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Abstract

In this paper, we present the notion of geodesic sub-b-s-convex function on the Riemannian manifolds. A non-trivial
example of geodesic sub-b-s-convex function but not geodesic convex function is also discussed. Some fundamental properties
of geodesic sub-b-s-convex functions are investigated. Moreover, we derive the optimality conditions of unconstrained and
constrained programming problems under the sub-b-s-convexity.
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1. Introduction

Convexity plays a significant part in numerous disciplines such as mathematics, management science,
economics, engineering, and various applied sciences. It is mostly vital to the analysis of optimization
problems where convexity is determined by different appropriate properties. However, so far all real-life
problems can not be described by a convex mathematical model. That’s why we generalized convex func-
tion because it gives more accurate results of reality in many cases. Hanson [6] introduced a new concept
of invexity as a generalization of convexity. For more information on generalized convex functions, see
[3,5,7,11, 15].

On the other hand, geodesic convex function is a natural generalization of convex function on Rieman-
nian manifolds proposed by Rapcsak [13] and Udriste [14]. In these work, a line segment is replaced by a
geodesic and a linear space is replaced by a Riemannian manifold. Further, Ahmad et al. [2] , Igbal et al.
[8, 10], and Agarwal et al. [1] presented the notions of geodesic n-preinvex, strong geodesic x-preinvexity,
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geodesic E-convex sets and preinvex functions on Riemannian manifolds. Many authors studied the
various results of generalized convexity on Riemannian manifolds (see, for example [4, 9, 10, 16]).

Incentive by the work of [12], we extend these results on Riemannian manifolds under the sub-b-
s-convexity. The content of this paper is arranged as follows. In Section 2, we present some known
notations and definitions, which will help us to study this paper. In Section 3, a new class of functions and
sets namely, geodesic sub-b-s-convex function and geodesic sub-b-s-convex set are introduced. Several
properties of these functions are also discussed. We study the optimality conditions of unconstrained
and constrained programming problems under the sub-b-s-convexity in Section 4. Finally, we present our
conclusion in Section 5.

2. Preliminaries

Let N be a finite dimensional Riemannian manifold and D C N be a non-empty set with a Riemannian
metric (.,.) on the T,N, where T,N denotes the tangent space of N at v for v € N. The associated norm is
denoted by ||.||,, , where the subscript v is sometimes skipped. Suppose TN = | J, cn TvN is tangent bundle
of N. Consider u and v are points in Riemannian manifold N. We denote the geodesic joining u € N and
v € N by vuy : [0,1] = N such that vy, (0) =v to yuv(1) =u.

Definition 2.1 ([14]). A subset D of N is called geodesic convex set, if D contains every geodesic v, of
N whose end points u and v belong to D.

Definition 2.2 ([14]). Let D be geodesic convex set in N. A function { : D — R is called geodesic convex
if

P(yun(t)) < tp(u) + (1 —t)Pp(v)
for every geodesic vy : [0,1] = D, Y1v(0) =v, yuv(1) =uforall t € [0,1] and u,v € D.

3. Geodesic sub-b-s-convex functions and properties

We present the concept of geodesic sub-b-s-convex function on D with respect to b which is general-
ization of a function defined by Liao and Du [12].

Definition 3.1. A function { : D — R is said to be geodesic sub-b-s-convex function with respect to map
b:D x D x [0,1] — R on the geodesic convex set D C N, if

P(yu(t)) < t5P(u) + (1 —-1)°b(v) +bu,v,t)
holds for each u,v € D, t € [0,1] and for some fixed s € (0, 1].

Remark 3.2. When s =1 and b(u, v, t) = 0, then geodesic sub-b-s-convex function reduces to the geodesic
convex function.

