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Abstract
Let L2 = (−∆)2 + V2 be a Schrödinger type operator, where V 6= 0 is a non-negative potential and belongs to the reverse

Hölder class RHq for q > n/2, n > 5. The higher Riesz transform associated with L2 is denoted by R = ∇2L
− 1

2
2 and its dual is

denoted by R∗ = L
− 1

2
2 ∇

2. In this paper, we investigate the boundedness of higher Riesz transforms and their commutators on
the generalized Morrey spaces related to some non-negative potential. c©2017 All rights reserved.
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1. Introduction

Let us consider the Schrödinger type operator

L2 = (−∆)2 + V2, on Rn, n > 5,

where V is non-negative, V 6= 0, and belongs to the reverse Hölder class RHq for some q > n/2, i.e., there
exists a constant C such that (

1
|B|

∫
B

V(y)qdy

)1/q

6
C

|B|

∫
B

V(y)dy,

for every ball B ⊂ Rn.
Obviously, RHq2 ⊂ RHq1 , if q2 > q1. The most important property of the class RHq is its self-

improvement, that is, if V ∈ RHq, then V ∈ RHq+ε for some ε > 0. We define the reverse Hölder
index of V as q0 = sup{q : V ∈ RHq}.

The higher Riesz transform associated with L2 is defined by R = ∇2L
−1/2
2 , and its dual is defined by

R∗ = L
−1/2
2 ∇2. The Lp boundedness of the higher Riesz transforms has been obtained in [4] by Liu and

Dong.
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Theorem 1.1. Suppose V ∈ RHq with n2 6 q < n. Let 1
p0

= 2
q0

− 2
n , p ′0 = p0

p0−1 .

(i) If 1 < p < p0, then for all f ∈ Lp(Rn)

‖Rf‖Lp(Rn) 6 C‖f‖Lp(Rn).

(ii) If p ′0 < p <∞, then for all f ∈ Lp(Rn)

‖R∗f‖Lp(Rn) 6 C‖f‖Lp(Rn).

As in [10], for a given potential V ∈ RHq with q > n/2, we define the auxiliary function

ρ(x) = sup
{
r > 0 :

1
rn−2

∫
B(x,r)

V(y)dy 6 1
}

, x ∈ Rn.

It is well-known that 0 < ρ(x) <∞ for any x ∈ Rn.
According to [1], the new BMO space BMOθ(ρ) with θ > 0 is defined as a set of all locally integrable

functions b such that

1
|B(x, r)|

∫
B(x,r)

|b(y) − bB|dy 6 C

(
1 +

r

ρ(x)

)θ
,

for all x ∈ Rn and r > 0, where bB = 1
|B|

∫
B b(y)dy. A norm for b ∈ BMOθ(ρ), denoted by [b]θ, is given

by the infimum of the constants in the inequalities above.
Consider the commutators associated with the higher Riesz transforms and b ∈ BMOθ(ρ), Liu et al.

in [6] showed that the commutators [b,R] and [b,R∗] are also bounded on Lp(Rn).

Theorem 1.2. Suppose V ∈ RHq with n2 6 q < n. Let b ∈ BMOθ(ρ), 1
p0

= 2
q0

− 2
n and p ′0 = p0

p0−1 .

(i) If 1 < p < p0, then for all f ∈ Lp(Rn)

‖[b,R]f‖Lp(Rn) 6 C[b]θ‖f‖Lp(Rn).

(ii) If p ′0 < p <∞, then for all f ∈ Lp(Rn)

‖[b,R∗]f‖Lp(Rn) 6 C[b]θ‖f‖Lp(Rn).

The classical Morrey space was introduced by Morrey in [8], since then a large number of investiga-
tions have been given to them by mathematicians. Recently, many authors established the boundedness
of some Schrödinger type operators on the Morrey spaces related to the nonnegative potential V belong-
ing to the reverse Hölder class (see [2, 5, 9, 11]). Motivated by these results, our aim in this paper is
to establish the boundedness for the higher Riesz transforms associated with Schrödinger operators and
their commutators on generalized Morrey spaces related to the certain non-negative potentials.

