515 508

Now, we see from (3.2) and (3.3) that

1
T+Ss

1
Bun(0) = Brn(1) <= O =0 and L Ban(x)dx = _—

We now want to determine the Fourier coefficients B%m).
Case1l:n #0.

1
= B ] [ e 2
27in 0 2min Jp ™
1 T+S ! 2minx
— e (B = Binl0)) 4 22 | B ()™ ax
_ T+sB(m,1) B 1
2min 2min ™

from which we can easily deduce that

Case2: n =0.

Bm((x)), (m > 1) is piecewise C*. Moreover, B ((x)) is continuous for those positive integers m
with Q. =0, and discontinuous with jump discontinuities at integers for those positive integers m with
Qum #£0.

Assume first that O, = 0, for a positive integer m. Then ,,(0) = Bm (1). Hence B ((x)) is piecewise
C* and continuous. Thus the Fourier series of 3 ((x)) converges uniformly to ., ((x)), and

1 ad m j—1 .
Bm(<x>) = Q 41+ Z _Z (T—i_is)ﬂm,j+1 eannx

r+s ™ = — (2min)]
n#0 )=
1 s (r+ S)j—l X e2minx
= Q ————Qm; —j! -
TTs m+1 +Zl 51 m—j+1 X ) n_ZOO (27tin)
= A0
1 = (r+s)il Bi((x)), forx ¢ Z,
= Q + ——— Q. 511B; 4+ O X
T+s m+1 ]; ]! m—j+1 )(<X>) m 0, for x € Z.

We are now ready to state our first result.

Theorem 3.1. For each positive integer 1, we let

™\ /s B B: ---B: b: ---bs
P N P S i
a C 11 1lg )1 Je-
0<asr T T L L
0<c<s
r—l<axgr
B ). Bi, -~ Bi,bj, - by,
IR

Bt e s =1

Assume that Q. = 0 for a positive integer m. Then we have the following.
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(a)

1
) By () - B (g, () -y, ()
. A R SLEERS 35 FRERES N
1+ Hs=m
has the Fourier series expansion
1
Y B () Bi ()b, (%)) - by ()
. .5 . [SEEERN %) FEERED PY:
i1+l Hs=m
_ ! Q + i _in . e2minx
= s Omn - - Qmn)y Mt
n#0 B
for all x € R, where the convergence is uniform.
(b)
1
Z : — —Bi, ((x)) - By, ({(x))bj,((x)) - - b5, ({x))
. A . il gs!
bt i Hs=m
m :
(r+s)-!
= Z %'mej+lBj ((x))
=0
j#1

for all x € R, where B;((x)) is the Bernoulli function.

Assume next that Q. # 0, for a positive integer m. Then Bm(0) # Pm(1). Hence Bm((x)) is piecewise C*,
and discontinuities with jump discontinuities at integers. Thus the Fourier series of Bm ((x)) converges pointwise

to Bm ((x)) for x ¢ Z, and converges to

S (Bn(0) +Bm(1)) = B 0) + 2 0m
for € Z.
Now, we are ready to state our second result.
Theorem 3.2. For each positive integer 1, we let

0O, = Z <;> (2) (—1)sc2¢ Z B.il ) '...Biiabjl o ..bjc

1! igh! !
0<agr g Hematlor 1T e
0<c<s
r—1l<agr
B y Bi, -~ Bi,bj, - by,
(R ERRR Y TR RRRE N

e =1

Assume that Q. # 0, for a positive integer m. Then we have the following:
(a)

1 > — (r+s)1 By
r m+1+ Z —Z (2rin)) m—j+1 | € o
n=—oo )‘:1
n#0

_ {Zi1+---+ir+h+---+js—m WL—%“X” By, ()b, (X)) - b5, ((x)), forx & Z,

R s T 1
2 ity b et e=m L T 20m forx e Z.
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(b)

(r+s)—1

i Qm—j+1B;({x))

M

\_a
Il
o

= > . ! — B, ((x)) -+ By, ((x))bj, ((x)) - - - b5, ({x)) for x ¢ Z,

il gl gt

i+ Fir i1+ Hjs=m 1 )1 Js

(r+s)-!
j!