Example 3.3. Let N = {€®:0<0 < Z} and ¢y : N = R be a function defined as (e*®) = cos 6 with

w,veN, u=e*andv=e'B. Suppose vy (t) = (cos((1—1t)B +ta),sin((1 —t)p +ta)) and b(u, v, t) = 1,

where b : N x N x [0,1] — R. Then, {(yuv(t)) = cos((1—1t)B +ta), W(u) = P(e!*) = cos«, and
P(v) =P(eP) = cos B. Now we shall show that function 1 is a geodesic sub-b-s-convex function for all
u,veN,tel0,1] and for some fixed s = 0.1, because

P(yuv(t)) =t b (u) — (1 —t)*P(v) —blu,v, )
1
—cos((1—t)p +ta) —t% cosx— (1 — 1) cos B — n <0.
But it is not geodesic convex function when s =1 and b(u,v,t) =0att = %, o= 7,and § = 7. Clearly,

V(Y (t)) —tP(uw) — (1 —t)P(v) = cos((1—t)p +tax) —tcosx — (1 —1t) cos B = 0.0068 £ 0.
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Now, we discuss several basic properties of geodesic sub-b-s-convex functions as follows.

Theorem 3.4. Let \ : D — R be a geodesic sub-b-s-convex function with respect to b on the geodesic convex set
D and @ : R — R be an increasing function. Then ® o 1 is a geodesic sub-b-s-convex function with respect to
Dob.

Proof. Since 1 is a geodesic sub-b-s-convex function with respect to b, we have

Y(yw (b)) < th(u) 4+ (1= t)%p(v) + b(u, v, t)

holds for each u,v € D, t € [0,1] and for some fixed s € (0,1]. As @ is an increasing function, it becomes

D((yuw (1)) < O(t*(w) + (1 - t)°P(v) + b(w,v, 1)),
QW (yuv(t))) < QD (u) + (1 —1)*@(Wp(v)) + @(b(u, v, 1)),
(@ 0 P)(Vaw (1)) S (P 0o ) (u) + (1= 1)°(D 0 P)(v) + (@ 0 b)(u,v, 1).

Hence this completes the proof. O

Theorem 3.5. If\;,j = 1,..., m are geodesic sub-b-s-convex functions with respect to b;,j =1,..., mon D and
aj>0,j=1,...,m, thenp = 3 ; aj; is a geodesic sub-b-s-convex function with respect to'b =} ; ajb; on D.

Proof. By the hypothesis, we have
j (Yuy (1)) < t2hj(u) + (1= 1)h;(v) + bj (w, v, 1)
holds for any u,v € D, t € [0, 1] and for some fixed s € (0, 1]. It follows that

ajbj (vuv (1)) < tPajbj(u) + (1—t)sa51b]( )+ ajb;(w, v, 1),

Zaijj(y (1)) <tSZa]¢] —t)Zajle —I—Za] (u,v,t).
j j

Hence the theorem holds. O

Theorem 3.6. If; : D — R,j = 1,..., m are geodesic sub-b-s-convex functions with respect to b;,j =1,...,m,
then b = max{\j,j = 1,..., m} is a geodesic sub-b-s-convex function with respect to b = max{b;,j =1,..., m}.

Proof. For each u,v € D, t € [0,1] and for some fixed s € (0, 1], according to the geodesic sub-b-s-convex
functions 1; with respect to b;, we obtain

P (Yuv (t)) <t j(u) + (1 —1)°P5(v) + bj(w,v, 1),
max{; (vuv (1))} < max{t®;(u) + (1 —1)%P;(v) + bj(u, v, t)}
= t* max{; }(u) + (1 —t)* max{i;}(v) + max{b;}(u, v, t)
=t"P(u) + (1 —=t)%P(v) +b(w,v, ),

or
b(yuw(t)) < th(u) + (1 —-t)°d(v) + b(w,v, t).
Hence, 1 is a geodesic sub-b-s-convex function with respect to b. O

In the following, we introduce a new notion of set, which is a geodesic sub-b-s-convex set and we
study some properties.

Definition 3.7. Let U C N x R. U is said to be geodesic sub-b-s-convex set with respect to b : D x D x
[0,1] — R. Then for each pair of (u, x) and (v, 3) € U,

(Yuv(t), 1 —1)°B+t°ax+Db(u,v,t)) elU

for all t € [0,1] and for some fixed s € (0, 1].
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Now, we characterize a geodesic sub-b-s-convex function { : D — R in term of epigraph E(\{), which
is defined as
Ep) ={(n,d)lue D, ax e R, h(u) < o

Theorem 3.8. A functionp : D — R is a geodesic sub-b-s-convex function with respect tob : D x D x [0,1] — R
if and only if E(\b) is a geodesic sub-b-s-convex set with respect to b.

