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Abstract

The aim of this paper is to extend the result of [M. Jleli, B. Samet, J. Inequal. Appl., 2014 (2014), 8 pages] by applying
a simple condition on the function ©. With this condition, we also prove some fixed point theorems for Suzuki-Berinde type
O-contractions which generalize various results of literature. Finally, we give one example to illustrate the main results in this
paper. ©2017 All rights reserved.
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1. Introduction and preliminaries

Banach’s contraction principle [4] is one of the pivotal results of nonlinear analysis and its applications,
which establishes that, if F is a mapping from a complete metric space (X, d) into itself and there exists a
constant k € [0,1) such that

d(Fx, Fy) < kd(x,y),

for all x,y € X, then F has a unique fixed point in X.

Due to its importance and simplicity, many authors have obtained a lot of interesting extensions and
generalizations of Banach’s contraction principle (see [1-3, 6, 10, 12] and references therein).

Especially, in 1962, Edelstein [7] established the following version of Banach’s contraction principle for
a compact metric space.

Theorem 1.1. Let (X, d) be a compact metric space and F : X — X be a self-mapping. Assume that
d(Fx, Fy) < d(x,y)

holds for all x,y € X with x #vy. Then F has a unique fixed point in X.
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In 2008, Suzuki [11] proved generalized versions of Edelstein’s results in a compact metric space as
follows:

Theorem 1.2. Let (X, d) be a compact metric space and F : X — X be a self-mapping. Assume that

1
Ed(x, Fx) < d(x,y) = d(Fx,Fy) <d(x,y)

holds for all x,y € X with x #y. Then F has a unique fixed point in X.

On the other hand, Berinde [5] gave the following well-known result as a generalization of Banach’s
contraction principle:

Theorem 1.3. Let (X, d) be a complete metric space and F : X — X be a self-mapping. If there exist a constant
k € [0,1) and a constant L > 0 such that

d(Fx, Fy) < kd(x,y) + Lmin{d(x, Fx), d(y, Fy), d(x, Fy), d(y, Fx)},
forall x,y € X, then F has a unique fixed point in X.

Recently, Jleli and Samet [9] introduced a new type of contraction which is called the ©-contraction
and established some new fixed point theorems for such a contraction in the context of generalized metric
spaces.

Definition 1.4.

(1) Let ©: (0,00) — (1, 00) be a function satisfying the following conditions:
(©1) © is nondecreasing;
(©,) for each sequence {x,,} C R,

Iim O(an) =1 <— lim &, =0;
n—oo n—oo

(©3) there exist 0 < k < 1 and 1 € (0, 0] such that limy_,o+ 8(;‘271 =1L

(2) A mapping F: X — X is called the ©-contraction if there exists the function © satisfying (01)-(03) and
a constant k € (0,1) such that, for all x,y € X,

d(Fx, Fy) #0 = O(d(Fx, Fy)) < O(d(x,y))I*.

Theorem 1.5 ([9]). Let (X, d) be a complete metric space and F : X — X be a ©-contraction. Then F has a unique
fixed point.

Also, they showed that any Banach contraction is a particular case of ®-contraction while there exist
O-contractions which are not Banach contractions.

To be consistent with Jleli and Samet [9], we denote by V¥ the set of all functions © : (0,00) — (1,00)
satisfying the above conditions (©1)-(93).

In 2015, Hussain et al. [8] modified and extended the above result and proved the following fixed
point theorem for a generalized ©-contractive condition in the setting of complete metric spaces:

Theorem 1.6. Let (X, d) be a complete metric space and F : X — X be a self-mapping. If there exists a function
O € Q and positive real numbers «, 3,7y, with 0 < o« + B +v + 26 < 1 such that

O(d(Fx, Fy)) < [B(d(x,y))]™ - [O(d(x, Fx))I? - [B(d(y, Fy))]¥ - O((d(x, Fy) + d(y, Fx))I°,
forall x,y € X, then F has a unique fixed point.

In this paper, we use the following condition instead of the condition (©3) in Definition 1.4.
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(@;) © is continuous on (0, o).

We denote by Q) the set of all functions satisfying the conditions (©1), (©;), and (@;).

Example 1.7. Define some functions as follows: for all t > 0,

(1) ©1(t) = eV

(2) Oy(t) = eVt

(3) O3(t) =et;

(4) O4(t) = cosht;

(5) ©5(t) =1+1In(1+1);
(6) Os(t) = ete'

Then B, ©,, O3, B4, Os, B¢ € Q.

Example 1.8. Note that the conditions ©3; and @/3 are independent of each other. Indeed, for p > 1,
O(t) = et” satisfies the conditions (©;) and (©,), but it does not satisfy (©3), while it satisfies the condition
(@é). Therefore, QO ¢ V. Again, for any p > 1 and m € (0, %), a function O(t) = 1+ t™(1 + [t]), where

[t] denotes the integer part of t, satisfies the conditions (©;) and (©,), but it does not satisfy (@),3), while

it satisfies the condition (®3) for any k € (%, 1). Therefore, ¥ ¢ Q. Also, if we define O(t) = eVt then
O € ¥ and O € Q. Therefore, ¥ N Q # (.

2. Main results

In this section, we define the ®-contraction for a new family of functions QO and establish some fixed
point theorems in the context of complete metric spaces.

Definition 2.1. Let (X, d) be a metric space and F be a self-mapping on X. We say that F is the @-contraction
if there exist ® € Q and a constant k € (0, 1) such that

©(d(Fx, Fy)) < [©(d(x,y))I,
for all x,y € X with Fx # Fy.

