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Abstract

The purpose of this paper is to find a solution of a general system of variational inequalities (for short, GSVI), which is
also a unique solution of a hierarchical variational inequality (for short, HVI) for an infinite family of nonexpansive mappings in
Banach spaces. We introduce general implicit and explicit iterative algorithms, which are based on the hybrid steepest-descent
method and the Mann iteration method. Under some appropriate conditions, we prove the strong convergence of the sequences
generated by the proposed iterative algorithms to a solution of the GSVI, which is also a unique solution of the HVI. (©2017 All
rights reserved.
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1. Introduction and formulations

Let X be a real Banach space with its topological dual X*, and C be a nonempty closed convex subset
of X. Let T: C — X be a nonlinear mapping on C. We denote by Fix(T) the set of fixed points of T and
by R the set of all real numbers. A mapping T : C — X is called L-Lipschitz continuous if there exists a
constant L > 0 such that

ITx—Ty| < Lx—yll, VxyeC.
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In particular, if L =1, then T is called a nonexpansive mapping, if L € [0,1), then T is called a contraction.
The normalized dual mapping J : X — 2% is defined as

Jx) = {0 € X" (x, @) = [IKI2 = oI}, vxeX,

where (-, -) denotes the generalized duality pairing.
Let X be a smooth Banach space. Let A, B : C — X be two nonlinear mappings and A, i be two positive
real numbers. The general system of variational inequalities (GSVI) is to find (x*,y*) € C x C such that

{ (AY* +x" —y*,j(x—x")) =20, Vxe C,}

~ 1.1
(uBx* +y* —x*,j(x—y*)) =20, ¥xeC, D

The equivalence between the GSVI (1.1) and the fixed point problem of some nonexpansive mapping
defined on a Banach space is established in Yao et al. [31]. The authors [31] introduced and analyzed
implicit and explicit iterative algorithms for solving the GSVI (1.1) by using this equivalence, and proved
the strong convergence of the sequences generated by the proposed algorithms. Subsequently, Ceng et al.
[4] proposed and analyzed an implicit algorithm of Mann’s type and another explicit algorithm of Mann’s
type for solving GSVI (1.1).

Special case 1. Find a point x* € C such that

(Ax*,x—x*) >0, ¥xeC.

This problem is a fundamental problem in the variational analysis; in particular, in the optimization theory
and mechanics; see e.g., [6-8, 13-16, 18, 20, 22, 30, 32-34] and the references therein. A large number of
algorithms for solving this problem are essentially projection algorithms that employ projections onto
the feasible set C of the VI, or onto some related set, so as to iteratively reach a solution. In particular,
Korpelevich [17] proposed an algorithm for solving the VI in Euclidean space. known as the extragradient
method. This method further has been improved by several researchers; see e.g., [10, 24] and the references
therein.

Special case 2. Find a point x* € C such that
(Ax",j(x—x¥)) 20, VxeC(C, (1.2)
where C is a nonempty closed convex subset of a Banach space.

Aoyama et al. [1] proposed an iterative scheme to find the approximate solution of (1.2) and proved
the weak convergence of the sequences generated by the proposed scheme. For several related results,
please refer to [2, 5, 35].

The purpose of this paper is to find a solution of a general system of variational inequalities (GSVI),
which is also a unique solution of a hierarchical variational inequality (HVI) for an infinite family of
nonexpansive mappings in a real strictly convex and 2-uniformly smooth Banach space. We introduce
general implicit and explicit iterative algorithms, which are based on the hybrid steepest-descent method
and the Mann iteration method. Under some mild conditions, we prove the strong convergence of the
sequences generated by the proposed iterative algorithms to a solution of the GSVI, which is also a unique
solution of the HVI. Furthermore, we also present a weak convergence theorem for the proposed explicit
iterative algorithm involving an infinite family of nonexpansive mappings in a real Hilbert space. Our
results improve and extend the corresponding results announced by some others, e.g., Ceng et al. [4] and
Buong and Phuong [2].

2. Preliminaries and algorithms

Let X be a real Banach space with the dual space X*. For simplicity, the norms of X and X* are denoted
by the symbol || - ||. Let X be a nonempty closed convex subset of a real Banach space X. We write x, — x
(respectively, xn, — x) to indicate that the sequence {x,,} converges weakly (respectively, strongly) to x.
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Let U :={x € X: [|x]| = 1}. A Banach space X is said to be uniformly convex if for each ¢ € (0, 2], there
exists & > 0 such that for any x,y € U, || *52| > 1—8 = |x —y|| < . It is known that a uniformly convex
Banach space is reflexive and strictly convex. Also, it is known that if a Banach space X is reflexive, then
X is strictly convex if and only if X* is smooth as well as X is smooth if and only if X* is strictly convex.

Here we define a function p : [0, 00) — [0, 00) called the modulus of smoothness of X as follows:

1
p(t) =sup(s ([x+yll+lx—ylD-1:xyeX, [x[=1 [yl =1k

Lemma 2.1 ([27]). Let q be a given real number with 1 < q < 2 and let X be a q-uniformly smooth Banach space.
Then

e+yllf < Ixl9+qy, Jq(x)) +2[kyll9,  ¥xy eX,
where  is the q-uniformly smooth constant of X and ] q is the generalized duality mapping from X into 2% defined
by
Ja() ={o € X" {x, @) = [x[|%, [lol =xI|"""}, WxeX.
Let D be a subset of C and let I be a mapping of C into D. Then I is said to be sunny if
HII(x) + t(x —II(x))] = 1(x),

whenever I'I(x) 4+ t(x —II(x)) € C for x € C and t > 0. A mapping IT of C into itself is called a retraction
if I1?> = I1. If a mapping I of C into itself is a retraction, then Il(z) = z for each z € R(IT), where R(IT)
is the range of I1. A subset D of C is called a sunny nonexpansive retract of C if there exists a sunny
nonexpansive retraction from C onto D.

Lemma 2.2 ([21]). Let C be a nonempty closed convex subset of a smooth Banach space X and D be a nonempty
subset of C and I1 be a retraction of C onto D. Then the following are equivalent

(i) I1 is sunny and nonexpansive;

(i) [II0) = II(y)|I* < {x —y,jUIx) = II(y))), Vx,y € C;

(ifi) (x—IT(x),jly —1(x))) <0, ¥x € C,y € D.
Lemma 2.3 ([31]). Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space X.
Let Ilc be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : C — X be «-inverse-
strongly accretive and B-inverse-strongly accretive, respectively. For given x*,y* € C, (x*,y*) is a solution of
the GSVI (1.1) if and only if x* € GSVI(C, A, B) where GSVI(C, A, B) is the set of fixed points of the mapping
G:=IIc(I-AA)Ic(I—uB)and y* = Ilc(x* — uBx*).

Proposition 2.4 ([31]). Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space X. Let
the mappings A, B : C — X be «-inverse-strongly accretive and (3-inverse-strongly accretive, respectively. Then,

11— AA)x — (T- A2 < x— yIP +2A(%A — )| Ax — Ay,

and
11— uB)x — (I— uB)y|* < [[x —yl* + 2u(k*n — B) | Bx — By| >

In particular, if 0 < A < % and 0 < n < %, then I —AA and 1 — uB are nonexpansive.

Lemma 2.5 ([31]). Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space X. Let I1¢c
be a sunny nonexpansive retraction from X onto C. Let the mappings A, B : C — X be a-inverse-strongly accretive
and (-inverse-strongly accretive, respectively. Let the mapping G : C — C be defined as

G:= Hc(I—AA)Hc(I— }LB).

FOSAS Fand0 < p< %, then G : C — C is nonexpansive.
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Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly smooth Banach
space X. Let Ilc be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : C — X be
a-inverse-strongly accretive and f3-inverse-strongly accretive, respectively. Let F : C — X be 6-strongly
accretive and (-strictly pseudocontractive with 6 + ¢ > 1. Assume that A € (0, %) and u € (0, %) where
k is the 2-uniformly smooth constant of X (see Lemma 2.2). Very recently, in order to solve GSVI (1.1),
Ceng et al. [4] introduced an implicit algorithm of Mann’s type.