Proof. Let (u, o), (v, B) € E(1p). Then
P <, B(V) <B.

Since 1 is geodesic sub-b-s-convex function with respect to b for all u,v € D, t € [0,1] and some fixed
s € (0,1], we have

Y (vuy () < () + (1=t b(V) +b(u, v, t) < tPa+ (1-1)°F +blu, v, t).
From the above inequality, it is easy to see that
(Yuv(t), (1=1)°p+ta+b(u,v, 1)) € E(P).

Thus, by Definition 3.7, E(1) is a geodesic sub-b-s-convex set with respect to b.
Conversely, if E(1) is a geodesic sub-b-s-convex set with respect to b and u,v € D, then

(w, b)), (v, b)) € E().
Thus, for all t € [0,1] and some fixed s € (0, 1], we have
(Yuv(t), (1=t)°B+t°a+b(w,v,t)) € E(Y).

This implies that
V(yu(t)) < () + (1 -t)°P(v) +b(w,v, 1),

which shows that 1 is a geodesic sub-b-s-convex function with respect to b. O

Theorem 3.9. Suppose that U;, j € ] ={1,..., m}is a family of geodesic sub-b-s-convex sets with respect to b.
Then their intersection NjcyU; is also a geodesic sub-b-s-convex set with respect to b.

Proof. Let (u,«),(v,B) € NjejU;. Then for any j € J, (u, ), (v, ) € U;. By using U; being a geodesic
sub-b-s-convex set with respect to b for each j € J, it follows that for all t € [0, 1] and some fixed s € (0, 1]

(Yuw(t), (1=1)°Bp +t°a+Db(u,v, 1)) € Uj.

Thus,
(Yuv(t), (1—=1)°B +t°a+Db(u,v, 1)) € Njel;.

Therefore, NjcyU; is a geodesic sub-b-s-convex set with respect to b. O

Theorem 3.10. Let D C N be a geodesic convex set and \p;,j € ] ={1,..., m} be a family of real valued functions
which are geodesic sub-b-s-convex functions with respect to b and bounded from above on D. Then function
P(u) = Sup;¢; P;(u) is a geodesic sub-b-s-convex function with respect to b on D.

Proof. Since 1; is a geodesic sub-b-s-convex function with respect to b, then its epigraph
EWy) = (W @lu € D, & € R, () < o, € J)
is a geodesic sub-b-s-convex set with respect to b. Therefore,
MjerEbs) = (1w, eiu € D, € R,hj(w) < o € J} = {(w, o)l € D, & € R, p(u) < ot

where {P(u) = Sup; ¢y Pj(u). According to Theorem 3.9, we get their intersection is the epigraph of .
Hence by Theorem 3.8, 1 is a geodesic sub-b-s-convex with respect to b. O
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We assume now that 1 is geodesic sub-b-s-convex function with respect to b which is continuously

differentiable function. For fixed u,v € D, b(u,v,t) is a continuously decreasing function on t. Then,
b(u,v,t) b(u,v,t)
t t

exists and the limit is the maximum of

is a continuously decreasing function about t. Moreover, we suppose that the lim¢_,o,
b(u’v’tt)fo(t) foreach t € (0,1] and u,v € D.

Theorem 3.11. Let \ : D — R be a non-negative differentiable geodesic sub-b-s-convex function with respect to
b. Then

(i) dby (Y1 (0)) < t5H(W(w) +W(v)) + limg g, 202
< 1

(i) dy(vi,(0)) < 571w —v(v) + Il’(tv) + limy 0, b(uév’t), where d\py, is the differential of \p at the
point v.

Proof.
(i) By the Taylor’s expansion of 1, we have

Y (Vv (1) = ¥ (v (0)) + td,y, (0) (Vi (0)) + o(t).

