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Abstract
In this paper, we consider three types of functions given by products of Bernoulli and ordered Bell functions and derive
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1. Introduction

Let Bm(x) denote the Bernoulli polynomials given by the generating function

t

et − 1
ext =

∞∑
m=0

Bm(x)
tm

m!
, (see [6, 9, 10, 15, 18]).

For x = 0, Bm = Bm(0) are called Bernoulli numbers. The Bernoulli polynomials satisfy the following
properties.

d

dx
Bm(x) = mBm−1(x), (m > 1), Bm(1) = Bm + δ1,m, (m > 0).

For any real number x, we let

〈x〉 = x− bxc ∈ [1, 0)

denote the fractional part of x. We also need the following facts about Bernoulli functions Bm
(
〈x〉
)
:
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(a) for m > 2, Bm
(
〈x〉
)
= −m!

∑∞
n=−∞
n 6=0

e2πinx

(2πin)m ;

(b) form = 1, −
∑∞
n=−∞
n 6=0

e2πinx

2πin =

{
B1
(
〈x〉
)
, for x /∈ Z,

0, for x ∈ Z.

The ordered Bell polynomials bm(x) are introduced as a natural companion to ordered Bell numbers
bm = bm(0) and defined by the generating function

1
2 − t

ext =

∞∑
m=0

bm(x)
tm

m!
, (see [8]). (1.1)

The first few ordered Bell polynomials are as follows:

b0(x) = 1, b1(x) = x+ 1, b2(x) = x
2 + 2x+ 3,

b3(x) = x
3 + 3x2 + 9x+ 13, b4(x) = x

4 + 4x3 + 18x2 + 52x+ 75,

b5(x) = x
5 + 5x4 + 30x3 + 130x2 + 375x+ 541.

The ordered Bell numbers have been studied in many counting problems in enumerative combinatorics
and number theory, the first appearance of which goes back to as early as 1859. The ordered Bell polyno-
mials are monic polynomials with integral coefficients, as we can see from

b0(x) = 1,bm(x) = xm +

m−1∑
l=0

(
m

l

)
bl(x), (m > 1).

Also, the ordered Bell numbers are positive integers, as we can note from

bm =

m∑
n=0

n!S2(m,n) =
∞∑
n=0

nm

2n+1 , (m > 0).

From (1.1), we can easily deduce

d

dx
bm(x) = mbm−1(x), (m > 1), −bm(1) + 2bm = δm,0, (m > 0),∫ 1

0
bm(x)dx =

1
m+ 1

(
bm+1(1) − bm+1

)
=

1
m+ 1

bm+1.

Throughout this paper, we will assume that r and s are nonnegative integers with r+ s > 1. Here we will
consider three types of sums of finite products of Bernoulli and ordered Bell functions αm(〈x〉), βm(〈x〉),
and γm(〈x〉), and derive the Fourier series expansions of them. In addition, we will express each of them
in terms of Bernoulli functions.

(1) αm
(
〈x〉
)
=
∑
i1+···+ir+j1+···+js=m Bi1

(
〈x〉
)
· · ·Bir

(
〈x〉
)
bj1
(
〈x〉
)
· · ·bjs

(
〈x〉
)
, (m > 1);

(2) βm
(
〈x〉
)
=
∑
i1+···+ir+j1+···+js=m

1
i1!···ir!j1!···js!Bi1

(
〈x〉
)
· · ·Bir

(
〈x〉
)
× bj1

(
〈x〉
)
· · ·bjs

(
〈x〉
)
, (m > 1);

(3) γm
(
〈x〉
)
=
∑
i1+···+ir+j1+···+js=m

1
i1···irj1···jsBi1

(
〈x〉
)
· · ·Bir

(
〈x〉
)
× bj1

(
〈x〉
)
· · ·bjs

(
〈x〉
)
, (m > r+ s).

Here the sums for (1) and (2) run over all nonnegative integers i1, · · · , ir, j1, · · · , js with i1 + · · ·+ ir + j1 +
· · ·+ js = m, and the sum for (3) runs over all positive integers i1, · · · , ir, j1, · · · , js with i1 + · · ·+ ir + j1 +
· · ·+ js = m.

For elementary facts about Fourier analysis, the reader may refer to any book (for example, see [1, 16,
18]). As to αm(〈x〉), we note that the polynomial identity (1.2) follows immediately from Theorems 2.1
and 2.2, which is in turn derived from the Fourier series expansion of αm(〈x〉).∑

i1+···+ir+j1+···+js=m
Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x) =

1
m+ r+ s

m∑
j=0

(
m+ r+ s

j

)
∆m−j+1Bj(x), (1.2)
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where, for each positive integer l,

∆l =
∑

06a6r
06c6s
r−l6a6r

(
r

a

)(
s

c

)
(−1)s−c2c

∑
i1+···+ia+j1+···+jc=a+l−r

Bi1 · · ·Biabj1 · · ·bjc

−
∑

i1+···+ir+j1+···+js=l
Bi1 · · ·Birbj1 · · ·bjs .