Algorithm 2.6 ([4, Algorithm 3.6]). For each t € (0,1), choose a number 6 € (0,1) arbitrarily. The net
{x¢} is generated by the implicit method

x¢ = tIIc(I—=AA)Ic(I—uB)x¢ + (1 —t)[Ic(I—0¢F)IIc(I—AA)Ic(I—uB)xy, Vte (0,1),
where x; is a unique fixed point of the contraction
W, = tITc (1= AA)TTc(1— uB) + (1 — )T (1 — 0,F)ITc (I — AA)Tc (I — uB).

It was proven in [4] that the net {x{} converges in norm, as t — 0%, to the unique solution x* €
GSVI(C, A, B) to the following VI:

(F(x*),j(x —x*)) >0, V¥x e GSVI(C,A,B), 2.1)

provided lim;_,p+ 8¢ = 0. In the meantime, the authors also proposed another explicit algorithm of
Mann'’s type.

Algorithm 2.7 ([4, Algorithm 3.8]). For arbitrarily given xo € C, let the sequence {xy} be generated itera-
tively by
Xi+1 = Brxk + Vi Ie (I—=AA) T e (I — uB)xx
+ (1= Bx —viJ e (I = AP (I—=AA) I (I — uB)xy,

where {Ay}, {B«} and {yk} are three sequences in [0, 1] such that By + vk < 1, for all k > 0.

A mapping F with domain D(F) and range R(F) in X is called
(a) accretive if for each x,y € D(F), there exists j(x —y) € J(x —y) such that

(Fx—Fy,j(x—y)) =0,

where ] is the normalized duality mapping.
(b) o-strongly accretive if for each x,y € D(F), there exists j(x —y) € J(x —y) such that

(Fx —Fy,j(x —y)) = d||x —y|*>, for some & € (0,1).
(c) a-inverse-strongly accretive if for each x,y € D(F), there exists j(x —y) € J(x —y) such that
(Fx —Fy,j(x —y)) > af[Fx —Fy||?,  for some o € (0, 1).
(d) C-strictly pseudocontractive if for each x,y € D(F), there exists j(x —y) € J(x —y) such that
(Fx —Fy,j(x —y)) < |[x —y|®> = ¢/[x —y — (Fx — Fy)||%, for some ¢ € (0,1).
It is easy to see that (2.1) can be rewritten as
(I=F)x = (I=Fy,jlx—y)) > ¢[(I-Fx— (I-Fy|%,

where I denotes the identity mapping of X. Clearly, if F is (-strictly pseudocontractive with ¢ = 0, then it is
said to be pseudocontractive. It is not hard to find that every nonexpansive mapping is pseudocontractive.
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Let C be a nonempty closed convex subset of a smooth Banach space X and {T;}{°; be an infinite
family of nonexpansive self-mappings on C. Then we set F := ;2 Fix(T;). In 2013, Buong and Phuong
[2] considered the following HVI with C = X: find x* € J such that

(F(x*),j(x—x*)) >0, Vxed. (2.2)

In the case where X = H, a Hilbert space, we have ] = I, and hence problem (2.2) reduces to the HVI: find
x* € F such that
(F(x*),x—x") >0, Vxed. (2.3)

Assume that ¥ = (), Fix(T;) is the set of common fixed points of a family of N nonexpansive mappings
Ti on H, and F is an L-Lipschitz continuous and n-strongly monotone mapping, i.e.,

[[Fx = Fyl| < Llx—yll,

and

(Fx—Fy,x—y) >nfx -yl
for all x,y € H. Zeng and Yao [35] introduced the following implicit iteration: for an arbitrarily initial
point xg € H, the sequence {xy}°_; is generated as follows:

Xk = Brxk—1 + (1 = Bic) [Tigxe — AcuF(Tpgxi)l, vk >1, (2.4)

where T,) = Timodn, for integer n > 1, with the mod function taking values in the set {1,2, ..., N}. They
proved the following result.

Theorem 2.8 ([35, Theorem 2.1]). Let H be a real Hilbert space and let F : H — H be a mapping such that,
for some positive constants L and m, F is L-Lipschitz continuous and n-strongly monotone. Let {T;}} | be N
nonexpansive mappings on H such that J : ﬂiNzl Fix(T;) # 0. Let u € (0,2n/L2), xg € H, M, € [0,1) and
(B, C (0,1) satisfying the conditions y_y 1 A < oo, and let a < By < b,k > 1, for some a,b € (0,1). Then
the sequence {x\ }{°_, defined by (2.4), converges weakly to x* € F, solving (2.3).

It is well-known that if ) . ; A < oo, then A, — 0, as k — oo, and the inversion is not right. Recently,
in order to obtain the strong convergence and decrease the strictness of the condition on Ay, the following
implicit iteration method was proposed:

xe =T, TH=TeTY T, te€(0,1), (2.5)
where {T{} | are defined by
Th=1—-BH)x+BiTix, i=1,..,N, Tly:=(I—-AwuFy, xyeH,

and proved that the net {x{}, defined by (2.5), converges strongly to an element x* in (2.3) under the
conditions on u,ﬁit that are similar to Theorem 2.8, and Ay —+ 0 ast — 0". When N =1, X is a
real reflexive and strictly convex Banach space with a uniformly Gateaux differentiable norm and T is a
continuous pseudocontractive mapping, Ceng et al. [3] proved the following result.

Theorem 2.9 ([3, Theorem 4.3]). Let F be a d-strongly accretive and C-strictly pseudocontractive mapping with
O+ C > 1and let T be a continuous and pseudocontractive mapping on X, which is a real reflexive and strictly
convex Banach space with a uniformly Gateaux differentiable norm, such that F := Fix(T) # 0. For each t € (0,1),
choose a number ¢ € (0,1) arbitrarily and let {z.} be defined by

Zt = t(I — utF)Zt + (1 — t)TZt. (26)

Then, as t — 07, {z¢} converges strongly to x* € F, solving (2.2).
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To find a common fixed point of an infinite family {T;}{° ; of nonexpansive mappings on a nonempty,
closed and convex subset C in H, Takahashi introduced a W-mapping, generated by Ty, Tyx—1,---, Ty and
real numbers oy, o1, -+, 1 as follows:

Uikt =1,
Uy x = o el o1 + (1T — o)1,
U k-1 = a1 Te—1 Uk + (1 — o)1,

Uyxp = o ToUxz + (1 —ax0)l,
Wi =Ug1 =Tl + (1 —oq)],

and, based on a contractive mapping f on C, Kikkawa and Takahashi [11] proved strong convergence
of a sequence {xyJy_;, defined by the following implicit iterative scheme: xi = vy f(xi) + (1 —yi)Wicxk
with0 <oy <land0< oy <b <1, fori=223---. Next, in [12], when C is a nonempty, closed and
convex subset of a uniformly convex Banach space X with a uniformly Gateaux differentiable norm, they
considered the following strongly convergent implicit method:

1 1
Skx=(1—=)Ux+ —f(x), and Ux = lim Wyx = lim U x. (2.7)
k k k—o00 k—o00 !

Note that the method (2.7) contains the limit mapping U, and hence, it is quite difficult to realize.
In [2], motivated by methods (2.5) and (2.6), by introducing a mapping Vi, defined by

Vie=Vi, V=TT 7% Ti=(1—a)l+oT;, i=1,2,---,k (2.8)

where -
a; €(0,1) and ) o <oo, (2.9)

i=1
Buong and Phuong considered two implicit methods. In both methods, the iteration sequence {xy}3° ; is

defined, respectively, by
xk = Vi(I—=AcF)x, Vk>1, (2.10)

and
Xk = Yr(I=McF)xie + (T =vi ) Viexi,  Vk > 1, (2.11)

where Ay and vy are the positive parameters, satisfying some additional conditions. The authors [2]
proved the strong convergence theorems for the methods (2.10) and (2.11).
We will make use of the following well-known results.

Lemma 2.10. Let X be a real Banach space. Then for all x,y € X

@ Ix+yll> < x| +2(,i(x +y)) for all j(x +y) € J(x +y);
(i) x+yl? > [Ix|I* +2(y,i(x)) for all j(x) € J(x).