Since Yy (0) = v, therefore

P (Vv (1)) = W) + tdy (v, (0)) +o(t). (3.1)
By the geodesic sub-b-s-convexity of 1\ with respect to b,
V(v (t)) < th(u) + (1 —t)°P(v) +b(w,v, ). (3.2)

As (1—1)° < (1+1t%),
V(v (t)) < th(u) + 1+t (V) +b(w,v, 1). (3.3)

The inequalities (3.1) and (3.3) yield

Y(v) + tddy (4, (0) +o(t) < t5(w) + (1 +t°)b(v) +b(w,v, 1)
<YW+t (W (u) +Pp () +blu, v, t),
or
tdy (71, (0)) +o(t) < t°(h(u) + P (v)) +b(u, v, t).
On dividing the above inequality by t and using the fact that lim;_,o+ b utv’t) is maximum of M —
O(tt) , we have
b(u,v,t)

Ay (v (0)) < (W (W) + b (v)) + lim

t—0+

(ii) Combining the inequalities (3.1) and (3.2), we obtain

Y(v) + tdy (71, (0)) +o(t) < t5h(w) + (1 = t)*(v) + b(w, v, 1)
=) + (1=t ) =t (V) + P (v) + b(w,v, 1) (3.4)
S ) =) +blw,v, 1) +h(v)((1-1)° +t°).

Obviously, ((1—1)°+1t°) < 2 for all t € [0,1] and some fixed s € (0,1]. Using the fact that { is a
non-negative function, inequality (3.4) reduces to

)+
)+

Y(v) + tdy (¥4, (0) +o(t) < t5(h(u) = (v)) +b(w, v, t) + 2(v),

or

tdy (v{ (0)) +o(t) < t*(p(u) —h((v)) +bw,v,t) +(v).
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b(u,v,t)
t

By dividing above inequality by t and similarly using the fact lim;_,+ M is maximum of
o(t)
t

, we get

iy (Y} (0)) < 71 () — p(v)) + P i XLV,

t t—0, t
Hence the proof is completed. O

Theorem 3.12. Let \ : D — R be a negative differentiable geodesic sub-b-s-convex function with respect to map
b(u,v,t). Then

Wy (¥ (0)) € 151 ((a0) —p(v) + lim 24

t—04

Proof. By the Taylor’s expansion and the geodesic sub-b-s-convexity of 1, we have

PY(yu(t)) = P(yur(0)) + tdll)yw(O) ('Y{W(O)) +o(t), (3.5)

Y(yuv(t) < tPd(u) + (1 —1)°(v) + b(w, v, ). (3.6)

Since for all t € [0,1] and some fixed s € (0,1], we have (1 —t°%) < (1 —t)*. Therefore, inequality (3.6)
reduces to

Y(yuv(t) < P d(u) + (1 —t°)b(v) + b(w, v, ). 3.7)

The inequalities (3.5) and (3.7) along with v, (0) = v gives
£y, (0) (Y (0)) 4 0(t) < £ (1) = H(v)) + bl v, ).

Dividing the above inequality by t and using the fact that lim;_,o+ 2%} js maximum of 2%t _ o),
it reduces to b 0
_ . u,v,
dy (v, (0)) < 57 (W (w) —p(v)) + lim ——"—. O
t—04 t

Corollary 3.13. Suppose that \ : D — R is a differentiable geodesic sub-b-s-convex function with respect to map
b. For t € (0,1] and v}, (0) = —v1,,,(0),
(i) if Vb is a non-negative function, then

[y — @ty (vl (0)) < P P gy DLV DOV,
t t t—0*t t—0+ t
(ii) if \p is negative function, then
(dy — dipu) (7 (0)) < lim 20V H DY)
t—0t t t—0F t
Proof.
(i) Since \ is non-negative function, we have
- v b(u,v,t
Ay ¥ (0)) < 7 (ptaw) — ) + P iy DLV 68)
t%0+ t
Interchanging u and v in the above inequality, it reduces to
_ u . bv,u,t
(¥ (0)) < (0] —plaw)) + P o g OO, (3.9)
t—0, t

Adding inequalities (3.8) and (3.9) and using v/, (0) = —v{,,(0), we obtain
Yv) | Y(u) bwv,t) . bv,ut)
—— =+ lim ——"—.