We now introduce the definition of generalized Morrey spaces related to the nonnegative potential V .

Definition 1.3. Let ϕ(x, r) be a positive measurable function on Rn × (0,∞), 1 6 p < ∞, α > 0, and
V ∈ RHq. We denote by Mα,V

p,ϕ = Mα,V
p,ϕ(R

n) the generalized Morrey space related to the non-negative
potential V , that is, the space of all functions f ∈ Lploc(R

n) with finite quasinorm

‖f‖
Mα,V
p,ϕ

= sup
x∈Rn,r>0

(
1 +

r

ρ(x)

)α
ϕ(x, r)−1r−n/p‖f‖Lp(B(x,r)).

Remark 1.4.

(i) When α = 0, and ϕ(x, r) = rλ−n/p, Mα,V
p,ϕ(R

n) is the classical Morrey space Lp,λ(Rn) introduced in
[8];
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(ii) when α = 0, and ϕ(x, r)p = Φ(r)r−n, Mα,V
p,ϕ(R

n) is the generalized Morrey space Lp,Φ(Rn) (see
[7]);

(iii) when ϕ(x, r) = r−n/q, Mα,V
p,ϕ(R

n) is the Morrey space associated with Schrödinger operator
M
q,α
p,V(R

n) studied in [2, 11].

Our main results in this paper are formulated as follows.

Theorem 1.5. Let V ∈ RHq with n2 6 q < n, let α > 0, and let 1
p0

= 2
q0

− 2
n ,q0 is the reverse Hölder index of V .

Suppose (ϕ1,ϕ2) satisfies the condition

∫∞
r

ess inf
t<s<∞ϕ1(x, s)s

n
p

t
n
p

dt

t
6 c0ϕ2(x, r), (1.1)

where c0 does not depend on x and r.

(i) If 1 < p < p0, then

‖Rf‖
Mα,V
p,ϕ2

6 C‖f‖
Mα,V
p,ϕ1

.

(ii) If p ′0 < p <∞, then

‖R∗f‖
Mα,V
p,ϕ2

6 C‖f‖
Mα,V
p,ϕ1

.

Theorem 1.6. Let V ∈ RHq with n
2 6 q < n, let α > 0, and let 1

p0
= 2
q0

− 2
n . Suppose b ∈ BMOθ(ρ) and

(ϕ1,ϕ2) satisfies the condition

∫∞
r

(
1 + ln

t

r

) ess inf
t<s<∞ϕ1(x, s)s

n
p

t
n
p

dt

t
6 c0ϕ2(x, r), (1.2)

where c0 does not depend on x and r.

(i) If 1 < p < p0, then

‖[b,R]f‖
Mα,V
p,ϕ2

6 C[b]θ‖f‖Mα,V
p,ϕ1

.

(ii) If p ′0 < p <∞, then

‖[b,R∗]f‖
Mα,V
p,ϕ2

6 C[b]θ‖f‖Mα,V
p,ϕ1

.

In this paper, we shall use the symbol A . B to indicate that there exists a universal positive constant
C, independent of all important parameters, such that A 6 CB. A ≈ B means that A . B and B . A.

2. Some preliminaries

We would like to recall the important properties concerning the auxiliary function.

Lemma 2.1 ([3]). Let V ∈ RHn/2. Then there exists constants C > 0 and l0 > 0 such that

1
rn−2

∫
B(x,r)

V(y)dy 6 C

(
1 +

r

ρ(x)

)l0

.
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Lemma 2.2 ([1]). Let V ∈ RHn/2. For the auxiliary function ρ there exist C and k0 > 1 such that

C−1ρ(x)

(
1 +

|x− y|

ρ(x)

)−k0

6 ρ(y) 6 Cρ(x)

(
1 +

|x− y|

ρ(x)

) k0
1+k0

,

for all x,y ∈ Rn.

