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Abstract

This paper considers an uncertain variational inequality problem (UVIP). We first establish UVIP as an optimization problem
(ERM model) which minimizes the expected residual of the so-called regularized gap function. Then, we make some assumptions
about a UVIP subclass in which the function involved is affine. Thus the priority in our paper is to discuss the properties of the
ERM problem and comprehensive convergence analysis under uncertainty theory. In the end, we make a conclusion. (©2017 All
rights reserved.
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1. Introduction

The variational inequality problem (VIP for short) is such important in mathematics that trigger many
scholars to research. nowadays, people mainly studies three aspects of VIP including solution to the
existence and uniqueness, effective solution algorithms and application such as optimization theory, eco-
nomics, engineering, game theory and networks and the like [4, 10-14]. From the classical VIP of R™, we
here consider the finite dimensional Euclidean space R™, finding a point x € S C R™ such that

(y—x)"f(x) >0, xes,

where S is a nonempty closed convex subset of R™, and f : S — R™ is a mapping. If there exists an element
x* satisfying the variational inequality, then x* is called a solution of it for every y € S, which is denoted
by VIP(f,S). The set of solutions to this problem is denoted by Sol(S, f). VIP(f,S) is transformed to the
following complementarity problem:

x* >0, f(x*)>0, (x*)'f(x*)=0.
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This problem has been used to study various equilibrium models in economics, operations research,
transportation and regional science and many algorithms have been developed. For more details, see
the monograph [4] and the references therein. In particular, Fukushima [5, 6] defined a regularized gap
function

g(x) = max((x —y) " ¥x) — 5 [x—yl[E),

where « is a positive parameter, G is an n x n symmetric positive-definite matrix, and ||.||g means the
G-norm defined by ||x||c = VxTGx for x € R™. It has been shown that g(x) > 0, for every x € S, for
x € S, g(x) = 0 if and only if x solves VIP(f,S). Based on these facts, VIP(f,S) is transformed into the
following minimization problem:

min g(x),

1.1
st.x €8S. (1.1)

As stated in [5, 6], H(x) := Projg s (x — o« 1G7!f(x)) is the unique solution of g(x), where Projg  denotes
the projection operator onto S under the G-norm. Moreover, if f is continuously differentiable, then g is
also continuously differentiable and

Vg(x) = f(x) — [Vxf(x) — «GJ(H(x) — x).

Note that what the underlying mapping f in (1.1) reflects is deterministic, it does not involve uncertainties.
However, there are many instances in practice that the underlying problem not only involves deterministic
data, but also contains some uncertain factors in those data. For example, during the transmission of one
signal, say sound signal from the base station through relays to the user, it may be interfered by other
signals. Therefore, many researchers make a great deal of research for the stochastic variational inequality
problem (SVIP for short) in which they can reflect those uncertainties. Finding a vector x* € S C R™ such
that

(x—x*)TF(x*,w) =0, Vxe€S, weas,

where Q) is the underlying sample space, F : R™ x O — R™ is a mapping, and a.s. is the abbreviation
for almost surely under the given probability measure. SVIP based on probability theory was studied in
references such as [1], etc. And its applications can be found in inventory or pricing competition among
several firms that provide substitutable goods or services, a supply chain network model, stochastic user
equilibrium traffic network and wireless network. A basic premise of using probability theory is that the
actual frequency is close enough to probability. In other words, if we want to use probability we must get
a mass of historical data. However in some cases, it is very difficult for us to get enough data such that
we estimate the probability distribution through statistics. For example, it is impossible for us to estimate
a probability distribution of a new stock or devastating military experiments. In this situation, it makes
sense to invite some experts to evaluate the belief degree that the event will happen. Here the belief
degree represents the degree that we believe the indeterminacy quantity falls into the left side of a given
point about the indeterminacy phenomena. There also exist the cases that people’s viewpoints may vary
from person to person for the same event; even for the same person, his/her view to the event may vary
from time to time. Hence, in order to deal with those uncertainty phenomena, Liu [8] found a new theory
- uncertainty theory which is quite different from probability theory. Chen and Zhu [3] presented the
uncertain variational inequality problem (UVIP for short) based on uncertainty theory. Finding a vector
x* € S C R™ such that

(x —x*)TF(x*,&) >0, VxeS, &cZas., (1.2)

where = is the uncertain space, F : R x Z — R™ is a mapping, and a.s. is the abbreviation for almost
surely under the given uncertain measure. There is no doubt that both of them are natural extensions of
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deterministic VIP. Therefore, in this paper, our focus is on developing model to solve UVIP. The remainder
of this paper is organized as follows. Some basic concepts and properties were reviewed in Section
2, including uncertain variable, uncertain expectation, inverse uncertainty distribution. In Section 3, the
ERM model is established based on uncertainty theory. In Section 4, we give some properties including the
differentiability of the function 6 and some results for level sets and error bounds. Then, the convergence
analysis is investigated in Section 5. Finally, we discuss conclusions in Section 6.