The obvious polynomial identities can be derived also for βm(〈x〉) from Theorems 3.1 and 3.2. It
is noteworthy that from the Fourier series expansion of the function

∑m−1
k=1

1
k(m−k)Bk(〈x〉)Bm−k(〈x〉)

we can derive Faber-Pandharipande-Zagier identity (see [4, 5, 9, 10, 17]) and Miki’s identity (see [9, 10,
17]). Indeed, the next polynomial identity follows immediately from the Fourier series expansion of that
function (see [13]):

m−1∑
k=1

1
k (m− k)

Bk (x)Bm−k (x) =
2
m2

(
Bm +

1
2

)
+

2
m

m−2∑
k=1

1
m− k

(
m

k

)
Bm−kBk (x)

+
2
m
Hm−1Bm (x) ,

(1.3)

where m > 2, and Hm =
∑m
j=1

1
j are the harmonic numbers. Simple modification of (1.3) yields

m−1∑
k=1

1
2k (2m− 2k)

B2k (x)B2m−2k (x) +
2

2m− 1
B1 (x)B2m−1 (x)

=
1
m

m∑
k=1

1
2k

(
2m
2k

)
B2kB2m−2k (x) +

1
m
H2m−1B2m (x)

+
2

2m− 1
B1 (x)B2m−1, (m > 2) .

(1.4)

Letting x = 0 in (1.4) gives a slightly different version of the well-known Miki’s identity (see [17]):
m−1∑
k=1

1
2k (2m− 2k)

B2kB2m−2k =
1
m

m∑
k=1

1
2k

(
2m
2k

)
B2kB2m−2k +

1
m
H2m−1B2m, (m > 2) .

Setting x = 1
2 in (1.4) with Bm =

(
1−2m−1

2m−1

)
Bm =

(
21−m − 1

)
Bm = Bm

(1
2

)
, we have

m−1∑
k=1

1
2k (2m− 2k)

B2kB2m−2k =
1
m

m∑
k=1

1
2k

(
2m
2k

)
B2kB2m−2k +

1
m
H2m−1B2m, (m > 2) ,

which is the Faber-Pandharipande-Zagier identity (see [5]). Along the line of this paper, the Fourier
series approach has been done for Bernoulli, Euler, Genocchi, poly-Bernoulli, poly-Genocchi, ordered
Bell, r-derangement, derangement, Fubini, and two variable Fubini polynomials and also for their mixed
types by the present authors and some other mathematicians. The reader may refer to the recent papers
[7, 12–14] for a few related results.

2. The function αm

(
〈x〉
)

Let αm(x) =
∑

i1+···+ir
+j1+···+js=m

Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x), (m > 1), where the sum is over all non-

negative integers i1, · · · , ir, j1, · · · , js satisfying i1 + · · ·+ ir + j1 + · · ·+ js = m.
Then we will consider the function

αm
(
〈x〉
)
=

∑
i1+···+ir+j1+···+js=m

Bi1

(
〈x〉
)
· · ·Bir

(
〈x〉
)
bj1
(
〈x〉
)
· · ·bjs

(
〈x〉
)
,

which is a periodic function on R with period 1.
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The Fourier series of αm
(
〈x〉
)

is

∞∑
n=−∞A

(m)
n e2πinx,

where

A
(m)
n =

∫ 1

0
αm
(
〈x〉
)
e−2πinxdx =

∫ 1

0
αm
(
x
)
e−2πinxdx.

To continue our discussion, we need to observe the following:

α ′m(x) =
∑

i1+···+ir+j1+···+is=m
i1>1

i1Bi1−1(x)Bi2(x) · · ·Bir(x)bj1(x) · · ·bjs(x)

+ · · ·+
∑

i1+···+ir+j1+···+is=m
ir>1

Bi1(x) · · ·Bir−1(x)irBir−1(x)bj1(x) · · ·bjs(x)

+
∑

i1+···+ir+j1+···+is=m
j1>1

Bi1(x) · · ·Bir(x)j1bj1−1(x)bj2(x) · · ·bjs(x)

+ · · ·+
∑

i1+···+ir+j1+···+is=m
js>1

Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs−1(x)jsbjs−1(x)

=
∑

i1+···+ir+j1+···js=m−1

(i1 + 1)Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x)

+ · · ·+
∑

i1+···+ir+j1+···js=m−1

(ir + 1)Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x)

+
∑

i1+···+ir+j1+···js=m−1

(j1 + 1)Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x)

+ · · ·+
∑

i1+···+ir+j1+···js=m−1

(js + 1)Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x)

= (m+ r+ s− 1)αm−1(x).

(2.1)

From (2.1), we immediately obtain (
αm+1(x)

m+ r+ s

) ′
= αm(x),

and ∫ 1

0
αm(x)dx =

1
m+ r+ s

(
αm+1(1) −αm+1(0)

)
. (2.2)

For m > 1, we let

∆m = αm(1) −αm(0)

=
∑

i1+···+ir+j1+···js=m

(
Bi1(1) · · ·Bir(1)bj1(1) · · ·bjs(1) −Bi1 · · ·Birbj1 · · ·bjs

)
=

∑
i1+···+ir+j1+···js=m

(
Bi1 + δ1,i1

)
· · ·
(
Bir + δ1,ir

)(
2bj1 − δj1,0

)
· · ·
(
2bjs − δjs,0

)
(2.3)

−
∑

i1+···+ir+j1+···js=m
Bi1 · · ·Birbj1 · · ·bjs
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=
∑

06a6r
06c6s

r−m6a6r

(
r

a

)(
s

c

)
(−1)s−c2c

∑
i1+···+ia+j1+···jc=a+m−r

Bi1 · · ·Biabj1 · · ·bjc

−
∑

i1+···+ir+j1+···js=m
Bi1 · · ·Birbj1 · · ·bjs .