Lemma 2.3. Suppose x ∈ B(x0, r). Then for k ∈N we have

1(
1 + 2kr

ρ(x)

)N .
1(

1 + 2kr
ρ(x0)

)N/(k0+1) .

Proof. By Lemma 2.2 we have

1(
1 + 2kr

ρ(x)

)N .
11 + 2kr

ρ(x0)
(

1+ |x−x0|
ρ(x0)

) k0
k0+1

N

.

(
1 +

|x−x0|

ρ(x0)

) k0N
k0+1(

1 + 2kr
ρ(x0)

)N
.

1(
1 + 2kr

ρ(x0)

)N/(k0+1) .

We give an inequality about the new BMO space BMOθ(ρ).

Lemma 2.4 ([4]). Let 1 6 s <∞,b ∈ BMOθ(ρ), and B = B(x, r). Then(
1

|2kB|

∫
2kB

|b(y) − bB|
sdy

)1/s

6 [b]θk

(
1 +

2kr
ρ(x)

)θ ′
,

for all k ∈N, with θ ′ = (k0 + 1)θ and k0 is the constant appearing in Lemma 2.2.

Let K∗ be the kernel of R∗, we have

Lemma 2.5 ([6]). Suppose V ∈ RHq, we have the following results.

(i) If n2 6 q < n, then for every N, there exists a constant CN > 0 such that

|K∗(x, z)| 6
CN

(
1 +

|x−z|
ρ(x)

)−N
|x− z|n−2

(∫
B(z,|x−z|/4)

V2(u)

|u− z|n−2du+
1

|x− z|2

)
.

(ii) When q > n, the term involving V can be dropped from above formula.

Let K be the kernel of R, then K has exactly the same estimates of K∗, see [6].
Finally, we recall a relationship between essential supremum and essential infimum.

Lemma 2.6 ([12]). Let f be a real-valued non-negative function and measurable on E. Then(
ess inf
x∈E

f(x)

)−1

= ess sup
x∈E

1
f(x)

.
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3. Proof of Theorem 1.5

To prove Theorem 1.5, we first investigate the following local estimates.

Theorem 3.1. Let V ∈ RHq with n2 6 q < n.

(i) If 1 < p < p0, then for any f ∈ Lploc(R
n) we have

‖R(f)‖Lp(B(x0,r)) . r
n
p

∫∞
2r

‖f‖Lp(B(x0,t))

t
n
p

dt

t
;

(ii) if p ′0 < p <∞, then for any f ∈ Lploc(R
n) we have

‖R∗(f)‖Lp(B(x0,r)) . r
n
p

∫∞
2r

‖f‖Lp(B(x0,t))

t
n
p

dt

t
.

Proof. Since the proofs for the case 1 < p < p0 and the case p ′0 < p < ∞ are very similar, we only prove
the case p ′0 < p <∞.

For arbitrary x0 ∈ Rn, set B = B(x0, r). We write f as f = f1 + f2, where f1(y) = f(y)χB(x0,2r)(y). Then

‖R∗(f)‖Lp(B(x0,r)) 6 ‖R∗(f1)‖Lp(B(x0,r)) + ‖R∗(f2)‖Lp(B(x0,r)).

Since f1 ∈ Lp(Rn), then by the boundedness of R∗ on Lp(Rn) (p ′0 < p <∞), it follows that

‖R∗(f1)‖Lp(B(x0,r)) . ‖f‖Lp(B(x0,2r))

. r
n
p ‖f‖Lp(B(x0,2r))

∫∞
2r

dt

t
n
p+1 (3.1)

. r
n
p

∫∞
2r

‖f‖Lp(B(x0,t))

t
n
p

dt

t
.

To estimate ‖R∗(f2)‖Lp(B(x0,r)), obverse that x ∈ B,y ∈ (2B)c implies |x−y| ≈ |x0 −y|. Then by Lemma
2.5 we have

sup
x∈B(x0,r)

|R∗(f2)(x)| 6
∫
(2B)c

|K∗(x,y)f(y)|dy

.
∫
(2B)c

1(
1 +

|x0−y|
ρ(x)

)N |f(y)|

|x0 − y|n
dy

+

∫
(2B)c

1(
1 +

|x0−y|
ρ(x)

)N |f(y)|

|x0 − y|n−2

∫
B(y,|x0−y|/4)

V2(z)

|z− y|n−2dzdy

= K1 +K2.