2. Preliminaries

In this section, we will introduce some fundamental concepts and properties concerning uncertain
variables, expectation, inverse uncertainty distribution. Let I be a nonempty set, and .£ a o-algebra over
I'. Each element A in . is called an event and assigned a number .Z{A} to indicate the belief degree
with which we believe A will happen. In order to deal with belief degrees rightly, Liu put forward the
following three axioms:

Axiom 1. (Normality Axiom) .#Z{I'} =1 for the universal set T;
Axiom 2. (Duality Axiom) .#Z{A}+ .#{A\°} =1 for any event A;
Axiom 3. (Subadditivity Axiom) For every countable sequence of events Aj, Ay, - - -, we have
M { U /\i} < AN
i=1 i=1

Definition 2.1 (Liu [8]). The set function .# is called an uncertain measure if it satisfies the normality,
duality, and subadditivity axioms.

The triplet (T, .2, #) is called an uncertainty space. Furthermore, the product uncertain measure on the
product o-algebra . was defined by Liu as follows:

Axiom 4. (Product Axiom) Let (I, %, .#\) be uncertainty spaces for k = 1,2, - - -. The product uncertain
measure .7/ is an uncertain measure satisfying

o0 o
M {H Ak} = N\ AN,
k=1 k=1
where Ay are arbitrary events chosen from . for k = 1,2, - - -, respectively.

Definition 2.2 (Liu [8]). An uncertain variable is a measurable function & from an uncertainty space
(I', £, #) to the set of real numbers, for any Borel set B of real numbers, the set

{£eBf={yeT|&(y) € B},

is an event.

Theorem 2.3. Let &1, &, -+, &n be uncertain variables, and f be a real-valued measurable function. Then & =
f(&1,&2, -+, &n) is an uncertain variable defined by

Ev) =fl&(v), &(v), -+ &nly)), Yy eT.

Definition 2.4. (Liu [8]) Suppose & is an uncertain variable. Then the uncertainty distribution of & is
defined by
O(x) =.#{E<x)

for any real number x.
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An uncertainty distribution ®(x) is said to be regular if its inverse function ® () exists and is unique for
each o € (0,1). Inverse uncertainty distribution plays an important role in the operations of independent
uncertain variables. In the following, the concept of inverse uncertainty distribution will be presented.

Definition 2.5 (Liu [8]). Suppose & is an uncertain variable with regular uncertainty distribution ®(x).
Then the inverse function ® () is called the inverse uncertainty distribution of &.

Theorem 2.6 (Liu [9]). A function ®1(«) : (0,1) — R is an inverse uncertainty distribution if and only if it is
a continuous and strictly increasing function with respect to o.

The operational law of independent uncertain variables was given by [2] in order to calculate the
uncertainty distribution of a strictly increasing or decreasing function of uncertain variables. Before in-
troducing the operational law, the concept of independence of uncertain variables is presented as follows.

Definition 2.7 (Liu [9]). The uncertain variables &;, &y, - - - , &, are said to be independent if

%{ﬂ(iiEBi)} = /\///{aiEBi}

i=1 i=1
for any Borel sets By, By, -+, Bn.

Theorem 2.8 (Liu [9]). Let &1, &, -, &n be independent uncertain variables with continuous uncertainty dis-
tributions ®1, @y, --- , Oy, respectively. If the function f(xq,x2,--- ,xn) is strictly increasing with respect to
X1,X2,- -, Xm and strictly decreasing with respect to X1, Xm+2,- - ,Xn, then the uncertain variable

E = f(all EQ/ Tty EsTL)/

has an uncertainty distribution

D(x) = sup < min ®;(x)/\ min (1—®i(x))>.

f(x1,X2,+ Xn)=x ISism m+1<isn

Moreover, if @1, ©y, - -- , Dy are reqular, then & has an inverse uncertainty distribution

O o) = f(O (), , DM (), @1 (T — o)+, D1 — ).

m m+1
For ranking uncertain variables, the concept of expected value was proposed by Liu [8] as follows.
Definition 2.9 (Liu [8]). Let & be an uncertain variable. Then the expected value of £ is defined by

“+00 0
Bl = L ME > x)dx J ME < x)dx,

provided that at least one of the two integrals is finite.

Theorem 2.10 (Liu [8]). Let & be an uncertain variable with uncertainty distribution ®. If the expected value
exists, then

+o00o
E[¢] :J tdO(t).

—00

3. Establishment of ERM model

We considered an expected residual minimization uncertain affine variational inequality problem on
the basis of uncertainty theory. Following [5, 6], we define a regularized gap function.