We note here that the sum over all i1 + · · ·+ ir + j1 + · · · js = m of any term with a of Bie , r− a of δ1,if
(1 6 e, f 6 r), c of 2bju , and s− c of −δjv,0 (1 6 u, v 6 s) all give the same sum∑

i1+···+ir+j1+···+js=m
Bi1 · · ·Biaδ1,ia+1 · · · δ1,ir(2bj1) · · · (2bjc)(−δjc+1,0) · · · (−δjs,0)

=
∑

i1+···+ia+j1+···+jc=a+m−r

(−1)s−c2cBi1 · · ·Biabj1 · · ·bjc ,

which is not an empty sum as long as a+m− r > 0.
We now see from (2.2) and (2.3) that

αm(0) = αm(1)⇐⇒ ∆m = 0, and
∫ 1

0
αm(x)dx =

1
m+ r+ s

∆m+1.

We now would like to determine the Fourier coefficients A(m)
n .

Case 1 : n 6= 0.

A
(m)
n =

∫1

0
αm(x)e−2πinxdx

= −
1

2πin

[
αm(x)e−2πinx

]1

0
+

1
2πin

∫1

0
α ′m(x)e−2πinxdx

= −
1

2πin
(
αm(1) −αm(0)

)
+
m+ r+ s− 1

2πin

∫1

0
αm−1(x)e

−2πinxdx

=
m+ r+ s− 1

2πin
A

(m−1)
n −

1
2πin

∆m,

from which by induction we can deduce

A
(m)
n = −

m∑
j=1

(m+ r+ s− 1)j−1

(2πin)j
∆m−j+1 = −

1
m+ r+ s

m∑
j=1

(m+ r+ s)j
(2πin)j

∆m−j+1.

Case 2: n = 0.

A
(m)
0 =

∫ 1

0
αm(x)dx =

1
m+ r+ s

∆m+1.

αm(〈x〉), (m > 1) is piecewise C∞. In addition, αm(〈x〉) is continuous for those positive integers with
∆m = 0, and discontinuous with jump discontinuities at integers for those positive integers with ∆m 6= 0.

Assume first that ∆m = 0 for a positive integer m. Then αm(0) = αm(1). Hence αm(〈x〉) is piecewise
C∞ and continuous. Hence the Fourier series of αm(〈x〉) converges uniformly to αm(〈x〉), and

αm(〈x〉) = 1
m+ r+ s

∆m+1 +

∞∑
n=−∞
n 6=0

−
1

m+ r+ s

m∑
j=1

(m+ r+ s)j
(2πin)j

∆m−j+1

 e2πinx

=
1

m+ r+ s
∆m+1 +

1
m+ r+ s

m∑
j=1

(
m+ r+ s

j

)
∆m−j+1 ×

−j!
∞∑

n=−∞
n 6=0

e2πinx

(2πin)j


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=
1

m+ r+ s
∆m+1 +

1
m+ r+ s

∞∑
j=2

(
m+ r+ s

j

)
∆m−j+1

×Bj(〈x〉) +∆m ×

{
B1(〈x〉), for x /∈ Z,
0, for x ∈ Z.

Now, we can state our first result.

Theorem 2.1. For each positive integer l, we let

∆l =
∑

06a6r
06c6s
r−l6a6r

(
r

a

)(
s

c

)
(−1)s−c2c

∑
i1+···+ia+j1+···+jc=a+l−r

Bi1 · · ·Biabj1 · · ·bjc

−
∑

i1+···+ir+j1+···+js=l
Bi1 · · ·Birbj1 · · ·bjs .

Assume that ∆m = 0, for a positive integer m. Then we have the following:

(a) ∑
i1+···+ir+j1+···+js=m

Bi1(〈x〉) · · ·Bir(〈x〉bj1(〈x〉) · · ·bjs(〈x〉)

has the Fourier series expansion∑
i1+···+ir+j1+···+js=m

Bi1(〈x〉) · · ·Bir(〈x〉)bj1(〈x〉) · · ·bjs(〈x〉)

=
1

m+ r+ s
∆m+1 +

∞∑
n=−∞
n 6=0

−
1

m+ r+ s

m∑
j=1

(m+ r+ s)j
(2πin)j

∆m−j+1

 e2πinx

for all x ∈ R, where the convergence is uniform.
(b) ∑

i1+···+ir+j1+···+js=m
Bi1(〈x〉) · · ·Bir(〈x〉)bj1(〈x〉) · · ·bjs(〈x〉)

=
1

m+ r+ s
∆m+1 +

1
m+ r+ s

m∑
j=2

(
m+ r+ s

j

)
∆m−j+1Bj(〈x〉)

for all x ∈ R, where Bj(〈x〉) is the Bernoulli function.

Assume next that ∆m 6= 0 for a positive integer m. Then αm(0) 6= αm(1). Hence αm(〈x〉) is piecewise C∞ and
discontinuities at integers. The Fourier series of αm(〈x〉) converges pointwise to αm(〈x〉) for x /∈ Z, and converges
to

1
2
(αm(0) +αm(1)) = αm(0) +

1
2
∆m

for ∈ Z.

We can now state our second result.
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Theorem 2.2. For each positive integer l, we let

∆l =
∑

06a6r
06c6s
r−l6a6r

(
r

a

)(
s

c

)
(−1)s−c2c

∑
i1+···+ia+j1+···+jc=a+l−r

Bi1 · · ·Biabj1 · · ·bjc

−
∑

i1+···+ir+j1+···+js=l
Bi1 · · ·Birbj1 · · ·bjs .