Bi, ---Bibj, ---b;, 1
mej+1Bj(<X)) = Z i;!"'ir!jl)!l---js! +§Qm for x € Z.
Wt F it Hjs=m

LM

P
4. The function yr,sm ((x))

Let Yrsm(X) = 2 a4 ti, mBll (x) - By, (x)bj, (x) - - - by, (x), (M = 1+ 5s), where the sum
+H1eoHs=m
is over all positive integers i1, --- ,ir,j1, -+ ,js satisfying i1 +-- -+ iy +j1 + - +js =m.

Then we will consider the function

Vr,s,m(<x>) = Z

it s =m

1

i1 gs

Bi, (%)) -+ By, ((x)) b5, (%)) -+ b5, ((x)),

which is a periodic function on R with period 1.
The Fourier series of yy,s,m ((x)) is

Z C_E:‘,S,m) eZm.nx,

n=—oo

where
1

1
C_(r:‘,s,m) _ J Yr,s,m(<X>)e_27unX dx — J Yrsm (X) e—27nnx dx.
0 0

To proceed further, we need to observe the following.

1
Yiem(X) = > By, 1(x)Bi,(x) - B, (x)bj, (x) - - - bj, (x)
Lttt js=m 271 s
1 T 1 S
1
ek ) T B () Ba (0B ()b (6) - By, ()
i+ Fir+Hji+Hjs=m
1
+ > By, (x) - By, (x)bj, _1(x)bj,(x) - - - bj, (x)
X X - . ll...lr)z...)s
Gt i js=m
1
+ Z ——————— By, (x) - By, (x)bj, (x) - - - by (x)bj,—1(x)
. .= . - W)1)s—1
L+ Fie e Hjs=m
1
= Z fBQ (x)--- Bir (X)bjl(x) ce bjs(x)
it i+ Hs=m—1 T §
1
+ > T Bu(d) o Bi (b (x) - by (x)
et Lot emme1 2L )s
1
ot > —Bi, (x) - Bi,_, (x)bj, (x) - - - by, (x)

EOE R
ety g je=me1 1L s
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1
+ > T . Bu(¥) B (x)by, (x) - by, (x)
el b s=m—1 L =1 )s
1
+ Z ————— By, (x)--- By, (X)bjz(x) -+ by, (x)
. A . 1 )2 " )s
Y4 i ot Ajs=m—1
1
+ Z #Bll (x) By, (X)bjl( ) bjs(x)
b i e=m—1 | )27 )s
1
+. 4 Z ———————— By, (x) -+ By, (x)bj, (x) - - b5, (%)
ot =m—1 1L sl
1 r )1 )s—1
1
+ Z ————— B, (x) -+ - By, (x)bj, (x) - - - b, (%)
. . . W) )s—1
Y4 i+ Ajs=m—1
=TYr—1,s5,m—1 (X) + SYr,s—1,m—1 (X)
1 1
+ Z {— + -t : ; :
Uttt je=met 2T )s U eej1e s
1 1
+—+ -+ - — . }Bil(x)"'Bir(X)bjl(X)"'bjs(x)
11...11_]2...18 11...1]‘_)1...)871
=TYr—1,5,m—1 (X) + SYr,s—1,m—1 (X) + (m_ 1)‘Yr,s,m71(x)-
Thus we obtain
‘Y;,s,m(x) = T"Yr—l,s,Tn—l(X) + $Yr,s—1,m—1 (X) + (TTL - 1)Yr,s,m—1 (X)/ (41)

with YT,S,T+871(X‘) =0.
For m > r + s, we set

/\r,s,m = Yr,s,m(l) - Yr,s,m(o)

— > -

Y+t Hs=m

= Z o

it i Hs=m

x (2bj, = 8o3,) - (2D, — 50,)'5))

1
_ Z By, By, bj, - by,
. . - . 11"'1’1‘]1"']5
1+ +1ir+)1+ - H)s=m
.
T 28
:Z( ) Z —— By, ---Bibj, - b;,
— \a/ . L . 1 +la)1-)s
a=0 11+ +1g+)1++H)s=a+m—r