Definition 3.1. A regularized gap function satisfying g : R™ x = — R for uncertain variational inequality
problem (denoted by UVIP(ES)) is defined such as

g(x, &) == r;lgg{(x—y)TF(x, &) —%Hx—y\lze}- (3.1)
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Lemma 3.2. Let S be a closed convex set in R™. Then for each f(x, &) € R™, where f : R™ x = — R™, there is a
unique point z € S such that ||f(x, &) —z||g < ||f(x,&) —yl|g, for all y € S, z is the orthogonal projection of x on
the set S with respect to the Euclidean G norm, that is,

— Proj. ~f(x, &) = in |[f(x, &) —yc.
z = Projg f(x, &) arg{JnelrSlH (x,&) —yllg

Proof. Let (x, &) be fixed and let t € S. Minimizing ||f(x, &) —y||g over ally € S is equivalent to minimizing
the same function over ally € S such that ||f(x, &) —y|lc < [|f(x,&) —t|/g, S is a compact set. The function g
defined by g(y) = ||f(x, &) —y||% is continuous. Existence of a minimizing z follows because a continuous
function on a compact set always attains its minimum. To prove that z is unique, we only need to prove
that the square of the Euclidean G norm is a strictly convex function. Because of its Hessian matrix is
equal to 2G. Here G is an n x n symmetric positive-definite matrix. Hence, g is strictly convex and its
minimum is unique. O

Theorem 3.3. The problem max{(x y)TF(x, &) — Sllx —y||%} is essentially equivalent to the below problem
yes

min ||y — (x — o 1GTF(x, é)HZG}.
yeSs

Proof.

max{(x —y)TF(x, &) = 2 [x—ylI%)

yeSs
& max{20 1 (x —y)TF(x, &) —|Ix —y||2G}
yeSs
& méax{Zoc (x —y)TF(x, &) —|Ix —y||2G — oc*2FT(x, E)Gle(x, &)}
y

& minx —yll% 20 T (x—y) TF(x, &) + a2FT (%, £)GTIF(x, &)}

& min(x —yllg — 20 (x—y)TF(x, &) + a 2FT (%, £)G'F(x, &)}

& minJx —yllg — o M x—y) TF(x, &) — oM (x —y) TF(x, &) + o 7F T (x, £)G ' F(x, )}

& min{(x —y) Glx—y) —a (x—y) TF(x, &) — a T (x, &) (x —y) + o *F' (x, £)G ' F(x, &)
& rymn{(x y) "G — o TFT(x, E)H(x—y) —a 'GF(x, &)}

yes

< min{(x — Y — o T (x, £)GTHG{(x —y) — o GTF(x, &)}
y

& meln{(x —y)"T = ('GTF(x, £)IGI{(x —y) — G F(x, £)}
Yy

& minfl(x—y) — a6 TR, )
& {JnemHy —a 'GTF(x, &))|I5

The optimal solution of (3.1) is precisely Projg (x — o« 1G7IF(x, &), the projection of the point
x— o 1GIF(x, &) is onto the set S with respect to the norm || - || g. Thus for each x, we uniquely determine
the optimal solution of (3.1). Hereafter we shall denote it by H(x, &) for notational simplicity. Namely we
define the mapping H : R™ x = — R™ as H(x, &) = Projg g (x — o 'G71F(x, &)). So it is not difficult to see
that for any x € R™ and any & € Z,

9(x, &) = (x—H(x, £)) TFlx, &) = 2 |x—Hix, £) 1, (32)
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where
H(x, &) = Projs ¢ (x —a 'G7'F(x,&)), Yx€S, L€Zas,

where = is uncertain space, F: R x = — R™ is a mapping.

Theorem 3.4. Let S be a closed convex set. Then z = Projg sf(x, &) if and only if
Zy-2) > (x&Ey—2), WES,

or
(z—f(x, &) (y—2z) >0, Wes,

where f: R™ x = — R™.

Proof. Note that z = Projs 5f(x, &) is the minimizer of g(y) over ally € S. Since vg(y) = —2G(f(x, &) —y),
the result follows from the optimality conditions for constrained optimization problems. O

Proposition 3.5. For each x € R™, let H(x, &) be the unique optimal solution of problem (3.1), or equivalently, let
H : R™ x Z — R™ be the mapping defined by Theorem 3.3. Then x solves the variational inequality problem (1.2) if
and only if x* is a fixed point of the mapping H, i.e., x* = H(x*, §).

Proof. Suppose that x* is a solution of the variational inequality, i.e., F(x*, £)T(x —x*) > 0. Multiplying
the above inequality by —«~!G~! < 0, and adding x*T (x — x*) to both sides of the resulting inequality,

we obtain
T x—x*) = K —a 'GTF(x*, £)]T (x —x*)

From Theorem 3.4 and Lemma 3.2, we conclude that
X" = Projg ¢ (x — « 'GTIF(x, &)).
Conversely, if x* = ProjS,G (x —a1G71F(x,&)), for x 1G~1 > 0, then
Tx—x") = " —a 16T, )T (x—x7),
therefore F(x*, &) T (x —x*) > 0. O

The next theorem, we establish the equivalence of the variational inequality problem (1.1) and the
optimization problem (3.2).

Theorem 3.6. Let the function g(x, &) : R™ x = — R™ be defined by (3.1). Then g(x, &) > 0, foreveryx € S, £ € =,
and g(x, &) = 0 if and only if x solves UVIP(f,S). Hence x solves the optimization problem (3.2) if and only if it
solves the variational inequality problem (1.2).