Assume that ∆m 6= 0 for a positive integer m. Then we have the following:

(a)

1
m+ r+ s

∆m+1 +

∞∑
n=−∞
n 6=0

−
1

m+ r+ s

m∑
j=1

(m+ r+ s)j
(2πin)j

∆m−j+1

 e2πinx

=

{∑
i1+···+ir+j1+···+js=m Bi1(〈x〉) · · ·Bir(〈x〉)bj1(〈x〉) · · ·bjs(〈x〉), for x /∈ Z,∑
i1+···+ir+j1+···+js=m Bi1 · · ·Birbj1 · · ·bjs +

1
2∆m, for x ∈ Z.

(b)

1
m+ r+ s

m∑
j=0

(
m+ r+ s

j

)
∆m−j+1Bj(〈x〉)

=
∑

i1+···+ir+j1+···+js=m
Bi1(〈x〉) · · ·Bir(〈x〉)bj1(〈x〉) · · ·bjs(〈x〉) for x /∈ Z,

1
m+ r+ s

m∑
j=0

(
m+ r+ s

j

)
∆m−j+1Bj(〈x〉)

=
∑

i1+···+ir+j1+···+js=m
Bi1 · · ·Birbj1 · · ·bjs +

1
2
∆m for x ∈ Z.

3. The function βm

(
〈x〉
)

Let βm(x) =
∑

i1+···+ir
+j1+···+js=m

1
i1!···ir!j1!···js!Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x), (m > 1), where the sum runs

over all nonnegative integers i1, · · · , ir, j1, · · · , js satisfying i1 + · · ·+ ir + j1 + · · ·+ js = m.
Then we will consider the function

βm
(
〈x〉
)
=

∑
i1+···+ir+j1+···+js=m

1
i1! · · · ir!j1! · · · js!

Bi1

(
〈x〉
)
· · ·Bir

(
〈x〉
)
bj1
(
〈x〉
)
· · ·bjs

(
〈x〉
)
,

which is a periodic function on R with period 1.
The Fourier series of βm

(
〈x〉
)

is

∞∑
n=−∞B

(m)
n e2πinx,

where

B
(m)
n =

∫ 1

0
βm
(
〈x〉
)
e−2πinxdx =

∫ 1

0
βm
(
x
)
e−2πinxdx.

To continue our discussion, we need to notice the following.
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β ′m(x) =
∑

i1+···+ir+j1+···+is=m
i1>1

1
(i1 − 1)!i2! · · · ir!j1! · · · js!

Bi1−1(x)Bi2(x) · · ·Bir(x)× bj1(x) · · ·bjs(x)

+ · · ·+
∑

i1+···+ir+j1+···+is=m
ir>1

1
i1! · · · ir−1!(ir − 1)!j1! · · · js!

Bi1(x) · · ·Bir−1(x)Bir−1(x)

× bj1(x) · · ·bjs(x) +
∑

i1+···+ir+j1+···+is=m
j1>1

1
i1! · · · ir!(j1 − 1)!j2! · · · js!

Bi1(x) · · ·Bir(x)

× bj1−1(x)bj2(x) · · ·bjs(x)

+ · · ·+
∑

i1+···+ir+j1+···+is=m
js>1

1
i1! · · · ir!j1! · · · js−1!(js − 1)!

Bi1(x) · · ·Bir(x)

× bj1(x) · · ·bjs−1(x)bjs−1(x)

=
∑

i1+···+ir+j1+···js=m−1

1
i1! · · · ir!j1! · · · js!

Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x)

+ · · ·+
∑

i1+···+ir+j1+···js=m−1

1
i1! · · · ir!j1! · · · js!

Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x)

+
∑

i1+···+ir+j1+···js=m−1

1
i1! · · · ir!j1! · · · js!

Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x)

+ · · ·+
∑

i1+···+ir+j1+···js=m−1

1
i1! · · · ir!j1! · · · js!

Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x)

= (r+ s)βm−1(x).

(3.1)

From (3.1), we get (
βm+1(x)

r+ s

) ′
= βm(x),

and ∫1

0
βm(x)dx =

1
r+ s

(
βm+1(1) −βm+1(0)

)
. (3.2)

For m > 1, we let

Ωm = βm(1) −βm(0)

=
∑

i1+···+ir+j1+···js=m

1
i1! · · · ir!j1! · · · js!

(
Bi1(1) · · ·Bir(1)bj1(1) · · ·bjs(1) −Bi1 · · ·Birbj1 · · ·bjs

)
=

∑
i1+···+ir+j1+···js=m

1
i1! · · · ir!j1! · · · js!

(
Bi1 + δ1,i1

)
· · ·
(
Bir + δ1,ir

)
×
(
2bj1 − δj1,0

)
· · ·
(
2bjs − δjs,0

)
−

∑
i1+···+ir+j1+···js=m

1
i1! · · · ir!j1! · · · js!

Bi1 · · ·Birbj1 · · ·bjs

=
∑

06a6r
06c6s

r−m6a6r

(
r

a

)(
s

c

)
(−1)s−c2c

∑
i1+···+ia+j1+···jc=a+m−r

1
i1! · · · ia!j1! · · · jc!

×Bi1 · · ·Biabj1 · · ·bjc −
∑

i1+···+ir+j1+···js=m

1
i1! · · · ir!j1! · · · js!

Bi1 · · ·Birbj1 · · ·bjs .