Lemma 2.11 ([29, Theorem 4.1]). Let X be a uniformly smooth Banach space, C be a nonempty closed convex
subset of X, T : C — C be a nonexpansive mapping with Fix(T) # (0 and f : C — C be a fixed contractive mapping.
Let {x} be defined by x¢ = tf(x¢) + (1 —t)Tx¢. Then as t — 0, {x(} converges strongly to a unique solution
x* € Fix(T) to the following VI:

(I—1)(x"),j(x—x%)) >0, Vx e Fix(T).

Let LIM be a continuous linear functional on 1 and s = (aq, ap,...) € 1*°. We write LIMy a;. instead
of LIM(s). LIM is called a Banach limit if LIM satisfies |LIM|| = LIMyx1 = 1 and LIMy a1 = LIMyay for
all (a1, ap,---) € 1°°. If LIM is a Banach limit, then there hold the following:
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(i) forall k > 1, ax < ck implies LIMyayx < LIMycy;
(ii) LIMyax4+m = LIMyax for any fixed positive integer m;
(iii) liminfy_, ax < LIMyay < limsup, ,  ay, for all (aj, ap,---) € 1°°.
Lemma 2.12 ([36]). Let a € R be a real number and a sequence {ay} € 1 satisfy the condition LIMyayx < a for
all Banach limit LIM. If limsup, _, _(ax1m —ax) <0, then limsup, _, _ax < a.

In particular, if m =1 in Lemma 2.12, then we immediately obtain the following corollary.

Corollary 2.13 ([23]). Let a € R be a real number and a sequence {ay} € 1*° satisfy the condition LIMyayx < a
for all Banach limit LIM. If limsup, _, _(ax41 —ax) <0, then limsup, ,  ax < a.

Lemma 2.14 ([3]). Let X be a real smooth Banach space and F : X — X be a mapping.

(a) If Fis C-strictly pseudocontractive, then F is Lipschitz continuous with constant 1 + %
(b) If F is d-strongly accretive and (-strictly pseudocontractive with &+ ¢ > 1, then 1 —F is contractive with

4
(c) If F is o-strongly accretive and C-strictly pseudocontractive with & + { > 1, then for any fixed number

A € (0,1), I —AF is contractive with constant 1 — A(1 — %) e (0,1).

constant /152 € (0,1).

Recall that X satisfies Opial’s property provided, for each sequence {xi} in X, the condition x} — x
implies
limsup ||xk —x|| < limsup |[xxk —y|, VyeX, y#x
k—o00 k—o0
It is known in [19] that each 1P (1 < p < oo) enjoys this property, while LP does not unless p = 2. It is
known that any separable Banach space can be equivalently renormed so that it satisfies Opial’s property.
We denote by w,,, (xx) the weak w-limit set of {xy}, i.e.,

Wy (xk) ={x € X:x, =X for some subsequence {xy,} of {xi}}
Finally, recall that in a Hilbert space H, there holds the following equality
A+ (1 =Nyl = A2+ (1= Ay 12 = A =N [x =y

for all x,y € Hand A € [0, 1].
We also use the following elementary lemmas.

Lemma 2.15 ([26]). Let {ax} and {by} be sequences of nonnegative real numbers such that ) ., by < oo and
ax41 < ag + by for all k > 1. Then limy o, ay exists.

Lemma 2.16 ([9, Demiclosedness Principle]). Assume that T is a nonexpansive self-mapping of a nonempty
closed convex subset C of a Hilbert space H. If T has a fixed point, then 1 — T is demiclosed. That is, whenever {x\ }
is a sequence in C weakly converging to some x € C and the sequence {(1 — T)xy} strongly converges to some y, it
follows that (I —T)x =vy. Here 1 is the identity operator of H.

3. Iterative algorithms and convergence criteria

In this section, we introduce general implicit and explicit iterative algorithms, which are based on
the hybrid steepest-descent method and the Mann iteration method. Under some suitable conditions, we
prove the strong convergence of the sequences generated by the proposed iterative algorithms to a solution
of a general system of variational inequalities (GSVI), which is also a unique solution of a hierarchical
variational inequality (HVI), in a strictly convex and 2-uniformly smooth Banach space X. Furthermore,
we also establish a weak convergence theorem for the proposed explicit iterative algorithm involving an
infinite family of nonexpansive mappings in a Hilbert space.

The following lemmas and proposition will be used to prove our main results in the sequel.
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Lemma 3.1 ([2, Lemma 3.1]). Let C be a nonempty closed convex subset of a strictly convex Banach space X
and let {T}¥ |, k > 1, be k nonexpansive self-mappings on C such that the set of common fixed points F :=

ﬂi:l Fix(Ty) # 0. Let a,band «;, 1=1,2,---,k, be real numbers such that 0 < a < oy < b < 1, and let Vi be
a mapping, defined by (2.8) for all k > 1. Then, Fix(Vy) = J.

Lemma 3.2 ([2, Lemma 3.2]). Let C be a nonempty closed convex subset of a Banach space X and let {T;}3° | be an
infinite family of nonexpansive self-mappings on C such that the set of common fixed points F := (=, Fix(T;) # 0.
Let Vi be a mapping, defined by (2.8), and let «; satisfy (2.9). Then, for each x € C and i > 1, limy 0 Viix exists.

Remark 3.3.
(i) We can define the mappings

Vix:= lim Vix and Vx:=V.x= lim Vix, VxeC.

k—o0 k—o0

(ii) It can be readily seen from the proof of Lemma 3.2 that if D is a nonempty and bounded subset of
C, then the following holds:

lim sup [|[Vix—Vix|[[=0, Vix>1

k—o00 xeD

In particular, whenever i = 1, we have

lim sup ||Viex — Vx| = 0.
k—o0 xeD

Lemma 3.4 ([2, Lemma 3.3]). Let C be a nonempty closed convex subset of a strictly convex Banach space X
and let {Ti}3° , be an infinite family of nonexpansive self-mappings on C such that the set of common fixed points
F =2, Fix(Ti) # 0. Let o satisfy the first condition in (2.9). Then, Fix(V) = 7.

Inspired by Lemma 3.4, we present the following.

Proposition 3.5. Let C be a nonempty closed convex subset of a strictly convex and 2-uniformly smooth Banach
space X. Let Il be a sunny nonexpansive retraction from X onto C. Let the mappings A, B : X — X be «-inverse-
strongly accretive and (-inverse-strongly accretive, respectively Let the mapping G : X — C C X be defined as
G:=IIc(I-AA)Ic(I—puB) where0 <A < Fand 0 < u < 5. Let {Ti}{2 | be an infinite family of nonexpansive
self-mappings on C such that F := (7>, Fix(T. ) NGSVI(C, A, B) # 0. Let cxi satisfy the first condition in (2.9).
Then, Fix(Vo G) = F.

Proof. Let p € F. Then it is obvious that Gp = p and Vip = p for all integers i,k > 1 with k > i. So, we
have Vi Gp = p for all integers i > 1. In particular, we have (V o G)p = VL Gp and hence F C Fix(V o G).
Next, we prove that Fix(V o G) C F. Now, let x € Fix(Vo G) and y € J. Then,

[ VicGx — Vi Gy|| = || VL Gx — Vi Gy|| = ||(1 — o1) (VEGx — VZGy) + a1 (T V2Gx — T{ VEGy) |
< (1—oq)||VEGx — VEGy| + oq || VEGx — VZGy|| = || VEGx — V2Gy||
< IVEFTGx — VT Gy || < |IVEGx — VEGy|| < ||[Gx — Gyl < [Ix—yll,

which together with ||(V o G)x — (Vo G)y|| = ||x —y|| implies that
IV&Gx — Vo Gyl = [V 6x = VI Gyl = [|[Gx —y]|.
Therefore, we have

[(1— o) (VEGx — VEIGy) + o (i VI Gx — Ti VT IGy) || = [V Gx — VI Gy = ||Gx —y].
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Since X is strictly convex, 0 < &y < 1,and y € F, we have Gx —y = TVHIGx - T VilGy = TiViH Gx —y
and Gx —y = VI'1Gx — ViI1Gy = ViI1Gx — vy, and hence, Gx = T; VL 1Gx and Gx = VL[1Gx for every
i > 1. Consequently, for every i > 1, we have Gx = T;Gx. In particular, when i = 1, we have that
Gx = T} V2 Gx and Gx = V2 Gx. So, it follows that

x=(VoG)x = (1—a)VZGx+ oyT;VEGx = Gx,

which together with Gx = T;Gx, for all i > 1, implies that for every i > 1, we have x = Tix. It means that
x e J. O

Lemma 3.6 ([25]). Let {xn} and {zn} be bounded sequences in a Banach space X and let {ow} be a sequence in [0, 1]
such that 0 < liminfy_,, o < limsup, _, o < 1. Suppose that xy 1 = ouexx + (1 — oac)zy, for all k > 1,
and limsup, _, __(||zx4+1 — zi|| — [[Xie1 — xx||) < 0. Then limy_, ||z — xk|| = 0.