Proof.

9(x, &) = (x— H(x, ) TF(x,&) = 2 x— Hix, £)|3
[0

= {20 (x = H(x, ) TF(x, &) — [[x — H(x, £) 3]
= (20 (x— Hix, £) TF(x, &) [ H(x, &)%)

= S0 (= H(x, £)TFix, £) =[x — Hix, £) 3
— a 2FT(x, £)GIF(x, &) + o« 2F T (x, £) G 1F(x, &)}

= %{—(Hx —H(x, &)||% — 20 (x —H(x, &) TF(x, &) + o« 2F " (x, £)G1F(x, &)
+ o 2FT(x, £)GF(x, &)}
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= Sl = HEx £)) — 16T, £ + o 2FT (%, )G TFix, £))

= %{a*ZFT(x, E)GF(x, &) — |[(x —H(x, &) —a'G'F(x, &)%)

— T (% £ 161G 16 R, ) — [Hx &) — (x— o 16T, £) )
08

"2
= S = (e a1 TRk, )G — [HOx £) — (e — e TG, ),

(oG FOx, )1 — [M(x £) — (x— a6 TFOx, £) )

Since ||x — (x — «'GF(x, &))||g equals the G-distance between x and x — o 1G1F(x, &),
IH(x, &) — (x— a'G'F(x, &))la,

is the G-distance between x — x 'G~1F(x, &) and its projection H(x, &) onto S, we have g(x, &) > 0, for every
x € §, & € Z.. Moreover, the definition of H(x, &) implies that those distances are equal, i.e., g(x, &) = 0 if
and only if x = H(x, £). This along with Proposition 3.5 proves the first part of the theorem. O

In what follows, we suppose that g(x, -) is integrable on = for each x € S. Motivated by the work of
Chen and Fukushima [1], we propose the following deterministic formulation for UVIP(ES), called it as
the ERM problem, in which we try to find a vector x € S that minimizes an expected residual,

min 0(x) := E[g(x, &)] = L g(x, £)dD(E), (3.3)
st.x €8S.

Here, E stands for the expectation with respect to the uncertain variable & € = and ® (&) stands for the
uncertain distribution function. If = has only one realization, then problem (3.3) reduces to (1.2). In the
rest of this paper, we assume that F is affine, that is,

Fix, w) == M(&)x +q(&),
where M : = — R™*™ and q : = — R™ are continuous and integrable on =. We further suppose that
IME)[I+ [lq(&)]] < +oo,

we can easily get

(IME)[| + [la(&) ]| +1)* < +oo, (3.4)
where || - || means the Euclidean norm. Moreover, we denote
f(x) = Mx+1q,
with
M :=E[M(&)],
q:= Elq(&)].
Note that

VAmin|[X[ < [Xll6 < v/ Amaxllx], (3.5

where Apin and Amax indicate the smallest and largest eigenvalues of G, respectively. Therefore, if M is
positive definite, then f is strongly monotone in the sense that

(x—y)T(F(x) = F(Y)) = tminAmaxlX — ylI%, (3.6)

where pimin is the smallest eigenvalue of w
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4. Properties of the function 0

We first discuss the differentiability of the function 0

Lemma 4.1. Suppose that f(&,x) is a measurable and integrable function of &, for each x in (a,b). Let

W) = [ e x)d0 ().
Suppose that for & € =,1(&,x) has a derivative in (a,b). For the given f(&,x) and g(&), we suppose further that
(&%) < g(&)
for & € Aand x € (a,b), where g is integrable. Then \(x) has derivative [ f1(&,x)ddp (&) on (a,b).

Proof. To prove this part, consider a fixed x. If & € =, then by the mean-value theorem,

f(&,x+h) —1(&,x)

0 =1,(&s),

where s lies between x and x + h. The ratio on the left goes to f/(&,x) as h — 0 and f/(¢,x) is by
hypothesis dominated by the integrable function g(&). Therefore,

Y(x+h) —p(x) _Jf(a,wh)—f(a,x)
h h

ad(E) - Jf;(a,x)dda(a).

The condition involving g in this part can be weakened. It suffices to assume that for each x there is an
integrable g(&,x) such that [f (&, x)| < g(&,x) for & € A and all s in some neighborhood of x. O

Theorem 4.2. Both g and © are differentiable with respect to x. In particular, for any x € S, we have
VO(x) = E[Vxg(x, &)]. (4.1)

Proof. Since F is differentiable with respect to x, in a similar way to [5], we can show that g is differentiable
with respect to x and
Vxg(x, &) = F(x, &) — (VxF(x, &) — «G)(H(x, &) —x). (4.2)

On the other hand, note that g(x, &) > 0 for any x € S and & € =. We then have from (3.2) and (3.5) that
lx—Hx E)IE < (x—Hix, £)TFOx, &)

(x—H(x, &) TF(x, &) ||
(x —H(x, E)|I[I[F(x, &)