(3.3)
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Now, we see from (3.2) and (3.3) that

βm(0) = βm(1)⇐⇒ Ωm = 0 and
∫ 1

0
βm(x)dx =

1
r+ s

Ωm+1.

We now want to determine the Fourier coefficients B(m)
n .

Case 1 : n 6= 0.

B
(m)
n =

∫ 1

0
βm(x)e−2πinxdx

= −
1

2πin

[
βm(x)e−2πinx

]1

0
+

1
2πin

∫ 1

0
β ′m(x)e−2πinxdx

= −
1

2πin
(
βm(1) −βm(0)

)
+
r+ s

2πin

∫ 1

0
βm−1(x)e

2πinxdx

=
r+ s

2πin
B
(m−1)
n −

1
2πin

Ωm,

from which we can easily deduce that

B
(m)
n = −

m∑
j=1

(r+ s)j−1

(2πin)j
Ωm−j+1.

Case 2: n = 0.

B
(m)
0 =

∫ 1

0
βm(x)dx =

1
r+ s

Ωm+1.

βm(〈x〉), (m > 1) is piecewise C∞. Moreover, βm(〈x〉) is continuous for those positive integers m
with Ωm = 0, and discontinuous with jump discontinuities at integers for those positive integers m with
Ωm 6= 0.

Assume first that Ωm = 0, for a positive integer m. Then βm(0) = βm(1). Hence βm(〈x〉) is piecewise
C∞ and continuous. Thus the Fourier series of βm(〈x〉) converges uniformly to βm(〈x〉), and

βm(〈x〉) = 1
r+ s

Ωm+1 +

∞∑
n=−∞
n 6=0

−

m∑
j=1

(r+ s)j−1

(2πin)j
Ωm−j+1

 e2πinx

=
1

r+ s
Ωm+1 +

m∑
j=1

(r+ s)j−1

j!
Ωm−j+1 ×

−j!
∞∑

n=−∞
n 6=0

e2πinx

(2πin)j


=

1
r+ s

Ωm+1 +

m∑
j=2

(r+ s)j−1

j!
Ωm−j+1Bj(〈x〉) +Ωm ×

{
B1(〈x〉), for x /∈ Z,
0, for x ∈ Z.

We are now ready to state our first result.

Theorem 3.1. For each positive integer l, we let

Ωl =
∑

06a6r
06c6s
r−l6a6r

(
r

a

)(
s

c

)
(−1)s−c2c

∑
i1+···+ia+j1+···+jc=a+l−r

Bi1 · · ·Biabj1 · · ·bjc
i1! · · · ia!j1! · · · jc!

−
∑

i1+···+ir+j1+···+js=l

Bi1 · · ·Birbj1 · · ·bjs
i1! · · · ir!j1! · · · js!

.

Assume that Ωm = 0 for a positive integer m. Then we have the following.
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(a) ∑
i1+···+ir+j1+···+js=m

1
i1! · · · ir!j1! · · · js!

Bi1(〈x〉) · · ·Bir(〈x〉bj1(〈x〉) · · ·bjs(〈x〉)

has the Fourier series expansion∑
i1+···+ir+j1+···+js=m

1
i1! · · · ir!j1! · · · js!

Bi1(〈x〉) · · ·Bir(〈x〉)bj1(〈x〉) · · ·bjs(〈x〉)

=
1

r+ s
Ωm+1 +

∞∑
n=−∞
n 6=0

−

m∑
j=1

(r+ s)j−1

(2πin)j
Ωm−j+1

 e2πinx

for all x ∈ R, where the convergence is uniform.
(b) ∑

i1+···+ir+j1+···+js=m

1
i1! · · · ir!j1! · · · js!

Bi1(〈x〉) · · ·Bir(〈x〉)bj1(〈x〉) · · ·bjs(〈x〉)

=

m∑
j=0
j6=1

(r+ s)j−1

j!
Ωm−j+1Bj(〈x〉)

for all x ∈ R, where Bj(〈x〉) is the Bernoulli function.

Assume next that Ωm 6= 0, for a positive integer m. Then βm(0) 6= βm(1). Hence βm(〈x〉) is piecewise C∞,
and discontinuities with jump discontinuities at integers. Thus the Fourier series of βm(〈x〉) converges pointwise
to βm(〈x〉) for x /∈ Z, and converges to

1
2
(βm(0) +βm(1)) = βm(0) +

1
2
Ωm

for ∈ Z.

Now, we are ready to state our second result.

Theorem 3.2. For each positive integer l, we let

Ωl =
∑

06a6r
06c6s
r−l6a6r

(
r

a

)(
s

c

)
(−1)s−c2c

∑
i1+···+ia+j1+···+jc=a+l−r

Bi1 · · ·Biabj1 · · ·bjc
i1! · · · ia!j1! · · · jc!

−
∑

i1+···+ir+j1+···+js=l

Bi1 · · ·Birbj1 · · ·bjs
i1! · · · ir!j1! · · · js!

.

Assume that Ωm 6= 0, for a positive integer m. Then we have the following:

(a)

1
r+ s

Ωm+1 +

∞∑
n=−∞
n 6=0

−

m∑
j=1

(r+ s)j−1

(2πin)j
Ωm−j+1

 e2πinx

=

{∑
i1+···+ir+j1+···+js=m

1
i1!···ir!j1!···js!Bi1(〈x〉) · · ·Bir(〈x〉)bj1(〈x〉) · · ·bjs(〈x〉), for x /∈ Z,∑

i1+···+ir+j1+···+js=m
Bi1 ···Birbj1 ···bjs
i1!···ir!j1!···js! + 1

2Ωm, for x ∈ Z.
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(b)

m∑
j=0

(r+ s)j−1

j!
Ωm−j+1Bj(〈x〉)

=
∑

i1+···+ir+j1+···+js=m

1
i1! · · · ir!j1! · · · js!