Lemma 3.7 ([28]). Assume that {ay} is a sequence of nonnegative real numbers such that

a1 < (T—vyi)ax +vxdk, Vk>1,

where {yy} is a sequence in [0,1] and {6y} is a sequence in R such that
@) Zio 1Yk =
(ii) hmsupk_mo 5k 0or Y 5 lyxdil < oo.

Then, limy_, o ax = 0.
Now, we are in a position to prove the following main results.

Theorem 3.8. Let C be a nonempty closed convex subset of a strictly convex and 2-uniformly smooth Banach
space X. Let Ilc be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : X — X be «-
inverse-strongly accretive and (-inverse-strongly accretive, respectively. Let F : X — X be &-strongly accretive
and C-strictly pseudocontractive with & + ¢ > 1. Assume that N € (0,-%) and p € (0,%) where x is the 2-
uniformly smooth constant of X. Let {T;};° be an infinite family of nonexpansive self-mappings on C such that
F = ;2 Fix(Ty) N GSVI(C, A, B) # 0. Let (Vi be defined by (2.8) and (2.9). Let {x\}3°_, be generated in
the implicit manner

{Uk = Brxk + (1 — Br) VicGxy, (3.1)

xk = Yk(I=AMF)x + (1 —vidyx, Vk =1,
where G := Ilc(1—AA)Ic(I—uB), and (M3 C (0,1], {yxlyry C (0,1) and {By}¥_ C [0,1) such that

(C1) 0 <vyi < /1%
(C2) limsup, ,  Bx <1
Then,
Xk — x* = Yk)\kF(Xk) — 0,

where x* € F is a unique solution of the VI:
(F(x*),j(x —x*)) 20, V¥xed. (3.2)

Proof. Since limsup, , P < 1, we may assume, without loss of generality, that {$,}3° ; € [0,b] C [0,1).
Let the mapping G : X — C C X be defined as G := Ilc(I —AA)IIc(I — puB) where 0 < A < % and

O<p< % In terms of Lemma 2.5 we know that G is a nonexpansive mapping on X. Then, the implicit
iterative scheme (3.1) can be rewritten as

Xk = YT =MeF)xi + (1 —=vi) (Brxie + (1 — Br) VieGxi),  Vk > 1. (3.3)
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Consider the mapping
Upx =y (T = AcF)x + (1 —vi) (Brx + (1 — Br) Vi Gx), Wx € X.
Utilizing Lemmas 2.5 and 2.14 (c), we obtain that for all x,y € X,

[Wex — Uyl < viell(T—=AkF)x — (T = Ay + (1 =) [[Brx + (1 — Br) VikGx — By — (1 — i) Vi Gy ||
<Y [[(T=AF)x = (T = APyl + (1 —v) [Bxllx =yl + (1 — B[ Vi Gx — Vi Gy ]]
<y =AMt [x =yl + (1T = vi) Bl =yl + (1 — Br) [Ix —yl]
= vk =AMt x =yl + (1 =vi)[[x —yl|
= (1—viAD)x —yl|,

where T = 1 — 4 /% € (0,1). This shows that Uy : X — X is a contraction. By the Banach contraction
principle, the fixed point equation (3.3) has a unique solution xy € X for each k > 1. Thus, the sequence

{x1}¥_; is well-defined.
Again from Lemmas 2.5 and 2.14 (c), it follows that for each k > 1,
% =PI < Yill (= AcF)xc = plI” + (1= vid) || (Breoxx + (1 — Bi)ViGxy) — p|I?
= Yiell (T = McF)xic = (1= AkF)p = AkF(p) |2 + (1 = Vi) | (Brexic + (1 — Brc) VieGxae) — p
< Yrlll(T=AF)x — (T=AF)pll + A [IF(p || (1—vi) [Brxx —plI?
+ (1= B[ VieGxic — p 7]

<Vl = At [ =PIl + AklIFPIT + (1= vi) [Brelac = plI> + (1= i) xic — I
= yil(1 = Mt [xic = pll + Akt - HFP) 17+ (1 —vid) [xic — 2
< Vi1 =MD =PI +vicdk - T PP+ (1 —vi) [ —pl?
= (1=yidD) xi = I + i - T H[F(p) %,

Therefore, ||xx —p|| < [|F(p)||/T, which implies the boundedness of {x}%° ;. So, the sequences {Gxy}¥ ;,

Vi Gxi 21, tyn g and {F(xk )y, where yi = Bixx + (1 — Bi) VicGxy, are also bounded.
Suppose that yiAF(xi) — 0 as k — oco. From (3.1) we observe that

0 =xx —xk = —VkAF(xx) + (1 —vi) (Y —xk),

and
Yk — Xk = (1= Bi) (Vi Gxg — xic).

Then from [[yAxF(xk)|| — 0 and condition (C1) it follows that as k — oo,
Tlyx —xkll < (1 =vi) [yx — xkll = [[yrAF (x| = 0,

and
(1=b)[[VieGxye — x|l < (1= Bic) || VieGxxe — xic|| = [y — xk || = 0,

where t=1— ,/% € (0,1). That is,

lim [[xx —yk|]|=0 and lim [xx — Vi Gxk| =0. (3.4)
k—o0 k—o00

Let us show LIMy ||xx — VGzn|]? < LIMk [xk — zn||? for any Banach limit LIM, where for eachn > 1, z,,
is a unique element in X such that z,, = (I —Flzn +(1— —)VGzn

Indeed, in terms of Lemma 2.14 (b) we know that I — F is contractive with constant /1= C € (0,1).
Utilizing Lemma 2.11 and Proposition 3.5, we conclude that {z, } converges strongly to a unique solution
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x* € Fix(VG) = J to the following VI:
(I—(I—=F))x",jx—x")) >0, Vxed. (3.5)

Since the VI (3.5) is equivalent to the VI (3.2), we know that {z,,} converges strongly to a unique solution
x* € J to the VI (3.2). Moreover, since Vi is a nonexpansive mapping for each k > 1, V is a nonexpansive
mapping on C. Note that xi = vy (I — AxF)xk + (1 —vk)yx, where yx = Brxk + (1 — Bx)ViGxk. Also,
observe that for each k,n > 1

+ [|[VikGzn — VGz, ||]

<Yillxk = VGzn || + [[AFOad) ) + (1 = vi) Br ([ — VieGxie || + [[VikGxie — VicGzn ||)
+ (1 — ﬁ)k)HVkGXk — VkGZnH + ||VkGZn — VGZnH]

< Yillxk = VGzn || + [[yiAFOad | + (1 —vi) [lIxi — VieGx || + [[xi — zn ||
+ [|[VikGzn — VGzn||],

which together with condition (C1), yields
AcF(x
Ivicd Pl + |Ixk — ViekGxi || + [Ixk — zn || + [[VicGzn — VGzn ||

: 1=« (3.6)
< ;||yk7\kF(xk)H + [[xk — Vi Gxi|| + ||xk — zn || + [[VkGzn — VGzp ||

||Xk — VGZnH <

Furthermore, from Remark 3.3 (ii), we deduce that if D is a nonempty and bounded subset of C, then, for
e > 0, there exists my > i such that for all k > my

sup ||Vix — VEix| < e. (3.7)
xeD

Taking D ={Gzn : n > 1}, {Gxx : k > 1}, respectively, and setting i = 1, from (3.7) we have

[VkGzn — VGzn| < sup [|[Vkx — Vx| < e and ||VxGxx — VGxi|| < sup ||[Vikx — Vx| < ¢,
xeD xeD

which immediately imply that

lim |[VkGxx —VGxy||=0 and lim |VxGzn —VGz,| =0, ¥Yn>1 (3.8)
k—+o00 k—ro00

Since ||[yxAkF(xk)|| — 0 as k — oo, from (3.4), (3.6) and (3.8) we obtain
LIMy|[xic — VGzn |*> < LIMy [|x — zn ||*. (3.9)

Let us show LIM (F(x*),j(x* —xk)) < 0. Indeed, since z,, = = (I —F)z, + (1 — %)VGzn, we have

1
n

X — Zn = ~(xk — (I— Flzn) + (1 — ~)(x — VGz),
n n

that is, ) .
(1= =)0k = VGzn) = xic— 20 — —(xic — (1= Plzn). (310)
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From Lemma 2.10 (ii) and (3.10) it follows that

1 2 .
(1= )| = VGzn|? = xi = zn > = = — zn + 20 — (1= Flzn, j(xk — zn))
n n (3.11)

= (1= 2=zl + 2 (Flan), jlzn —xa).