HX - H(X/ E,)”G HF(X, E,)H

<

1
V 7\min
It follows that

||X_H(X/ Ev)HG < ||F(X/(t-v)H/

2
(04, Amin

1 2
X_H(X/ Ev) G <
-~ | le <

and hence
HX - H(X/ E»)H <

IF(x, E)]I. (4.3)

Amin

Then, we have from (4.2) and (4.3) that

IVxg(x, &)]| = [[F(x, &) + (VxF(x, &) — «G) (x — H(x, &)
< E) + [(VxF(x, &) — aG)||[lx — H(x, &) |
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< [[Fx, &) + ([IVxF(x, &) + [ GID[[x — H(x, &)

< (1 2 (IM(E) + (G Fix, )]
— (1 DIM(E +a(e)]
<+ J(ell+ DIME + la (e
< 200 e+ gt + 1+ 2Ly g+ 1yl + e,
By Lemma 4.1, we get the function @ is differentiable and (4.1) holds. 0

We next investigate the conditions for the boundedness of the level set defined by
(Lo(€))® = {x € Sl(x) < ¢},

where c is a nonnegative number. In the rest of this section, we suppose that M is positive definite and

Hmin > 0 is the smallest eigenvalue of MT27+M As a result, the function f is strongly monotone and (3.6)
holds. It has a unique solution [7] from the strong monotonicity of f. We denote by x* € S the solution
below. Therefore, we have

(x—x*)Tf(x*) >0, vxeSs. (4.4)

Theorem 4.3. Let « € (0,2uminAnLy ). Then, the level set (Lo(c))® is bounded forany c > 0.

Proof. Suppose that there is a nonnegative number ¢ such that (Lg (€))% is unbounded. This implies that
there exists a sequence x* C (Lg (¢))S such that

lim |[|x*|| = 4oo0.

k—o0
We have

¢ > 0(x*) = E[max{(x* —y)"F(x, &) —fo —yllg)
yeSs

from Jensen’s inequality we can get

E[max{(x* —y) F(x, &) —*HX —ylgh = max{(x —y)TEF(x, £)] — 5 X —y[/%).
yeSsS ye 2

So we further get

¢ > max{(x* —y)TE[F(x, &) — S|x* —y|%}
yes 2

WV

* x *
(x* —x*)TE[F(x*, £)] — EHXk —x"|IG
> (x* =) ) = e ="
From (3.6) we can get

(= x) T (%) = F(x*)) > tminAmallx —yl/%-

So we have

o . _
*ka_X*HZG P (Xk_x )Tf(x ) (HmmA

* 0.6
(Xk_x )Tf(Xk) - > max 2)HX —-X
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From (4.4) we can get

(x5 =% TH¢) 4 (minhant = ) X5 =X > (HminAnay — )% =[5
Finally we get
& > (tminhmay — ) [X* = x|, <=5 o0
This is a contradiction. Hence (Lg(c))® is bounded for any number c > 0. O

We further have the following result.

Theorem 4.4. Let & € (0, 2uminALy) and let x* be the unique solution of VI(f,S). We have

* _ 0.8
HX_X HG < (Hmin}\m%x_ *)_19(7().
2

Proof. Let x € S. We can obtain

QN

Hmin)\r;ellx [ —x*|]

Therefore, we have

(minAmi — 5 )% =" & < (= x")TF(x) —%Hx—x*ué
< max](x — y) " f(x) IIX —ylE}
= Elmax((x —y) TF(x, &) — 7x* —yl[&)
o)

where the last inequality follows from Jensen’s inequality. This completes the proof of the theorem. [

5. Convergence analysis

Because there dose not exist the density function of uncertain variable, so the distribution function
®(x) is not differentiable in uncertain theory. Then we consider the following approximation problem of
(3.3) by the differentiable properties of g(x, &). Let Ty = {t'i =1,2,---, Ny} be a set satisfying Ny — oo
as k — .

min 0% (x) = g(x, 1) m—— ot
) ; (5.1)

s.t.x € S.

5.1. Limiting behavior of global optimal solutions
From now on, we denote by S* and S the sets of optimal solutions of problems (3.3) and (5.1),
respectively. We first give some lemmas.

Lemma 5.1. For any fixed x € S, there holds that

0(x) = lim 6%(x).

k—o0
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Proof. Since
8(x) = Elg(x, £)] — L(x,t)dobtt)

— g(x, O(t)ret — L O (t)dg(x,1)

= g(x, t)O(t)lteT — T@(t)g/(x,t)dt,

while
0% (x) = g(x, ) |teT—— S ot)g (xth.
tIETk

Owing to klim N L Qt)g (xth) = [; @ (x, t)dt, so

0 tiGTk

0(x) = lim 6%(x).

k—o00

O

Lemma 5.2. Assume that M is positive definite and that My, € R™*™ tends to M as k — oo. Then, there exists a
number ko such that My is positive definite for every k > Kq.