Bi1(〈x〉) · · ·Bir(〈x〉)bj1(〈x〉) · · ·bjs(〈x〉) for x /∈ Z,

m∑
j=0
j6=1

(r+ s)j−1

j!
Ωm−j+1Bj(〈x〉) =

∑
i1+···+ir+j1+···+js=m

Bi1 · · ·Birbj1 · · ·bjs
i1! · · · ir!j1! · · · js!

+
1
2
Ωm for x ∈ Z.

4. The function γr,s,m
(
〈x〉
)

Let γr,s,m(x) =
∑

i1+···+ir
+j1+···+js=m

1
i1···irj1···jsBi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x), (m > r+ s), where the sum

is over all positive integers i1, · · · , ir, j1, · · · , js satisfying i1 + · · ·+ ir + j1 + · · ·+ js = m.
Then we will consider the function

γr,s,m
(
〈x〉
)
=

∑
i1+···+ir+j1+···+js=m

1
i1 · · · irj1 · · · js

Bi1

(
〈x〉
)
· · ·Bir

(
〈x〉
)
bj1
(
〈x〉
)
· · ·bjs

(
〈x〉
)
,

which is a periodic function on R with period 1.
The Fourier series of γr,s,m

(
〈x〉
)

is

∞∑
n=−∞C

(r,s,m)
n e2πinx,

where

C
(r,s,m)
n =

∫ 1

0
γr,s,m

(
〈x〉
)
e−2πinxdx =

∫ 1

0
γr,s,m

(
x
)
e−2πinxdx.

To proceed further, we need to observe the following.

γ ′r,s,m(x) =
∑

i1+···+ir+j1+···+js=m

1
i2 · · · irj1 · · · js

Bi1−1(x)Bi2(x) · · ·Bir(x)bj1(x) · · ·bjs(x)

+ · · ·+
∑

i1+···+ir+j1+···+js=m

1
i1 · · · ir−1j1 · · · js

Bi1(x) · · ·Bir−1(x)Bir−1(x)bj1(x) · · ·bjs(x)

+
∑

i1+···+ir+j1+···+js=m

1
i1 · · · irj2 · · · js

Bi1(x) · · ·Bir(x)bj1−1(x)bj2(x) · · ·bjs(x)

+ · · ·+
∑

i1+···+ir+j1+···+js=m

1
i1 · · · irj1 · · · js−1

Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs−1(x)bjs−1(x)

=
∑

i2+···+ir+j1+···+js=m−1

1
i2 · · · irj1 · · · js

Bi2(x) · · ·Bir(x)bj1(x) · · ·bjs(x)

+
∑

i1+···+ir+j1+···+js=m−1

1
i2 · · · irj1 · · · js

Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x)

+ · · ·+
∑

i1+···+ir−1+j1+···+js=m−1

1
i1 · · · ir−1j1 · · · js

Bi1(x) · · ·Bir−1(x)bj1(x) · · ·bjs(x)
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+
∑

i1+···+ir+j1+···+js=m−1

1
i1 · · · ir−1j1 · · · js

Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x)

+
∑

i1+···+ir+j2+···+js=m−1

1
i1 · · · irj2 · · · js

Bi1(x) · · ·Bir(x)bj2(x) · · ·bjs(x)

+
∑

i1+···+ir+j1+···+js=m−1

1
i1 · · · irj2 · · · js

Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x)

+ · · ·+
∑

i1+···+ir+j1+···+js−1=m−1

1
i1 · · · irj1 · · · js−1

Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs−1(x)

+
∑

i1+···+ir+j1+···+js=m−1

1
i1 · · · irj1 · · · js−1

Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x)

= rγr−1,s,m−1(x) + sγr,s−1,m−1(x)

+
∑

i1+···+ir+j1+···+js=m−1

{ 1
i2 · · · irj1 · · · js

+ · · ·+ 1
i1 · · · ir−1j1 · · · js

+
1

i1 · · · irj2 · · · js
+ · · ·+ 1

i1 · · · irj1 · · · js−1

}
Bi1(x) · · ·Bir(x)bj1(x) · · ·bjs(x)

= rγr−1,s,m−1(x) + sγr,s−1,m−1(x) + (m− 1)γr,s,m−1(x).

Thus we obtain
γ ′r,s,m(x) = rγr−1,s,m−1(x) + sγr,s−1,m−1(x) + (m− 1)γr,s,m−1(x), (4.1)

with γr,s,r+s−1(x) = 0.
For m > r+ s, we set

Λr,s,m = γr,s,m(1) − γr,s,m(0)

=
∑

i1+···+ir+j1+···+js=m

1
i1 · · · irj1 · · · js

(
Bi1(1) · · ·Bir(1)bj1(1) · · ·bjs(1) −Bi1 · · ·Birbj1 · · ·bjs

)
=

∑
i1+···+ir+j1+···+js=m

1
i1 · · · irj1 · · · js

(
(Bi1 + δ1,i1) · · · (Bir + δ1,ir)

× (2bj1 − δ0,j1) · · · (2bjs − δ0,js)
)

−
∑

i1+···+ir+j1+···+js=m

1
i1 · · · irj1 · · · js

Bi1 · · ·Birbj1 · · ·bjs

=

r∑
a=0

(
r

a

) ∑
i1+···+ia+j1+···+js=a+m−r

2s

i1 · · · iaj1 · · · js
Bi1 · · ·Biabj1 · · ·bjs

−
∑

i1+···+ir+j1+···+js=m

1
i1 · · · irj1 · · · js

Bi1 · · ·Birbj1 · · ·bjs .