- 2

Yttt Hs=m

Our next task is to determine

1

fBl o
1)1 s

1

-Bi,bj, -+ by

=

1
Arsm = J Yr,s,m(x) dx.
0

From (4.1), we immediately obtain

Ar,s,m =

_7ar—1,s,m(x) -
m

T S
Ar s—1,m (X) + Ar,s,m+1 .
m m

1
m(Bh(l)"'Bir(l)bjl(l)"'bis(l)*Bil"'Birbh"'bis)
1
f((Bil +81,1,) - -+ (Bi, +01,1,)
---lr]l..-]s

(4.2)
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We showed in [2] that

! = (1)) (1)
aT,O,m = J Yr,O,m(X)dX = —m). ) Arfj+1,0,m+1/ (T 2 1)
0 N
j=1

We also derived in [3] that

1
ap,s,m :J Yo,s, ml /\Os j+1,m+1, (s >1).
0

. M

It is now clear that (4.2) together with (4.3) and (4.4) determines a, s m for all r,s, m with m >

Also, we observe that
‘Y‘rsm(o) :Yrsm(l) <:>’/\rs1n =0.

Now, we would like to determine the Fourier coefficients C, (r/s,m)

Case 1: n #0.

1
C'(r:,S/m) :J ‘Yr,s,m(x)eiﬁunxdx
0

1 ol 1 .
= T 2mn { rsm(x)e Zmnx} in Jo Yigm(x)e 2 dx
1 1
~ 2nin (Yr,s,m(l) —Yr,s,m(0)> ton L {Wr—l,s,m—l(x) +5¥r,s—1,m-1(x)

+ (M —1)vr,s,m-1(x) }e_ZﬁinX dx

1 1 B - o
=— N sm+ (TCS 1,5,m—1) + SCS’S 1,m—1) +(m— 1)C R 1)>
2min

2min
m—1 _ T _ _ S 1m— 1
_ : Cg,s,m 1) + . CQ‘ 1,s,m—1) + : g,s 1m-1) : rsm
2min 2min 2min 2min
—1/m-2 _ T _ _ 1m—
- ?ﬁin (Zmn Cg’&m ” + 27tincElr e + 27tsincgls o
1 T (r—1,s,m—1) S (r,s—1,m—1) 1
A ) o sobmel
2min’ Sl + 27rin " + 2min 2mtin’ Y™
(m 1) rsm —2) m 1 —1 ~(r—1,s,m—j)
= — C 197
(2mn)2 g (Zmn "
2
S (r,s—1,m—j) m 1 ] 1
+ Z Zmn Cn Z (27tin)) Arsm—jti
j=1 j=1
(r+
_ (m—1), r+s) rsr+s +m inad T(m—l)j—lc(r—l,s,m—ﬂ
- (2mn)m ) C = (2min) "
m—(r+s) m—(r+s)
n S(m—l)jqc(rs 1,m—j) Z (m—1);4 .
& (emini " —  (2min) MM
m—(r+s)+1 m—(r+s)+1
B rm—1)-1 . (r—1,5,m—j) s(m—1)j4 clrs—1m—)
= (2mtin) = (27tin)
—(r+s)+1
- m—(r+s) (m B 1)]'_1
(ZT[iT‘L)] T,s,m—j+1

(4.3)

(4.4)

r+s>1.
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Here we note that
1 1 .
Cg,s,r—l—s) — J (x — E)T(X—l_ 1)567271171de
0
1 1., 1 ot .
= — )2S ()T _ hyr—1 1)8 2mminx
2min ((2) (=3) )Jrzmnjo(x ) (xH1)e dx
S ! 1 T s—1,—2minx
e O(X—E) (x+1)° e dx
N 1 T (r—1,5,7+s—1) S (r,s—1,r+s—1)
= i\t g Cn T o O ‘
Thus we have shown that
m—(r+s)+1 m—(r+s)+1
C(rsm) _ r(m—l)] 1C(r 1,s,m— ))+ Z S(m_l)j—l (r,s—1,m—j)
" = (27tin )i " = (27in)i "
Clres (4.5)
(m 1)] 1/\
- Z W r,s,m—j+1-
Also, from [2] and [3] we recall that
(r,0,m) " r(m—1); (r—1,0m—j) "I m—1)54
Ch™ = — M — , > 2), 4.6
(1,0,m) (m—1)!
C =—— 4.7
" (2min)™ *7)
Osm) e sM=1)i01 Losetmeg) e (m—1)5
Cn®™ = eyt YA i1, (s>2), 4.8
n ]; (2min)) n ]; (2min) 0,s,m—j+1 (s ) (4.8)
cloL 1 &
™ = _HZ 27‘[11’1 m j+1- (4-9)