Combining (3.9) and (3.11), we have

1

2 2 .
(1— E)ZLIMkHXk —zn|? > (1— E)LIMkHXk —zn |2+ ELIMMF(Zn),)(Zn —xXx)),

and hence 1 5
—5 LMy [[xic = zn|* > ~LIMic(F(zn),j (20 —xi)-

This implies that %LIMKIIXk —zn|[? = LIMyx(F(zn),j(zn —xk)). Since z, — x* € F as n — oo, by the
uniform Fréchet differentiability of the norm of X we have

LIMy (F(x*),j(x* —xk)) < 0. (3.12)
Let us show LIM||x, —x*||> = 0. Indeed, since x;. = v (I —AF)xk + (1 — vy )yk, where
Yk = Brxk + (1 — Br) Vi Gxx,

we have
Yi) yx — (I —AxF)xy]

[
[yk — Vi Gxy + VieGx — xic + X1 — (I — A F)xi]

Xk — (I=AkF)xe = (1 —vx)
= (1—v«)
= (1 —=v1)[Br(xx — VieGxie) + VieGxye — i + x5 — (I — Ak F)xyc]
= (1 =vi)[=(1 = By ) (xc — Vi Gxe) +xic — (T = A F)xaed,

which hence implies that

(1 —vi)(1—Bx)

McF(xx) = xc = (I = AcF)xie = — (I— Vi G)xx.
Yk
Consequently, for x* € F we conclude that
(Flei, =) = PR v G — (1= VG e =) <0 (313

On the other hand, utilizing Lemma 2.14 (b) we get

(FOad), ibac —x)) = ((I— (I—F))xx, j(xx —x7))
=[x = X2+ (1= (T=F)x", j(xic = x*)
+ (I—=F)x" — (I—F)xk, j(xx —x™))
1-95

> (1- T)ka —x*||2 + (F(x*),j(xx — x*))

= 1| = x¥[? + (F(x*), j (e — X))

(3.14)

It follows from (3.13) and (3.14) that

Al

e —x* |2 < = (F(x*),j(x* —xx)).
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From (3.12) we conclude that LIMy ||x — x*||> < 0, that is,
LIMy [[x —x*||> = 0.

Let us show limy ., [|xx —x*|| = 0. Indeed, from LIMy|jx; —x*||*> = 0 it follows that there exists a
subsequence {xy, } of {xx} which converges strongly to x* € J. Noting that

||Xk —VGXkH < ||Xk —VkGXkH + ||VkGXk —VGXkH,

we deduce from (3.4) and (3.8) that
klim ||Xk — VGXkH = 0.
—00

Now assume that there exists another subsequence {xy,} of {xx} such that x,;, - % € Fix(VoG) = F
(because ||x — VGxy|| — 0 as k — o0). Then we have that ||F(xm,) — F(X)|| — 0 as i — co. We claim that
% is a solution in J to the VI (3.2). As a matter of fact, since for any p € J the sequences {x;,, —p} and
{F(xm;)} are bounded and j is norm to norm uniformly continuous on bounded subsets of X, we obtain
thatas i — oo

[(F(xm;), 3 (xm, —P)) — (FR),I& = p))| < [[F(xm) = FR) || [Ixm; =PIl + (FR), j(xm; —P) —j (& —p))| = 0.
In addition, repeating the same arguments as those of (3.13), we obtain that for any p € &

(F(xx), j(xx —p)) <0,

which immediately yields

(F(&),j(®8—p)) = lim (F(xm,),j(xm; —P)) < 0.

i—o00

That is, X € J is a solution of the VI (3.2) and hence X = x* by uniqueness. Therefore, each cluster point
of {xx} equals x*, and so {xi} converges strongly to x*, which is the unique solution of the VI (3.2) in .

Conversely, assume that xx — x* as k — oo, where x* € J is a unique solution of the VI (3.2). Then
from (3.1) it follows that

[y = x| = [IBr(xc —x™) + (1T = Br) (Vi Gxie — x|
< Bl = x| + (1= B [[ Vi Gxie — x™ |
< Bl = x| + (1 = i) [P — x|
= |lxxk—=x*|| =0 as k— oo,

that is, yx — x* as k = oco. Again from (3.1) we deduce that
0 = xik — xk = —VrAF(xk) + (1 —vi) (Y —xx),
which immediately yields
[ViAFad | = (1 =vid [y =il < flye = %7+ [xac =7

Since xx — x* and yx — x* as k — oo, we obtain that yiAF(xi) — x* as k — oo. This completes the
proof. O

Theorem 3.9. Let C be a nonempty closed convex subset of a strictly convex and 2-uniformly smooth Banach
space X. Let Ilc be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : X — X be o-
inverse-strongly accretive and (-inverse-strongly accretive, respectively. Let F : X — X be &-strongly accretive

and C-strictly pseudocontractive with ,/ % < % Assume that A € (0, %) and p € (0, %) where k is the 2-

uniformly smooth constant of X. Let {T;}° | be an infinite family of nonexpansive self-mappings on C such that
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F =2, Fix(Ti) N GSVI(C, A, B) # 0. Let {ViJ2_; be defined by (2.8) and (2.9). For an arbitrary x; € X, let
{x1Jp be genemted by

{ Yk = Brxk + (1 — Bx) Vi Gxy, } (3.15)
vk

X1 = Vi (I = AF)x + (1 —vi )y,
where G := Ilc (I —AA)Ic(1—uB), and (A, C (0,11, {vx)3, € (0,1) and {Bx 3> C [0,1] such that

(C1) X3 vi=o00and 0 <yyx <min{l -7, Ll witht=1- /1%
(C2) limy o0 [Ax41 — Akl = 0 and liminfy _, oo Ay > %,‘
(C3) 0 < liminfy_,q B < limsup, _,  Pr <1,
(C4)

Yi+1 — =
C4 hmk_)oo(l*(l*'\/kjtl)ﬁlwrl 1*(1*Yk)ﬁk) 0.

Then,
xxk =X & yiFlx) =0,

where x* € F is a unique solution of the VI:
(F(x*),j(x —x*)) >0, V¥xedg. (3.16)
Proof. First of all, it is not difficult to find that

z % & 2(1— 126)>1 &S 21> 1.