Our next task is to determine

ar,s,m =

∫ 1

0
γr,s,m(x)dx.

From (4.1), we immediately obtain

ar,s,m = −
r

m
ar−1,s,m(x) −

s

m
ar,s−1,m(x) +

1
m
Λr,s,m+1. (4.2)
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We showed in [2] that

ar,0,m =

∫ 1

0
γr,0,m(x)dx =

r∑
j=1

(−1)j−1(r)j−1

mj
Λr−j+1,0,m+1, (r > 1). (4.3)

We also derived in [3] that

a0,s,m =

∫ 1

0
γ0,s,m(x)dx =

s∑
j=1

(−1)j−1(s)j−1

mj
Λ0,s−j+1,m+1, (s > 1). (4.4)

It is now clear that (4.2) together with (4.3) and (4.4) determines ar,s,m for all r, s,mwithm > r+ s > 1.
Also, we observe that

γr,s,m(0) = γr,s,m(1)⇔ Λr,s,m = 0.

Now, we would like to determine the Fourier coefficients C(r,s,m)
n .

Case 1: n 6= 0.

C
(r,s,m)
n =

∫ 1

0
γr,s,m(x)e−2πinxdx

= −
1

2πin

[
γr,s,m(x)e−2πinx

]1

0
+

1
2πin

∫ 1

0
γ ′r,s,m(x)e−2πinxdx

= −
1

2πin

(
γr,s,m(1) − γr,s,m(0)

)
+

1
2πin

∫ 1

0

{
rγr−1,s,m−1(x) + sγr,s−1,m−1(x)

+ (m− 1)γr,s,m−1(x)
}
e−2πinxdx

= −
1

2πin
Λr,s,m +

1
2πin

(
rC

(r−1,s,m−1)
n + sC

(r,s−1,m−1)
n + (m− 1)C(r,s,m−1)

n

)
=
m− 1
2πin

C
(r,s,m−1)
n +

r

2πin
C
(r−1,s,m−1)
n +

s

2πin
C
(r,s−1,m−1)
n −

1
2πin

Λr,s,m

=
m− 1
2πin

(m− 2
2πin

C
(r,s,m−2)
n +

r

2πin
C
(r−1,s,m−2)
n +

s

2πin
C
(r,s−1,m−2)
n

−
1

2πin
Λr,s,m−1

)
+

r

2πin
C
(r−1,s,m−1)
n +

s

2πin
C
(r,s−1,m−1)
n −

1
2πin

Λr,s,m

=
(m− 1)2

(2πin)2 C
(r,s,m−2)
n +

2∑
j=1

r(m− 1)j−1

(2πin)j
C
(r−1,s,m−j)
n

+

2∑
j=1

s(m− 1)j−1

(2πin)j
C
(r,s−1,m−j)
n −

2∑
j=1

(m− 1)j−1

(2πin)j
Λr,s,m−j+1

= · · · =
(m− 1)m−(r+s)

(2πin)m−(r+s)
C
(r,s,r+s)
n +

m−(r+s)∑
j=1

r(m− 1)j−1

(2πin)j
C
(r−1,s,m−j)
n

+

m−(r+s)∑
j=1

s(m− 1)j−1

(2πin)j
C
(r,s−1,m−j)
n −

m−(r+s)∑
j=1

(m− 1)j−1

(2πin)j
Λr,s,m−j+1

=

m−(r+s)+1∑
j=1

r(m− 1)j−1

(2πin)j
C
(r−1,s,m−j)
n +

m−(r+s)+1∑
j=1

s(m− 1)j−1

(2πin)j
C
(r,s−1,m−j)
n

−

m−(r+s)+1∑
j=1

(m− 1)j−1

(2πin)j
Λr,s,m−j+1.
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Here we note that

C
(r,s,r+s)
n =

∫ 1

0
(x−

1
2
)r(x+ 1)se−2πinxdx

= −
1

2πin

(
(
1
2
)r2s − (−

1
2
)r
)
+

r

2πin

∫ 1

0
(x−

1
2
)r−1(x+ 1)se−2πinxdx

+
s

2πin

∫ 1

0
(x−

1
2
)r(x+ 1)s−1e−2πinxdx

= −
1

2πin
Λr,s,r+s +

r

2πin
C
(r−1,s,r+s−1)
n +

s

2πin
C
(r,s−1,r+s−1)
n .

Thus we have shown that

C
(r,s,m)
n =

m−(r+s)+1∑
j=1

r(m− 1)j−1

(2πin)j
C
(r−1,s,m−j)
n +

m−(r+s)+1∑
j=1

s(m− 1)j−1

(2πin)j
C
(r,s−1,m−j)
n

−

m−(r+s)+1∑
j=1

(m− 1)j−1

(2πin)j
Λr,s,m−j+1.