Proof. Suppose that {My} has a subsequence {My }, each member of which is not positive definite. This
implies that, for each j,

() "M% <0, (5.2)
holds for some x) € R™ with ||x/|| = 1. Since {x/} is bounded, without loss of generality, we may assume
that lim x) = x. Noting that

j—o0

(xj)TMijj — (%) "™Mx = ()T (M, — MY

)

we have that

It follows from (5.2) that
(®)TMx <0, [[%] =1,

which contradicts the fact that M is a positive definite matrix. This completes the proof. O

Lemma 5.3. Suppose that M is positive definite and klirn My = M. Let wy be the biggest eigenvalue of
— 00
(MI + My )/2 for each k. Then, we have that klim Uk = Kmax-
—00

Proof. Lemma 5.3 can be verified easily and its proof is omitted here. O
We next prove the main results of this subsection.

Theorem 5.4. Assume that M is positive definite. We denote k = M (t)D(t Jter , m = (O(t)|teT — 1)f(x*) and
k= fT t)dt. Let Amax be the same as in (3.5) and Let wmax be the same as Lemma 5.3. Let k > pmax and

o € (0, mm{k E;\“;z_m, k- E;\“a”m}) Then, there exists an integer such that for each k > kq, the level set Lgk(c)

is bounded for any ¢ > 0. In partzcular the solution set S, is nonempty and bounded for every sufficiently large k.
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Proof. We denote the solution of UVIP(f, S) by x*, we then have (4.4). It then follows that

. . 1 . o

= k _ /

¢20°(¥) = g(, ) (t)leeT — - ET O (t")ge (¥, t').
tteTy

Owing to g(x,t)®@(t)|teT is bounded, we next prove Nik > (D(ti)gl(xj,ti) is bounded. Let k > k.
tiETk
Suppose that there is a ¢ > 0 such that 1 Ny > ®©(t)g{(x¥),t") is unbounded. This implies that there exists
tleTk

a sequence {x} C L3, (c) such that lim ||x}|| = +oco. Without loss of generality, we may assume that
j—o00
[x) —x*|| > 1 for each j. Let
My = M(¥, t)® |teT—— D O(EIM{(, 1.
tleTk
It is easy to get that
lim Mk = M

k—o0

It is also easy to get that

It then follows that

A i jogi
¢ > Nk Z O(th)g (¥, tY)
tIETk

i Vi i j x5
— Z d(th) max{ L +qi(t )JT(xJ—y)—EHx]—yIIZG}
tLET
> QMM + it (0 —x) — T = xI[E)
Nk e 2 ¢
tlETk

= Z DM () (o —x* +x*) + q(t)]T(F —x )—fo)—X %)
= (0 =X T MUOD (Ot — Mid (9 —x) + e 3 () (ML(t)x" + qL ()T (x) —x7)

Ny “
treTy
—*H J—x HGi D O(th

tl€Tk

> (0 =) TMEDD(Uler — M) OF %)~ = 3 @M + a3 —x)]

tiETk
SN X ),
tleTk

2k—2 Mmax — O(f(?\maerm 2k—2 Mmax — od%.Amax—m }) and

where we can take € € (0, min{ ya , A o
max max

f(x*) = Mx* +q
— (MO (Vleer — (j

O (ML (1) dt)x" + q(OD(t)]er —J (t)ql(t)dt
T T
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= (M(t)x" + q(0)) () et — J O (ML (1)dt)x* + q(t)db)

=f(x")D(t)lteT — h_r}n ka Z (th)( tl )x +qt(tl))
tieTe
sowe have lim - 3 O(tH)(M{(t)x" +q{(t") = (@(t)leer — DF(X").
k—oo tIETk

There exists € > 0 such that

|7 D O ME(E)X" +q{(t)) — (@(t)leeT — DF(X")] < e.

tleTk
Then
—e< 7 > O ML)+ q{(t1) — (D (t)leeT — DF(X") < e
t‘GTk
It implies

(O(t)ler —Df(x") —e < NL D> oMLt + qf(th) < (@ (t)ret — DF(X*) + €.
tieTy

We use the same € in next two inequalities, then
PILE
tleTk
Uk < Hmax T €.
- X () (M{(t)x* + q{(t}) > 0, then

tiGTk
_Hi Z Ot (M{(t)X* + qi(t))] = = (@ (V)leer — DF(x*) + ]| = —(m+e),
tIETk
o)
A P j * j * OC(]%—F €) j *
¢ > (k—plpd —x*|? = (m+e)|pd —x*| - I =x I%
- a(k+ e)A - C
> (R o — € — MmNy s 0 |
1 R ) .
5[2k 2max — KAmax — M — (4 + Od\max)eiHX) _X*H ]—)_oo) +00,
while 1
N Do M +qi(th) <0,
k tiETk
then
_H Z O(tY (M) +qi(t))]| = —[(@()eer — DF(x*) —€l| =m—e¢,
tIETk
o)
A T j * j * OC(]%—F €)
¢ > (k—plpd —x*|? + (m—e)|d —x*| *#IIXJ e
- x(k+ €A . .
> (R s — € — SEF 006y 5o el 0 |

]—)OO

2k — 2tmax — XKAmax + M — (4 + 0Amax ) €]} — x*|| 7= +oo.