We see that c&f'sf‘“) (n # 0) can be determined for all m > r+s > 1 from (4.5)-(4.9).
Case 22:n =0.

1
C(()T,S,m) :J Yr,s,m(x)dx
0

can be determined for all m > r+s > 1 from (4.2)-(4.4).

Yrsm ((X)), (M >1+s > 1) is piecewise C*. Furthermore, yr s m ((x)) is continuous for those integers
1,8, m with A; s m = 0 and discontinuous with jump discontinuities at integers for those integers r,s, m

with Ay s m #0.
Assume first that A, s . = 0 for some integers 1, s, m with m > r+s > 1. Then v, s,m (0)

= Vr,s,m(l)-

Thus Yr,s,m ((x)) is piecewise C* and continuous. Thus the Fourier series of yy,sm ((x)) converges uni-

formly to yrsm((x)), and

[o0]

Yrom((x) = Cl™ 4 Y clrememing

n=—oo,n#0

where Cér’s’m) are determined by (4.2)-(4.4) and clrsm) (n # 0) by (4.5)-(4.9).
We are now ready to state our first result.
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Theorem 4.1. For all integers r,s,lwith1 > r+s > 1, we let

.
T 25
Arsl= Z <a> Z —— = By, ---Bibj, by,

Tr e indy -3
a=0 1+ tiatHi o Hs=atlor ali*")s
1
_ E mBil“'Birbh'”b)’s-
Gt i s =1 T s

Assume that Ay s m = 0 for some integers r, s, m with m > r+s > 1. Then we have the following.

Y B () B () X by, (X)) by, ()

P IR
T R 1 )s

has the Fourier series expansion

2 11;1;‘3 () -+ B () > by, () -~ 3, ()
4 i+ Hjs=m T s

— C(()rrslmJ + Z Cglslm) eZTrinx’

n=—oo,n=*#0

where Cér’s’m) are determined by (4.2)-(4.4) and C7™) (n # 0) by (4.5)-(4.9). Here the convergence is uniform.

Next, assume that Ay s m # 0, for some integers v,s, m with m > r+s > 1. Then vy sm(0) # vrsm(1).
Hence yr,s,m ((x)) is piecewise C* and discontinuous with jump discontinuities at integers. Then the Fourier series
of Yr,s,m ((x)) converges pointwise to yr s m ((x)), for x ¢ Z, and converges to

1 1
E(Yr,s,m(o) + Vr,s,m(l)) = Vr,s,m(o) + EAr,s,m

forx € Z.
Next, we can state our second result.

Theorem 4.2. For all integers r,s,lwith1 > r+s > 1, we let

.
T 28
Arsy=_ <a> > T B Bigby by,

1 eeeiadr -
a=0 i+t Hs=atlor | all* s
1
— Z mBil“'Birbh'“bis-
il 4s=1 T s
Assume that Ay s m # 0 for some integers r,s, m with m > r+s > 1. Then we have the following.

o0
C(()T,s,m) + Z Cg,s,m) g2minx

n=—oo,n#0

_ {Zil+-~+ir+j1+~-+js—m mBu (()) -+ Bi, ((x)) x b3, ((x)) -+ b5, ((x)) for x ¢ Z,
Zi1+"'+ir+jl+"'+js:m mB” T Birbjl o b]s %AT,S,m fOT" X € Z/

where CY™) (n £ 0) are determined by (4.5)-(4.9) and Cér’s’m) by (4.2)-(4.4).
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