(4.5)

Also, from [2] and [3] we recall that

C
(r,0,m)
n =

m−r+1∑
j=1

r(m− 1)j−1

(2πin)j
C
(r−1,0,m−j)
n −

m−r+1∑
j=1

(m− 1)j−1

(2πin)j
Λr,0,m−j+1, (r > 2), (4.6)

C
(1,0,m)
n = −

(m− 1)!
(2πin)m

, (4.7)

C
(0,s,m)
n =

m−s+1∑
j=1

s(m− 1)j−1

(2πin)j
C
(0,s−1,m−j)
n −

m−s+1∑
j=1

(m− 1)j−1

(2πin)j
Λ0,s,m−j+1, (s > 2), (4.8)

C
(0,1,m)
n = −

1
m

m∑
j=1

(m)j−1

(2πin)j
bm−j+1. (4.9)

We see that C(r,s,m)
n (n 6= 0) can be determined for all m > r+ s > 1 from (4.5)-(4.9).

Case 2: n = 0.

C
(r,s,m)
0 =

∫ 1

0
γr,s,m(x)dx

can be determined for all m > r+ s > 1 from (4.2)-(4.4).
γr,s,m

(
〈x〉
)
, (m > r+ s > 1) is piecewise C∞. Furthermore, γr,s,m

(
〈x〉
)

is continuous for those integers
r, s,m with Λr,s,m = 0 and discontinuous with jump discontinuities at integers for those integers r, s,m
with Λr,s,m 6= 0.

Assume first that Λr,s,m = 0 for some integers r, s,m with m > r+ s > 1. Then γr,s,m(0) = γr,s,m(1).
Thus γr,s,m

(
〈x〉
)

is piecewise C∞ and continuous. Thus the Fourier series of γr,s,m
(
〈x〉
)

converges uni-
formly to γr,s,m

(
〈x〉
)
, and

γr,s,m
(
〈x〉
)
= C

(r,s,m)
0 +

∞∑
n=−∞,n 6=0

C
(r,s,m)
n e2πinx,

where C(r,s,m)
0 are determined by (4.2)-(4.4) and C(r,s,m)

n (n 6= 0) by (4.5)-(4.9).
We are now ready to state our first result.
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Theorem 4.1. For all integers r, s, l with l > r+ s > 1, we let

Λr,s,l =

r∑
a=0

(
r

a

) ∑
i1+···+ia+j1+···+js=a+l−r

2s

i1 · · · iaj1 · · · js
Bi1 · · ·Biabj1 · · ·bjs

−
∑

i1+···+ir+j1+···+js=l

1
i1 · · · irj1 · · · js

Bi1 · · ·Birbj1 · · ·bjs .

Assume that Λr,s,m = 0 for some integers r, s,m with m > r+ s > 1. Then we have the following.∑
i1+···+ir+j1+···+js=m

1
i1 · · · irj1 · · · js

Bi1

(
〈x〉
)
· · ·Bir

(
〈x〉
)
× bj1

(
〈x〉
)
· · ·bjs

(
〈x〉
)

has the Fourier series expansion∑
i1+···+ir+j1+···+js=m

1
i1 · · · irj1 · · · js

Bi1

(
〈x〉
)
· · ·Bir

(
〈x〉
)
× bj1

(
〈x〉
)
· · ·bjs

(
〈x〉
)

= C
(r,s,m)
0 +

∞∑
n=−∞,n 6=0

C
(r,s,m)
n e2πinx,

where C(r,s,m)
0 are determined by (4.2)-(4.4) and C(r,s,m)

n (n 6= 0) by (4.5)-(4.9). Here the convergence is uniform.
Next, assume that Λr,s,m 6= 0, for some integers r, s,m with m > r+ s > 1. Then γr,s,m(0) 6= γr,s,m(1).

Hence γr,s,m
(
〈x〉
)

is piecewise C∞ and discontinuous with jump discontinuities at integers. Then the Fourier series
of γr,s,m

(
〈x〉
)

converges pointwise to γr,s,m
(
〈x〉
)
, for x /∈ Z, and converges to

1
2
(γr,s,m(0) + γr,s,m(1)) = γr,s,m(0) +

1
2
Λr,s,m

for x ∈ Z.

Next, we can state our second result.

Theorem 4.2. For all integers r, s, l with l > r+ s > 1, we let

Λr,s,l =

r∑
a=0

(
r

a

) ∑
i1+···+ia+j1+···+js=a+l−r

2s

i1 · · · iaj1 · · · js
Bi1 · · ·Biabj1 · · ·bjs

−
∑

i1+···+ir+j1+···+js=l

1
i1 · · · irj1 · · · js

Bi1 · · ·Birbj1 · · ·bjs .

Assume that Λr,s,m 6= 0 for some integers r, s,m with m > r+ s > 1. Then we have the following.

C
(r,s,m)
0 +

∞∑
n=−∞,n 6=0

C
(r,s,m)
n e2πinx

=

{∑
i1+···+ir+j1+···+js=m

1
i1···irj1···jsBi1

(
〈x〉
)
· · ·Bir

(
〈x〉
)
× bj1

(
〈x〉
)
· · ·bjs

(
〈x〉
)

for x /∈ Z,∑
i1+···+ir+j1+···+js=m

1
i1···irj1···jsBi1 · · ·Birbj1 · · ·bjs +

1
2Λr,s,m for x ∈ Z,

where C(r,s,m)
n (n 6= 0) are determined by (4.5)-(4.9) and C(r,s,m)

0 by (4.2)-(4.4).
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