N\H
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This is a contradiction, so ~ Y ®(t)g{(x),t') is bounded and hence Lgk(c) is bounded for any
tIETk

c=>0. O

Theorem 5.5. Assume that M is positive definite, & € (0, 2hminAmax)- Let X € S% for each sufficiently large k.

max
Then, every accumulation point of the sequence {x*} is contained in S*.

Proof. Let x* be an accumulation point of {x*}. Without loss of generality, let {x*} converge to x*. It is
obvious that x* € S, we first show that

lim (8%(x*) —0%(x*)) = 0. (5.3)

k—o0

In fact, since x* — x* as k — +o00, there exists a constant C > 0 such that ||x*|| < C and ||x*| < C. It
follows from the mean-value theorem and Theorem 4.2 that, for any t € T and any k,

lg(x*, t) — g(x*, 1) = \ng(yk 1)(x* —x")|
(MO + g + 12 x* —x*],
s0 |gl(x*,t) — gl (x*,1)] < C'V((IM(t)] + Hq )| +1)2 Hx —x*||, where y¥ is between {x*} and x*,

C' = (C+1)max ,1—|—2HGH}.

(X}\min Amin

Then, we have

8% (x*) — 8% (x*)| = Ig(x*, ) D(t )|t€T_N7 Y D(t)gi(xN,t)

tleTk

g0, O(Dler — 1 Y O(tgl(x", 1)

tiETk
< |9(7<k (et — g(x*, ) D(tH) el

+|— > o) (gi(x 1Y) —gi(x", 1Y)
tleTk

< Cfxk—x Z DYV (M) + q(t)]| +1)?)
tLETk

<Ol Y (M@ + a0 +112) X220,
tiETk

where the limit follows from the facts that the sequence {x*} converges to x*. By (3.4), we can get

2
gggomgvt (M@ +a(0)]+12) = (IM©] + [a(0)] +1)? < +oo.
Zk

Therefore, (5.3) is valid.
On the other hand, noting that
8% (x) —B(x™) < B%(x*) — 0" (x™)| + (0% (x*) —B(x*)!.
From Lemma 5.1 and (5.3), we have
lim 0%(x*) = 0% (x*). (5.4)

k—o0
For each sufficiently large k, xk € S¥, then
ok (x*) < 0 (x), (5.5)

holds for any x € S. Letting k — +o0 in (5.5) and taking (5.4) and Lemma 5.1 into account, we get
0% (x*) < 8(x), which means x* € S*. O
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5.2. Limiting behavior of stationary points

Suppose that S = {x € R™[c(x) < 0}, where c¢; : R — R are all continuously differentiable convex
functions for i =1,2,--- ,m. We next consider the limiting behavior of the stationary points of problems
(5.2). We will use the standard definition of stationarity, i.e., a point x¥ is said to be stationary to (5.2) if
there exists a Lagrange multiplier vector u* € R™ such that

VOk(x*) + Z nkvei(x¥) =0, (5.6)
i=1
0< ufe(x¥) <0, and (p*)Te(x*¥)=0. (5.7)

For problem (3.3), x* is said to be a stationary point if there exists a Lagrange multiplier vector p* € R™
such that

VO(X*)+ Y uiVei(x*) =0, (5.8)

0< pe(x*) <0, and (pu*)'c(x*)=0. (5.9)
In addition, we say that the Slater’s constraint qualification holds, if there exists a vector y € R™ such that

ci(y) <0foreachi=1,2,---,m.

k

Theorem 5.6. Suppose that lim x* = x*. Then, we have

k—o0

lim Vo*(x*) = vo(x*).

k—o0

Proof. From the nonexpansive property of Projs 5 and (3.5), we obtain

HOE, ) =HOS ) [l6 < (6" = o '6TTF(x, 1Y) = (X — o TGRS 1Y) |6

x* —xM[g +a [GTIM(t) (x* —x*)||g

<
<
< A1+ & G| ME ) (x5 — %)

Using (3.5) again, we have

[H(x*, th) — H(xS, )| < A2 ||Hx S —HS, Y6

min

_ _ 3 * k
A A (1 o G IME) (6% — x| <22 0.

min

Here anything that has nothing to do with x can be considered a constant.
From the nonexpansive property of Projs s and (3.5) again, it implies that

HH,(X*/ tl) - H,(Xk/ tl)HG < H(X* - oc_lG_lFl (X*/ti)) - (Xk - (x_lG_lF,(Xk/ tl))HG
< HX* —x¥llg + o MIGTIM () (X —x*) g
< Man(1 4 TG IM @) ) (6 = %)

Though (3.5) again, we obtain

IH (x*,t9) — H (x%, t1)[| < A2 HH X, 1) —H' (x5, Y| g

min

A2 A (1 o G| IM () (x5 — %) X2 0.