By splitting into annuli and Hölder’s inequality we get

K1 .
1(

1 + 2r
ρ(x)

)N ∞∑
k=1

(2k+1r)−n
∫

2k+1B
|f(y)|dy

.
1(

1 + 2r
ρ(x)

)N ∞∑
k=1

(2k+1r)−
n
p ‖f‖Lp(B(x0,2k+1r)).

Then, by Lemma 2.3 we have

K1 .
1(

1 + 2r
ρ(x)

)N ∞∑
k=1

(2k+1r)−1−n
p ‖f‖Lp(B(x0,2k+1r))

∫ 2k+1r

2kr
dt
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.
1(

1 + 2r
ρ(x0)

)N/(k0+1)

∫∞
2r

‖f‖Lp(B(x0,t))

t
n
p

dt

t
.

For K2, by splitting into annuli, Lemma 2.3 and Hölder’s inequality we get

K2 .
∞∑
k=1

1
(2k+1r)n−2

1(
1 + 2kr

ρ(x)

)N ∫
2k+1B

|f(y)|

∫
B(x0,2k+3r)

V2(z)

|z− y|n−2dzdy

.
∞∑
k=1

1
(2k+1r)n−2

1(
1 + 2kr

ρ(x0)

)N/(k0+1)

∫
2k+1B

|f(y)|I2(V
2χB(x0,2k+3r))(y)dy

.
∞∑
k=1

1
(2k+1r)n−2

1(
1 + 2kr

ρ(x0)

)N/(k0+1) ‖f‖Lp(B(x0,2k+1r))‖I2(V2χB(x0,2k+3r))‖Lp ′(Rn),

where I2(f)(y) =
∫
Rn

f(z)
|z−y|n−2dz is the Riesz potential. Since p ′0 < p < ∞, 1/p0 = 2/q0 − 2/n, we can

select an appropriate number s such that 1/p ′ = 2/s− 2/n. Note that I2 is bounded from Ls/2 to Lp
′
, and

V ∈ RHs, then by Lemma 2.1 we get

‖I2(V2χB(x0,2k+3r))‖Lp ′(Rn) . ‖V
2χB(x0,2k+3r)‖Ls/2(Rn)

= |B(x0, 2k+3r)|
2
s

(
1

|B(x0, 2k+3r)|

∫
B(x0,2k+1r)

Vs(z)dz

)2/s

(3.2)

. |B(x0, 2k+1r)|
2
s−

4
n

(
1

(2k+3r)n−2

∫
B(x0,2k+3r)

V(z)dz

)2

. (2k+1r)
n
p ′−2

(
1 +

2kr
ρ(x0)

)2l0

.

Thus, we get

K2 .
∞∑
k=1

(2k+1r)−
n
p

1(
1 + 2kr

ρ(x0)

)(N/(k0+1)−2l0)
‖f‖Lp(B(x0,2k+1r))

.
1(

1 + 2r
ρ(x0)

)(N/(k0+1)−2l0)

∞∑
k=1

(2k+1r)−
n
p ‖f‖Lp(B(x0,2k+1r))

.
1(

1 + 2r
ρ(x0)

)(N/(k0+1)−2l0)

∫∞
2r

‖f‖Lp(B(x0,t))

t
n
p

dt

t
.

Combined with estimates of K1 and K2 we obtain

sup
x∈B(x0,r)

|R∗(f2)(x)| .
1(

1 + 2r
ρ(x0)

)(N/(k0+1)−2l0)

∫∞
2r

‖f‖Lp(B(x0,t))

t
n
p

dt

t
. (3.3)

Taking N > 2l0(k0 + 1), then

‖R∗(f2)‖Lp(B(x0,r)) . r
n
p

∫∞
2r

‖f‖Lp(B(x0,t))

t
n
p

dt

t
.