+——+ lim

(dy — dll)u)(Yuv(O)) < t t 50+ t t—0" t

(ii) Similarly, if 1 is a negative function, we get

(dpy — dpu) (¥4 (0)) < lim

The proof is completed. [
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4. Optimality conditions

In this section, we use the above results to obtain the solution of non-linear programming problems.
Now we consider the unconstrained problem:

Min{(u), 1 € D} (P)

Theorem 4.1. Let ) : D — R be a negative differentiable geodesic sub-b-s-convex function with respect to b. If
u* € D and the inequality
. b(u,v,t
B (e (0)) > lim 2V @1
t—0"+ t

holds for all uw € D, t € (0,1] and some fixed s € (0,1], then u* is the optimal solution to the problem (P).
Proof. Since 1 is a negative differentiable geodesic sub-b-s-convex function with respect to b, then accord-
ing to Theorem 3.12, we have

Ay (Y (0)) < 57 (W (w) —h(v) + lim —r) (4.2)

holds for each u € D, t € (0,1] and some fixed s € (0, 1].
On the other hand, we get

APy (Yuur (0)) > tlino‘l*' T

Using above relation in inequality (4.2), we obtain

7 () — () >0,
ie.,
Y(uw) —h(u) =20,
which implies u* is the optimal solution to the problem (P). O

Theorem 4.2. Suppose that  : D — R is a strictly negative differentiable geodesic sub-b-s-convex function with
respect to b. If u* € D satisfies the condition (4.1), then uw* is the unique optimal solution to the problem (P).

Proof. Since 1 is strictly negative geodesic sub-b-s-convex function with respect to b, then Theorem 3.12
is reduced to

Ay (Vi (0)) < 571 (h(u) —h(v)) + lim ———— (4.3)

Suppose uj, uy € D are two different optimal solution of problem (P). Without loss of generality, we can
assume that

Plug) =P(u2). (4.4)

Now, for all uj,u; € D, t € (0,1] and for some fixed s € (0, 1], the inequality (4.3) can also be written as

b(ull up, t)

A, (Yugu, (0)) — lim <t (W (w) —d(w)),

t—0+

hence from inequality (4.1), it yields

5 W (w) —P(u)) >0,

that is,
P(u) —P(uz) >0,

which contradicts to (4.4). This completes the proof . O
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We now derive the sufficient optimality conditions for the following constrained programming prob-
lem:

Let S denote the set of all feasible solution to the problem (Ps), i.e.,
S ={uc Dlg(u) <0,j i

Theorem 4.3 (Karush-Kuhn-Tucker sufficient optimality conditions). Let { : D — R be a negative differ-
entiable geodesic sub-b-s-convex function with respect to b : D x D x [0,1] — Rand g; : D — R (j € J) be
differentiable sub-b-s-convex function with respect to b;. Suppose that @ € S is a KKT point of (Ps), that is, there
exist multipliers A; > 0 (j € J) such that

du+ ) Ajdgjn =0, Ajg;(@) = 0. (4.5)
€]
If
u, t b;(u,q,t
lim M < — }\j lim M, (4.6)
t—ot t T t—0+ t

then i is an optimal solution to the problem (Ps).
Proof. For any u € S, we have
gj(uw) <0=g;(@),j e J) ={j €Jlgj(n) =0}
By the geodesic sub-b-s-convexity of g; with respect to b; and the Theorem 3.12, for j € J(11), we obtain

b(u,,t)

dgja Vi (0)) — lim T2 < 571 (g (w) — () <. 47)
From inequality (4.5), we get
dba(va(0) ==Y Mdgja(yia(0) == Y Ajdgja(via(0)).
i€] j€j(w)

The above equation along with inequality (4.6) gives

. b(u,1,t) . b(u,1,t)
/ !
da(yya(0)) — lim ——=— > — Z Ajdgja (v1a(0)) + ij Jim ===
j€] j€]
. b(u,0,t)
- _ ) (! _ b SaidelAd)
== 2N (dgmmu(on Jim == )
jeJ(w)

Combining the inequality (4.7) with the above inequality, yields

. byt
e (v, (0)) — lim 2 S
t—0+ t

From Theorem 4.1, it becomes
Pu)—P(a) >0

for each u € S. Hence i is an optimal solution to the problem (Py). O
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5. Conclusion

In this paper, we have introduced a new class of functions and sets, called geodesic sub-b-s-convex
function and geodesic sub-b-s-convex set, and studied their properties for general and differentiable cases.
Furthermore, the optimality conditions for a non-linear programming problem are also derived. We can
also study duality results of aforesaid class of functions, which builds the future work of authors.
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