min
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Here only x is the variable, others can be considered a constant. It then follows from (5.1)

lim VO*(x*) = lim V,g(x*,t)®(t)lieT — Jim Z O (tHg” (xk, 11

k—o0 k—o0
tIETk

= Vxg(x* )@ (t)ler — lim Z D(th) gl (x*, 1),

tleTk
while
klgrgof D (gl (Nt
tteTy
1 . . . . ) .
= lim —k 3 OFLxS, ) — L (65, ) (HOK, ) —x5) — (FL (6K, t) — G H (¥, )]
tieTk

= lim — Z O (1) M (X" + qf (th) + My (th) (x* — H(xk, t1) — (M(t}) — aG)H| (x*, t1)]

t‘ETk
1 .
= 1 _— 1 / _ i 1
Jim gy 2 OEIMEY - Jim it tim T 0t
trteTy tleTk
1
lim [— O(tHYML(tY]T - lim x*
+ lim | ktieZT (tHM{(EY]T Jim x
k

tiGTk
. L i i * iy k i
+ lim N Z (Mt (H(x", t') — H(x", t'))
treTy
. 1 ‘L 1 k “L
*]}gr;o*k Z DOt (M(t") — aG)H(x", t')
tleTk

+ lim Ni > O (M(th) — «G)(Hf(x*,t') — H{(x*,t1)

koo Nk treTy
:]}EI;O—ZQ)’(’“ M, (th) - hrrolox —1—k11_r)1r010—Z<Dtl qi(th)
tIETk tieTy

—i—khm Z O(tHM ~klim x*

— 00 tleTk — 00
—kh_r)r;o— Z Ot )M (tHH(x, t) —kh_rgo— Z O(t")(M(th) — «G)H, (x*, t1)

tieTy titeTy

= lim —— Z O(tH M (th)x* + gf (t)) + M{ () (x* — H(x*, 14) — (M(t}) — aG)H{ (x*, t1)]

k—oo N t16T
k

= lim Z O(EIFL(x, 1) — L (x7, ) (H(x, t) —x) — (FL(x", 1) — «G)H (x", t1)]

t‘ETk
i
hm— E O (th) gl (x*, t)
k—o0 N
tleTk

:J D (t)gy (x*, t)dt.
.
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We know that
VO(x*) = E[Vxg(x", t)] = JT Vxg(x*,t)dd(t)
= Vg, DO )ler — L O(1)dVg(x", 1)

— Vg, ) (Uler — JT ()9, (x*, 1) dt.

So, we have
lim VO*(x*) = vok(x*).

k—o0

O

Theorem 5.7. Let x* be stationary to (5.2) for each k and let klim x® = x*. Suppose that the Slater’s constraint
— 00

qualification holds. Then, {u*} is bounded.
Proof. We denote

v =) k. (5.10)

Suppose that {u*} is unbounded, which means klim vk = +oo. Taking a subsequence, we may assume
—00

k
that the limits fi; := klim 5—; (i=1,2---,m) exist. It is easy to see from (5.7) that fi; = O for every
—00

1€ Yx*):={i|ci(x*) =0, 1 <i< m}. Then we have from (5.10) that

D> m=) m=1 (5.11)
i=1

1EY (x*)

Note that Vc; is continuous for each i, by Theorem 5.6, (Vek(xk)}is convergent. Then, dividing (5.6) by
vk and taking a limit, we obtain

m
D mVal) =) mVei(x) =0. (5.12)
ieY (x*) i=1

Recall that the Slater’s constraint qualification holds. So, there exists a vector y € R™ such that ci(y) < 0
foreachi=1,2,---,m. From c; is convex, we have

(y—x")TVei(x*) <cily) —ci(x*) =cily) <0, Vie V(x*). (5.13)

Since fi; > 0 for each 1, it follows from (5.12) and (5.13) that i; = 0 for each i € Y (x*). This contradicts
(5.11) and hence {11*} is bounded. O

Theorem 5.8. Let x* be stationary to (5.2) for each k and let x* be an accumulation point of {x*}. If the Slater’s
constraint qualification holds, then x* is a stationary point of problem (3.3).

Proof. For simplicity, let x* converge to x*. By Theorem 5.7, the sequence {;1*} is bounded. There exists

a subsequence, still denoted by (¥} such that the limit u* := klim k. Note that both c; and Vc; are
—00

continuous for each i, by Theorem 5.6, it holds klim VOKk(xK) = VO(x*). Taking a limit in (5.6) and (5.7),

— 00
we obtain (5.8) and (5.9) immediately. That is, x* is stationary to problem (3.3). O]



C. L. Li, Z. F Jia, L. Zhang, ]. Nonlinear Sci. Appl., 10 (2017), 5958-5975 5975

6. Conclusions

We have proposed an ERM model for the uncertain variational inequality problem which provide a
new optimization problem formulation of the variational inequality problem. Properties of the model
have been investigated. We have also completed convergence analysis about the function 6 based on
uncertain theory. In addition, there have been presented a number of gap functions for the classical
variational inequality problems, see [4, 6] for details. It may be possible to extend the proposed approach
instead of the regularized gap function by other gap functions.
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