This completes the proof of Theorem 3.1.



B. Ren, H. Wang, J. Nonlinear Sci. Appl., 10 (2017), 2757–2766 2763

Proof of Theorem 1.5. From Lemma 2.6, we have

1

ess inf
t<s<∞ϕ1(x0, s)s

n
p

= ess sup
t<s<∞

1

ϕ1(x0, s)s
n
p

.

Note the fact that ‖f‖Lp(B(x0,t)) is a nondecreasing function of t, and f ∈Mα,V
p,ϕ1

, then(
1 + t

ρ(x0)

)α
‖f‖Lp(B(x0,t))

ess inf
t<s<∞ϕ1(x0, s)s

n
p

. ess sup
t<s<∞

(
1 + t

ρ(x0)

)α
‖f‖Lp(B(x0,t))

ϕ1(x0, s)s
n
p

(3.4)

. sup
0<s<∞

(
1 + s

ρ(x0)

)α
‖f‖Lp(B(x0,s))

ϕ1(x0, s)s
n
p

. ‖f‖
Mα,V
p,ϕ1

.

Since α > 0, and (ϕ1,ϕ2) satisfies the condition (1.1), we get

∫∞
2r

‖f‖Lp(B(x0,t))

t
n
p

dt

t
=

∫∞
2r

(
1 + t

ρ(x0)

)α
‖f‖Lp(B(x0,t))

ess inf
t<s<∞ϕ1(x0, s)s

n
p

ess inf
t<s<∞ϕ1(x0, s)s

n
p(

1 + t
ρ(x0)

)α
t
n
p

dt

t

. ‖f‖
Mα,V
p,ϕ1

∫∞
r

ess inf
t<s<∞ϕ1(x0, s)s

n
p(

1 + t
ρ(x0)

)α
t
n
p

dt

t

. ‖f‖
Mα,V
p,ϕ1

(
1 +

r

ρ(x0)

)−α ∫∞
r

ess inf
t<s<∞ϕ1(x0, s)s

n
p

t
n
p

dt

t

. ‖f‖
Mα,V
p,ϕ1

(
1 +

r

ρ(x0)

)−α

ϕ2(x0, r).

Then by Theorem 3.1 we get

‖R∗(f)‖
Mα,V
p,ϕ2

. sup
x0∈Rn,r>0

(
1 +

r

ρ(x0)

)α
ϕ2(x0, r)−1r−n/p‖R∗(f)‖Lp(B(x0,r))

. sup
x0∈Rn,r>0

(
1 +

r

ρ(x0)

)α
ϕ2(x0, r)−1

∫∞
2r

‖f‖Lp(B(x0,t))

t
n
p

dt

t

. ‖f‖
Mα,V
p,ϕ1

.

4. Proof of Theorem 1.6

Let us start with local estimates.

Theorem 4.1. Let V ∈ RHq with n2 6 q < n, and let b ∈ BMOθ(ρ). If p ′0 < p <∞, then the inequality

‖[b,R∗](f)‖Lp(B(x0,r)) . [b]θr
n
p

∫∞
2r

(
1 + ln

t

r

) ‖f‖Lp(B(x0,t))

t
n
p

dt

t
,

holds for any f ∈ Lploc(R
n). If 1 < p < p0, then the inequality

‖[b,R](f)‖Lp(B(x0,r)) . [b]θr
n
p

∫∞
2r

(
1 + ln

t

r

) ‖f‖Lp(B(x0,t))

t
n
p

dt

t
,

holds for any f ∈ Lploc(R
n).
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Proof. We write f as f = f1 + f2, where f1(y) = f(y)χB(x0,2r)(y). Then∥∥[b,R∗](f)
∥∥
Lp(B(x0,r)) 6

∥∥[b,R∗](f1)
∥∥
Lp(B(x0,r)) +

∥∥[b,R∗](f2)
∥∥
Lp(B(x0,r)).