Since 0 < liminfy_, Bk < limsup, . Pr <1 and liminfy_, Ak > %, we may assume, without loss of
generality, that {$x}3°; C [a,b] C (0,1) and {Ay} C (ZT, 1]. Let the mapping G : X — C C X be defined as
G:=IIc(I-AA)Ic(I—uB) where 0 <A < - and 0 < pu < % In terms of Lemma 2.5 we know that G is
a nonexpansive mapping on X. Take a fixed p € JF arbitrarily. Then, by Remark 3.3 and Lemma 2.14 (c),
we obtain that for each k > 1,

[Xk+1 =PIl < vell(T—=AcF)xk — Pl + (T =i [ (Brxx + (1 — Bi) VicGxx ) — p|
= V[T =AF)xx — (IT=AF)p — AF(p) || + (1T = vi) [[(Brxx + (1 — Br) Vi Gxx) — P
<Yl =AeF)xie = (T=MF)p || + A [F(p) [ + (1 = vi) B [lxx — |
+ (1= B[ Vi Gxi — ]
<Yl =A™ [[x = Il +Ax[F(P] + (1 =y [Brlxx — | + (1 — Bi) [[xk — P[]

:yk[(l—AkT)ka—pH—l—?\ T H ”

(1 =)l =l

< v max{|[xx —pl, }+ (1T —vi)[lxx —pll

F
< max(xi — p, " ”},
where t=1— 125 € (%,1). By induction, we have
e~ < maxtxo —pll, LU, v g,

which hence implies the boundedness of {xy}3>_;. So, the sequences {Gx }3° ;, {VikGxi}¥ 1, {yxln.; and
{F(xi)}32_, where yyx = Bxxk + (1 — Bi) Vi Gxy, are also bounded.
Suppose that y«F(xix) — 0 as k — oo. We claim that limy_, ||xk+1 —xk|| = 0. Indeed, put

o = (1—vx)Bx, Vk=1
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Then it follows from (C1) and (C3) that
Br = px = (1—vi)Bx =Bk, Vk2=1,
and hence
0 < liminfpy < limsuppyx < 1. (3.17)
k—00 k—o0
Define

X1 = PrXk + (1 — px)wi.
Observe that

Xk+2 = Pl+1Xk+1  Xk+1 — PkXk
1—prn1 1—px
Yt (=M )X + (1= Y1) Y1 — Prr1Xir1
B 1—pri1
Yi(I = AF)xi + (1 —vi)yx — prxx
1—px

Wx1 — Wk =

1—prs1 1—px 1—px
(1 =y ) Brrrxrst + (1= Brr1) Vier 16X 1] — prr1xet
1—pxp1
_ (Yk+1(1 —MeriF)xin v — )\kF)Xk)
1—prs1 1—px
n (T —Yi1) (1 = Bra 1) Vier1Gxie1 (1 —vi) (1 — B ) Vi Gxxc
1—pr41 1—px
oYt =AMe P vad(T—AF)x
= ( 1 B )+ (
Pr+1 Px
— #F:HkaGXkH +1 zkkakGXk

Yk+1 Yk
- - I— AoiF T At F)xist — (1= AyF
—— 1_pk)( k1 F) X 4 (= Ak F)xaen — (T—=Ax )Xk)l_pk

_l’_

Vier1Gxgq1 — VieGxy)

+ (Vi41Gxe 1 — VieGxy ) — (ﬁ/kiﬂ
— Pk+1
7 Yk JVier1Gxgeg1 — (Vier1 Gxge1 — VieGxe)
— P 1—px
Yk+1 Yk

T T 1—px NI =AMk 1F)xici1 — Vier1 Gxicra]

+ (I =M1 F)xieq1 — (T = AxF)xk) 7

1—px—vx

4 _—o (
—Px

Yk
— Pk

+ Vier1Gxieq1 — VieGxy),

and hence

Y+l Yk
—Pk+1 1—p

[Wit1 —wi|| < |1 k||| (I =M1 F) X1 — Vier1 Gxaeqe ||
1—py
1—px

(T = A1 F)Xpes1 — Vier1 Gxgeqet ||

+H(I_}\k+1F)Xk+1_(I_}\kF)XkulYk +
— Pk
Yr+1 Yk
1—pri1 T—opx
+ (T =M1 F)xpeq1 — (T = A F)xge g ||

<

— Yk
Y | Vicg1Gxie 1 — VieGxi||

(Yk+1(1 —MeriF)xe vi(I— )\kF)Xk) (=) Brxic + (1 = Bi) VieGxad] — prexic
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+II(LAkF)XkH—(I—AkF)ka)lzk 1—1F3_]<_Yk(”\/k+1GXk+l7vk+1GXkH
+ [[Vier 1Gxie — Vi Gxe )

<3 zk;;lﬂ B 1Ikpk (Pt ||+ IFOaer) | 4 I View1 Gxiert]]) + (Mgt — Al IF(xies)|
+ o =il 7 Vi 1—pk—vk(H><k+1—Xk|y + o1 | Ter1Gxie — Gxi|)) (3.18)

— P 1—px

Yk+1 'Yk
= |- [([xrall + TFOa+) ] + [[Vier1 Gxica ) + 1 — x|
1—prs1 T—px

y
_kp A1 — AllIF(xie1) || +

Yk+1 Y
— P41 11—
+ A1 — Akl || F( Xk+1)|| + 1| Tiep1 Gxie — Gxe .

1—pr—vx
]__

K
pk|(HXk+1H + IFOac ) | + Vi1 Gxaeqa]])

+

: 11| T 1Gxx — Gxe|

< X1 — x| +|

Thus, from (3.18), limy_, o ax = 0, and conditions (C2), (C4), it follows that (noticing the boundedness of
{x1} and the nonexpansivity of Ty)

lim sup(||wi41 —wic|| = [[XK1 —xx]]) <0
k—o0

Since 0 < liminfy_, pi < limsup, _,  px <1 (due to (3.17)), by Lemma 3.6 we get limy_, [[wx — x| =
0. Consequently,
lim ||xg41 —xk]| = im (1 — py)||lwx —xk|| = 0. (3.19)
k—o00 k—o00

Furthermore, from (3.15) we observe that

XK1 — Xk = —YiAF(x) + (1 =71 (yx —xi),
and
Yx —xk = (1= Pi) (Vie Gxge — xic).
Then from ||y F(xk)|| — 0 and condition (C1) it follows that as k — oo,

Tllyx — x| < (1 —=vi)[[yx — x«||
= ||XK41 — Xk + YiAF(xx) ||
< g — x|l + [y FOad || = 0,

and
(1 —=Db)|IVikGxc — xic|| < (1= Bi)[[VieGxi — xk|| = [[yx —x«|| = 0,

where t =1 — 1/% € (0,1). That is,

klim Xk —yk|| =0 and lim IIxx — VikGxx|| = 0. (3.20)
—00

Let us show LIMy [|[x — VGz, ||> < LIMk Xk —zn]|? for any Banach limit LIM, where for eachn > 1, z,,
is a unique element in X such that z,, = (I —Flzn + (1 — —)VGzn
Indeed, in terms of Lemma 2.14 (b) we know that I — F is contractive with constant ,/% e (0,1).
Utilizing Lemma 2.11 and Proposition 3.5, we conclude that {z,,} converges strongly to a unique solution
x* € Fix(VG) = J to the following VI:
(I—=(I-=F))x*,jlx—x")) >0, Vxed. (3.21)

Since the VI (3.21) is equivalent to the VI (3.16), we know that {z,, } converges strongly to a unique solution
x* € J to the VI (3.16). Moreover, since Vi is a nonexpansive mapping for each k > 1, V is a nonexpansive
mapping on C. Note that xx11 = vi(I — AxF)xx + (1 —vx)yk, where yi = Brxk + (1 — Bi)ViGxy. Also,
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observe that for each k,n > 1

Xk = VGzn | =[xk — k41l < [[Xk41 — VGzn||
= [lvk (I =AF)xk — VGzn] + (1 —vi) (yx — VGzy ) ||
S Yr|(T=AF)x — VGzn || + (1 —vi)lllyx — VkGznl| + [|VkGzn — VGzn ||]
<vrlllxk = VGznll + [[AFOad) ) + (1T —vi) [[[yx — Vi Gza ||
+[|VkGzn — VGzn ]
<vkllxk = VGzn | + lyiAcFOad | + (1 —vi) [l — VieGxx || + [[xk — zn ||
+ [|[VkGzn — VGzy ||,

which together with condition (C1), yields

||Xk — VGZnH <

AFOad) || + [ —x
HYk k ( ki”_ || k k+1|| +||Xk_VkGXkH+HXk_ZnH+||vaZn_VGZTL||
Yk (3.22)

< Z(vAFad |+ [xe = xieqa ) + Ixie = VieGxae|| + [[xi = zn || + [V Gzn — VGzal|.

Al

Repeating the same arguments as those of (3.8) in the proof of Theorem 3.8, we get

lim |[VikGxx —VGxy||=0 and lim |VxGzn —VGzn| =0, ¥Yn>1 (3.23)
k—+o00 k—o00

Since [[ykAF(xk)|| — 0 as k — oo, from (3.19), (3.20), (3.22) and (3.23) we obtain
LIMy |[xk — VGzn||* < LIMy ||xx — zn ||*. (3.24)

In addition, repeating the same arguments as those of (3.12) in the proof of Theorem 3.8 and utilizing
(3.24), we obtain
LIMy (F(x™), i (x™ —xx)) < 0. (3.25)

Let us show limsup, _, _(F(x*),j(x* —x)) < 0. To this end, put
ay = (F(x*),j(x* —xx)), Vk=>1.