By the boundedness of [b,R∗] on Lp(Rn) and similar to the estimate of (3.1) we get

‖[b,R∗](f1)‖Lp(B(x0,r)) . [b]θ‖f‖Lp(B(x0,2r)) (4.1)

. [b]θr
n
p

∫∞
2r

(
1 + ln

t

r

) ‖f‖Lp(B(x0,t))

t
n
p

dt

t
.

We now turn to deal with the term
∥∥[b,R∗](f2)

∥∥
Lp(B(x0,r)). For any given x ∈ B(x0, r) we have

|[b,R∗]f2(x)| 6 |b(x) − b2B||R
∗(f2)(x)|+ |R∗((b− b2B)f2)(x)|.

By (3.3) we have

sup
x∈B(x0,r)

|R∗(f2)(x)| .
1(

1 + 2r
ρ(x0)

)(N/(k0+1)−2l0)

∫∞
2r

‖f‖Lp(B(x0,t))

t
n
p

dt

t
.

By Lemma 2.4,

‖b− b2B‖Lp(B(x0,r) . [b]θr
n
p

(
1 +

2r
ρ(x0)

)θ
.

Then, taking N > (k0 + 1)(θ+ 2l0) we get

‖(b(x) − b2B)R
∗(f2)(x)‖Lp(B(x0,r)) .[b]θr

n
p

1(
1 + 2r

ρ(x0)

)(N/(k0+1)−2l0−θ)

∫∞
2r

‖f‖Lp(B(x0,t))

t
n
p

dt

t

.[b]θr
n
p

∫∞
2r

(
1 + ln

t

r

) ‖f‖Lp(B(x0,t))

t
n
p

dt

t
. (4.2)

Let us estimate ‖R∗((b− b2B)f2)‖Lp(B(x0,r)). By Lemma 2.5 we have

sup
x∈B(x0,r)

|R∗((b− b2B)f2)(x)| 6
∫
(2B)c

|K∗(x,y)(b(y) − b2B)f(y)|dy

.
∫
(2B)c

|b(y) − b2B|(
1 +

|x0−y|
ρ(x)

)N |f(y)|

|x0 − y|n
dy

+

∫
(2B)c

|b(y) − b2B|(
1 +

|x0−y|
ρ(x)

)N |f(y)|

|x0 − y|n−2

∫
B(y,|x0−y|/4)

V2(z)

|z− y|n−2dzdy

= L1 + L2.

Note that∫
2k+1B

|b(y) − b2B||f(y)|dy .
∫

2k+1B

|b(y) − b2k+1B||f(y)|dy+ |b2k+1B − b2B|

∫
2k+1B

|f(y)|dy

. [b]θk

(
1 +

2kr
ρ(x0)

)θ ′
(2kr)

n
p ′ ‖f‖Lp(B(x0,2k+1r)).
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Then, by Lemma 2.3 we get

L1 . [b]θ

∞∑
k=1

k(
1 + 2kr

ρ(x0)

)N/(k0+1)−θ ′ (2
kr)−

n
p ‖f‖Lp(B(x0,2k+1r))

. [b]θ

∞∑
k=1

k(2kr)−
n
p ‖f‖Lp(B(x0,2k+1r))

. [b]θ

∞∑
k=1

k

∫ 2k+1r

2kr

‖f‖Lp(B(x0,t))

t
n
p

dt

t
.

Note that 2kr 6 t < 2k+1r, then k ≈ ln tr . Thus,

L1 . [b]θ

∞∑
k=1

∫ 2k+1r

2kr
ln
t

r

‖f‖Lp(B(x0,t))

t
n
p

dt

t

. [b]θ

∫∞
2r

(
1 + ln

t

r

) ‖f‖Lp(B(x0,t))

t
n
p

dt

t
.

Choosing p̃ and s̃ such that p > p̃, and 1/p̃ ′ = 2/s̃− 2/n, then

L2 .
∞∑
k=1

1
(2k+1r)n−2

1(
1 + 2kr

ρ(x0)

)N/(k0+1)

×
∫

2k+1B

|b(y) − b2B||f(y)|I2(V
2χB(x0,2k+1))(y)dy

.
∞∑
k=1

1
(2k+1r)n−2

1(
1 + 2kr

ρ(x0)

)N/(k0+1)

× ‖(b− b2B)f‖Lp̃(B(x0,2k+1r))‖I2(V2χB(x0,2k+3r))‖Lp̃ ′(Rn).

Since I2 from Ls̃/2 to Lp̃
′

is bounded, and V ∈ RHs̃, by (3.2) we have

‖I2(V2χB(x0,2k+3r))‖Lp̃ ′(Rn) . (2k+1r)
n
p̃ ′−2

(
1 +

2k+1r

ρ(x0)

)2l0

.

Let v = pp̃
p−p̃ , then

‖(b− b2B)f‖Lp̃(B(x0,2k+1r)) . ‖f‖Lp(B(x0,2k+1r))‖b− b2B‖Lv(B(x0,2k+1r)).

But

‖(b− b2B)‖Lv(B(x0,2k+1r)) . [b]θk|2k+1B|
1
p̃−

1
p

(
1 +

2kr
ρ(x0)

)θ ′
.

Then

L2 .
∞∑
k=1

[b]θk(
1 + 2kr

ρ(x0)

)N/(k0+1)−2l0−θ ′
(2k+1r)−

n
p ‖f‖Lp(B(x0,2k+1r))

. [b]θ

∫∞
2r

(
1 + ln

t

r

) ‖f‖Lp(B(x0,t))

t
n
p

dt

t
.
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Thus,

‖R∗((b− b2B)f2)‖Lp(B(x0,r)) . [b]θr
n
p

∫∞
2r

(
1 + ln

t

r

) ‖f‖Lp(B(x0,t))

t
n
p

dt

t
. (4.3)

Combining (4.1), (4.2) and (4.3), the proof of Theorem 4.1 is completed.

Proof of Theorem 1.6. Since f ∈Mα,V
p,ϕ1

, and (ϕ1,ϕ2) satisfies the condition (1.2), by (3.4) we have

∫∞
2r

(
1 + ln

t

r

) ‖f‖Lp(B(x0,t))

t
n
p

dt

t
=

∫∞
2r

(
1 + t

ρ(x0)

)α
‖f‖Lp(B(x0,t))

ess inf
t<s<∞ϕ1(x0, s)s

n
p

(
1 + ln

t

r

) ess inf
t<s<∞ϕ1(x0, s)s

n
p(

1 + t
ρ(x0)

)α
t
n
p

dt

t

. ‖f‖
Mα,V
p,ϕ1

∫∞
2r

(
1 + ln

t

r

) ess inf
t<s<∞ϕ1(x0, s)s

n
p(

1 + t
ρ(x0)

)α
t
n
p

dt

t

. ‖f‖
Mα,V
p,ϕ1

(
1 +

r

ρ(x0)

)−α ∫∞
r

(
1 + ln

t

r

) ess inf
t<s<∞ϕ1(x0, s)s

n
p

t
n
q

dt

t

. ‖f‖
Mα,V
p,ϕ1

(
1 +

r

ρ(x0)

)−α

ϕ2(x0, r).

Then from Theorem 4.1 we get

‖[b,R∗](f)‖
Mα,V
p,ϕ2

. sup
x0∈Rn,r>0

(
1 +

r

ρ(x0)

)α
ϕ2(x0, r)−1r−n/p‖[b,R∗](f)‖Lp(B(x0,r))

. [b]θ sup
x0∈Rn,r>0

(
1 +

r

ρ(x0)

)α
ϕ2(x0, r)−1

∫∞
2r

(
1 + ln

t

r

) ‖f‖Lp(B(x0,t))

t
n
p

dt

t

. [b]θ‖f‖Mα,V
p,ϕ1

.
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[3] J. Dziubański, J. Zienkiewicz, Hp spaces associated with Schrödinger operators with potentials from reverse Hölder classes,
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