Then, from (3.25) we get LIMyayx < 0 for any Banach limit LIM. Since ||xx+1 — x| — 0 (due to (3.19))
and j is uniformly continuous on bounded subsets of X, we know that

limsup(ayx;1 — ax) = limsup(F(x*),j(x* —xx41) —j(x* —xk)) = 0.
k—00 k—o0

Then, by Lemma 2.12, we obtain limsup, _,  ax <0, that is,

lim sup(F(x*),j(x* —xx)) = limsup ax < 0. (3.26)

k—o0 k—o0
Next, let us show limy_, « |[xx —x*|| = 0. Indeed, observe that
X1 — X = Vil(I = AF)xie = x* T+ (1T —vx) (Y —x7)
= Yil(T=McF)xie = T+ (1T =y ) (1= ) (Ve Gxie — x7) + (1 — v ) Bre (xic — x7).
Then, utilizing Lemma 2.10 (i), 1 —vx > 7 (due to (C1)) and Ay > % (due to (C2)) we get
i1 — X7 < 11— vi) Bie(xie = x*) 4 (1 = vi) (1 — Bre) (Vie Gxae —x*)||?
+ 271 (T = McF)xie — X7, j (xie1 — X))
<1 =vi) Brelxie = x| + (1 = vi) (1 = Bae) [[xie — x* |17
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+ 21 (T = Ak F)xge — (I = A F)x™, j(xie 1 —x7))
+ 2y (I = AF)x™ —x%, j (%41 — x7))

< (1= vi)? xac = X% + 2yi (1= At)[[xie — x| [[xieq1 — x|
+ 2y Ak (F(XT), 1 (X" — xie41))

< (1—vx) 2||7<k —X*||2 i (1 =MD xae = x* | + [xieer — x*|7]
+ 2y, A (F(x™), 1 (X" — % 41))

= [(1—vyx)? +Yk(1 — MO — X+ Vi (1= At [[xieqr — x|
+ 27 (F(x™), 5 (X" —xx41))

= 1=y (1 —vi) = Vihetd e — x| + v (1 = Met) [ xae1 — x|
+ 2y Ak (F(x™), j (X" — Xk 41))

< 1=yt —yihe™ [} — X2 + yicAitxisr — x|
+ 2y Ak (F(X™), J (X — Xk 41)),

which immediately yields

* 1 _YkT_YkAkT * Z’Y](Ak T
X1 —x*[* < ke = X2 + == (F(x"),j (x* — xic11))
1 —Yk7\k’f 1 _Yk)\k'f (3 27)
N T L T NS OO |
1 —'Yk)\kT 1 —’Yk}\kT T
Now, note that when 0 < v < 2%, one has

YT+ VAT < 2yt < 1,

which yields 5 V‘S\kT < 1. Since ) 7 25— vk?\kT > ) 5 1YxT = oo and limsup, ., 2k (F(x*), j(x* —

Xk+1)) < 0 (due to (3.26)), applying Lemma 3.7 to (3.27) we infer that ’
Jim lxie —x"|| = 0.
Conversely, if xx — x* € F as k — oo, then from (3.15) it follows that
[y = x| = [[Br(xk —x) 4+ (1 = Br) (VieGxxe —x7)|
< Bellxie = x| + (1= B [ VieGxxe — x|

~X
< Bl = 4 (1= Bae) [ — x|
= |lxxk —=x*[| =0 asn — oo,

that is, yx — x*. Again from (3.15) we obtain that

1
EH’YkF(Xk)H < v l(T = AF)xe — x|

= |xrr1 —x — (1 =y (Yx —xi) ||

< e — x|l + (T —=vi) [y — xx«||

< [xiegr = x| + [ = x*|| + (1 —vi) (lye — x| + [[xi — %))
< i = x|+ 2fac = x| + flyxe — x|

Since xx — x* and yx — x*, we get Y« F(xx) — 0. This completes the proof. O

Corollary 3.10. Let C be a nonempty closed convex subset of a strictly convex and 2-uniformly smooth Banach
space X. Let Ilc be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : X — X be «-
inverse-strongly accretive and (-inverse-strongly accretive, respectively. Let F : X — X be &-strongly accretive
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and C-strictly pseudocontractive with ,/12‘5 < % Assume that A € (0, %) and p € (0, %) where K is the 2-

uniformly smooth constant of X. Let {T;};° | be an infinite family of nonexpansive self-mappings on C such that
F =2, Fix(Ty) N GSVI(C, A, B) # 0. Let {ViJ2_; be defined by (2.8) and (2.9). For an arbitrary x; € X, let
{xx Iy be generated by (3.15), where G := I1c (I —AA)Ic(I—uB), and {A )3, C (0,1], {vkJ3¥; C (0,1) and
{BxJ_; € [0,1] such that

Cl) Y% vk =o0and 0 <y < minfl —, F=} with t =1—/12%;
C3) 0 < liminfy .o B < limsup, ,  Br <1,

C4) limy_ o Brs1 — Brl = 0 and limy o [Yi41 —vx| = 0.

Then,

(C1)
(C2) limy_so0 A1 — Al = 0 and Himinfi_yo0 A > 5=
(©3)
(C4)

xk > x° & yiF(xg) =0,
where x* € F is a unique solution of the VI (3.16).
Proof. Observe that

Yk+1 _ Yk
T—(T—=vrr1)Brr1 1—(1T—vi)Bx

~ Yer1(T= (1T —=v1)Br) = V(1 = (1 — v 1) Bry1)

B (1= (1 =vir1)Bryr1) (T — (1T —vi) )
(Vi1 = Vi) = Vier1Bre + VBt + Vier1 Y Br — YiVi1Bk+1

(1= (1 =vir1)Brr1) (T — (1T —vi)Bx)
(Vi1 = Vi) = Vier1(Br — Bry1) = Brr1(Vier1 — Vi) + YiYra1 (B — Brr1)
(1= (1 =vir1)Brr1) (1T — (1T —vi)Bx)
(Vi1 =Y (1= Brey1) — Y1 (Bx — Brr1) (1 —vx)
(1= (1 =vir1)Bry1) (T — (T —vi)Bx)

Since limy_, o [Yk11 — Ykl =0 and limyg . |Bx11 — Bkl = 0, we conclude that

. Yk+1 Yk
lim — =0.
k—)oo(l—(l—Yk+1)Bk+1 1—(1—Yk)f3k)

Consequently, all conditions of Theorem 3.9 are satisfied. So, utilizing Theorem 3.9 we obtain the desired
result. O

Theorem 3.11. Let C be a nonempty closed convex subset of a strictly convex and 2-uniformly smooth Banach
space X. Let Ilc be a sunny nonexpansive retraction from X onto C. Let the mappings A,B : X — X be «-
inverse-strongly accretive and (-inverse-strongly accretive, respectively. Let F : X — X be &-strongly accretive
and C-strictly pseudocontractive with &+ ¢ > 1. Assume that A € (0,.%) and n € (O,%) where K is the 2-
uniformly smooth constant of X. Let {T;}3°; be an infinite family of nonexpansive self-mappings on C such that
F = N2, Fix(Ty) N GSVI(C, A, B) # 0. Let {Vi )32, be defined by (2.8) and (2.9). For an arbitrary x; € X, let
{(x1J%2_, be generated by (3.15), where G := ITc (I —AA)Ic(I—uB), and {AJ2_; C (0,1], {vxJ32; C (0,1) and
B}y, € [0,1] such that

(C1) > ¥ 1vKk =ocand limy_,o v =0;
(CZ) limk_mo |}\k+1 — 7\k| =0 and lim infk_mQ Ax > 0;
(C3) 0 < liminfy_, By < limsup, ,  Pr <1

Then {xyJ3_; converges strongly to a unique solution x* € J to the VI (3.16).

Proof. Since limy_, Yk = 0and 0 < liminfy_,, Bx < limsup, , Bk < 1, we may assume, without lossof
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enerality, that 0 < vy < 1/152 and {B«} C [a,b] C (0,1). In this case, it is easy to see that
& Y, z y

lim ( Yk+1 . Yk ) = 0.
k—oo 1—(1—=vyiq1)Brr1 11— (1—vi)Bx

Repeating the same arguments as in the proof of Theorem 3.9 we know that {x;.}°_; is bounded. So, the
sequences {GxJ2° 1, {(VieGxi¥ 1, {yx)¥; and {F(x )}, where yx = Brxi + (1 — Bi)ViGxy, are also
bounded.

Repeating the same arguments as those of (3.19) and (3.20) in the proof of Theorem 3.9 we know that

lim [[xk41—xk||=0, lm |xx —yx||=0 and Ilim ||x}x — Vi Gxy|| =0.
k—o0 k—o0 k—o0
Repeating the same arguments as those of (3.26) in the proof of Theorem 3.9 we know that

lim sup(F(x*),j(x* —xx)) < 0. (3.28)

k—o0

Next, let us show limy_, « [|xx —x*|| = 0. Indeed, observe that

X1 — X" = Vil = AF)xe —x*] 4+ (1 —vi) (yx — x7)
= Vil(T=AMeF)xe = x* T+ (1 =¥ ) (1 — Bre) (VieGxie —x*) + (1 —v1e) Bre (X — x7).

Then, utilizing Lemma 2.10 (i), we get

i1 — X2 < 11 —=vi) Bre (ki — %) + (1 — i) (1 — Br) (Ve Gxye — x*) |2

+ 2y (T = A F)xe — X7, j (X1 — x7))

< L1 =y Bl = x| + (1= yi) (1 = Brc) [ — X2
+ 2y (T = Ak F)xie — (T = AeF)x™, j(xie 1 —x5))
+ 2y (T = A F)x™ — %%, j (i 41 — X))

< (1 =y e =[P+ 2y1 (1 = Men) i — x| [ xier — x|
+ 2y Ak (F(X™), (X" — Xk 41))

< (T=vi)?xae =P + v (1 =MD 3 — x* 1> + [Ixiesr — x*|7]
+ 2y Ak (F(X™), J (X" — Xk 41))

=[(1—vk)? +Yk(1—7\kT %k — X2 + Vi (1 — M) xaesn — x|

+ 2y Ak (F(X™), J (X" — Xk 1)),

which immediately yields

2y A
1—vi(1—AkT

(1—vK)?+vk(1—AT)
1—vi(1—A7)

Observe that forall k > 1

acsr —x*IP < e —x*|17 + SFOCLI ). (629)

(T—vi)?+vk(1=Aet)  1—(1 =Mty —2yi[l — (1 —MT)] +v2

1T —vi(1—=AkT) B 1 —vi(1—=AxT)
=0 =Ae] Vi
T—vk(I—=A1)  1T—vK(1—AkT)
2
Yk
<1—2yi[1—(1—A
Vil —( kT)]+1_Yk(1_}\kT)

Yi

=1—2vA .
VAT T 1 — Aet)
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Then it follows from (3.29) that

2y
1—vk(1—A7)

XK1 — %12 < (1 =2y M) )i — x*|1> + [%HXk—X*||2+7\k<F(X*),j(X*—Xk+1)>]

1 Yx *)12 (3.30)
e ven) oy e X

= (1 — 2yk?\k’t)ka —X*Hz +2’Yk7\k’t- T
+ (F(x™),j (%" = x1e41))].

Since limy_, o, Yk = 0 and liminfy_,, A > 0, we deduce from (3.28) that

. 1 Yk 2 .
1 _ —x*|I“ + (F(x* , x*—x <0.
1]r<nsup k(l )\k ) 2)\kHXk H < (X ) ]( k+1)>]

Noticing > ¥ vk = 0o, we get Y 3. 1 2YkAkT = oo. Therefore, according to Lemma 3.7 we conclude from
(3.30) that limy_,o ||x —x*|| = 0. This completes the proof. O

Next we give a weak convergence theorem for hybrid steepest-descent method (3.15) involving an
infinite family {T;}{° ; of nonexpansive self-mappings in a Hilbert space H.

Theorem 3.12. Let C be a nonempty closed convex subset of a Hilbert space H. Let Pc be the metric projection
from H onto C. Let the mappings A, B : X — X be a-inverse-strongly monotone and (-inverse-strongly monotone,
respectively. Let F : X — X be d-strongly monotone and C-strictly pseudocontractive (in the Browder-Petryshyn
sense) with & + ¢ > 1. Assume that A € (0,20) and n € (0,2). Let {T1}5°, be an infinite family of nonexpansive
self-mappings on C such that F := ({2, Fix(T;) NGSVI(C, A, B) # 0. Let {Vi}3°_, be defined by (2.8) and (2.9).
For an arbitrary x1 € H, let {x}3°_; be generated by

Yk = Brxk + (1 — Bi) Vi Gxy,
xkt1 = V(I —=AF)xe + (1 —vi)yk, Vk>1,

where G := PC(I—AA)PC(I— uB), and {A )2, € (0,1], {vi}¥q € (0,1) and {By )24 C [0,1] such that

(C2) 0< hmmfkﬁ00 By < limsup, , P <1

Then {xyJ3_, converges weakly to an element x* € J.

Proof. Take a fixed p € J arbitrarily. Repeating the same arguments as in the proof of Theorem 3.9 we
know that {x; }{° ; is bounded. So, the sequences {Gxy 3 1, {VikGxk}3 1, Ykl and {F(xi )}y ;, where
Yk = Brxk + (1 — Bx)VkGxy, are also bounded.
Observe that
(1= vi)llyr = pI* + vl (T = AcF)xic —pl |
[y =PI + vl (T = AcF)xic — p1?
= ||Br(xk —P) + (1= Bic) (VieGxic — )| + ll (I = AkF)xic — p|?
= Brlxi —pl* + (1= Bi) [ VieGxi — plI> — Bre(1 — Bic) [Ixic — Vi G|
+ 1l (T=McF)xi — p1? (3.31)
< Brellxi = pIIP + (1= Br) [ xie — pII> = Brc(1 = Bic) i — Vie Gxac |
+ 1l (T=McF)xi — p1?
< xac = pl1* = Bre(1 = Br) xie — VieGxaeI” + vielllxae | + IFxa) | + [Ip 11
< fxie = pI1? +yacllbell + [Foa) I+ [[p 112

i1 =Pl < (
<
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Since Y 3 vk < oo and {xi} and {F(xx)} are bounded, we get > 3>, v [[x|l + [F(xx)| + [[pl]* < oo.
Utilizing Lemma 2.15, we deduce that limy_, ||xx — p|| exists. Furthermore, it follows from (3.31) that
forallk > 1

Br(1— Bio) [P — ViG> < i = 1> = [ — pIP + vicllbacll + FGad) || + [Ip I (3.32)
Since yx — 0 and 0 < liminfy_,, By < limsup, ,  Bx < 1, it follows from (3.32) that

lim ka — VkGXkH =0. (333)
k—o00

Repeating the same arguments as in the proof of Theorem 3.9 we know that

lim HVkGXk — VGXkH =0. (334)
k—o0

Note that
||Xk *VGXkH < ||Xk *VkGXkH + ||VkGXk *VGXkH.

Combining (3.33) and (3.34) we get
klim ka - VGXk” =0.
—00

Now, let us show that w., (xx) C J. Indeed, let X € w,,(xx). Then there exists a subsequence {xy,} of
{x} such that x;, — %. Since (I - VG)xx — 0, by Lemma 2.16 we know that X € Fix(V o G) = J (due to
Proposition 3.5).

Finally, let us show that w,,(xx) is a singleton. Indeed, let {x,} be another subsequence of {xy} such
that x;;, — R. Then X is also an element in J. If X # X, by Opial’s property of H, we reach the following

contradiction: ) .
lim [|x — %[ = lim [|xy, —%||
k—o0 1—00

< Tim [xi, — %[ = im e, — %]
1— 00 1— 00

< 1im [[xom, — %]
1— 00

= 1i —xl.
kgr;onk X||

This shows that w,,(xx) is a singleton. Consequently, {xx} converges weakly to an element in . O
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