In view of Example 1.8, it is meaningful to consider the result of Jleli and Samet [9] with the function
O € Q instead of © € V.

Theorem 2.2. Let (X, d) be a complete metric space and F : X — X be the ©-contraction. Then F has a unique fixed
point z € X and, for any xo € X, the sequence {F™xo} converges to the point z.

Proof. Let xo € X, we define a sequence {xn } by X1 = F*x¢ = Fxy, for each n € IN. If there exists ng € IN
such that x,,, = xn,+1, then xy, is a fixed point of F and we have nothing to prove. So, without loss of
generality, we assume that x, # xn1, i.e., Fxn_1 # Fxn for all n € IN. It follows from the assumption
that

1< 0(d(xn, Xn11)) = O(d(Fxn 1, Fxn)) < O(d(xn—1,xn))1* = O(d(Fxn 2, Fxn 1)1
<

[©(d(Xn—2,%n-1))1F
(2.1)
< [©(d(xo,x1))1*",
for all n € IN. Since © € Q, by taking the limit as n — oo in (2.1), we have
Iim O(d(xn,xny1)) =1 <= lim d(xn,xn11) =0. (2.2)

n—o0 n—o0
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Now, we claim that {x,, } is a Cauchy sequence. Suppose that {x,, } is not a Cauchy sequence. Then there
exists ¢ > 0 and the sequences {p(n)} and {q(n)} of natural numbers such that, for any p(n) > q(n) >n,

d(xp(n)/xq(n)) > €, d(xp(n)—llxq(n)) <Eg, (23)
for each n € IN. So, by the triangle inequality and (2.3), we have
€< d(xp(n)/xq(n)) < d(xp(n)/xp( )+ d( —1,Xq(n ) < d( —1/Xp(n )) + €. (24)
By taking the limit as n — oo in (2.4), we have

lim d(xpm), Xqm)) = & (2.5)

n—oo

From (2.2), we can choose a natural number ng € IN such that

d(xp(n),xp(mﬂ) < i, d(xq(n),xq(n)ﬂ) < 2, (2.6)
for each n > ny.
Next, we claim that Fx;(n) # Fxq(n) for all n > ny, that is,
d(Xp ()41, Xq(n)+1) = Ad(Fxp ), FXgqm)) > 0. (2.7)

Suppose that there exists n > ng such that d(xp, )41, Xq(n)+1) = 0. It follows from (2.2), (2.5), and (2.6)
that

e < d(Xp(n) Xqm)) < AdXpm), Xpn)+1) T AXp )41, Xgm)+1) T AXg ) +1,Xg(n)

13 £

<-=-40+-
4++4
£

5
which is a contradiction. Thus the relation (2.7) holds. Then, by the assumption, we have
O(d(Fxp (n), Frg(n))) < ©(d(xp(n), xq(m) )"
By taking the limit as n — oo and using (@3) and (2.5), it follows that
O(e) < [B(e)],

which is a contradiction. Thus {xn,} is a Cauchy sequence. The completeness of X ensures that there exists
z € X such that x,, - zasn — oo.
Finally, the continuity of F yields

d(z,Fz) = lim d(xn, Fxn) = lim d(xn,xn41) = d(z,z) =0.

n—oo n—oo

Hence z is a fixed point of F.
Now, we show the uniqueness of the fixed point z. Suppose that there exists another fixed point u of

F distinct from z, that is,
Fz=z#u=Fuw

Then it follows from the assumption that
O(d(z,u)) = ©(d(Fz Fu)) < [B(d(z, W),
which is a contradiction since k € (0,1). Thus z is the unique fixed point of F. This completes the proof. [J

Note that the family Q consists of a large class of functions. For example, if we take
2 1
BO(t) =2— —arctan (—),
7 ta

where 0 < a < 1and t > 0, then ® € Q and we can obtain the following result from Theorem 2.2.
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Theorem 2.3. Let (X, d) be a complete metric space and F be a self-mapping on X. If there exist constants a,k €

[0,1) such that , ) , .
d(Fx,Fy)a> S {2 n arctan (d(x,y)aﬂ !

for all x,y € X with Fx # Fy, then F has a unique fixed point z € X and, for all xo € X, the sequence {F"xo}
converges to the point z.

2
2 — — arctan (
T

3. Fixed point results for the Suzuki-Berinde type ®-contraction

In the present section, we define the Suzuki-Berinde type ®-contraction to prove some fixed point
theorems in the context of complete metric spaces.

Definition 3.1. Let (X, d) be a metric space and F be a self-mapping on X. We say that F is the Suzuki-
Berinde type O-contraction if there exist ® € Q, k € (0,1) and L > 0 such that, for all x,y € X with

Fx # Fy,

%d(x, Fx) < d(x,y) = O(d(Fx, Fy)) < [@(d(x,y))]k + Lmin{d(x, Fx), d(x, Fy), d(y, Fx)}.

Theorem 3.2. Let (X, d) be a complete metric space and F : X — X be a self-mapping satisfying the Suzuki-Berinde
type ©-contraction. Then F has a unique fixed point z € X and, for any xo € X, the sequence {F"*xo} converges to
the point z.

Proof. For any x¢ € X, we define the sequence {x,,} by x+1 = F'*xg = Fx, for each n € IN. If there exists
ng € IN such that x,, = xn,+1, then x,,, is a fixed point of F and we have nothing to prove. So we assume
that x,_1 # xn Or

0< d(xnflr Fxnfl)/

for each n € IN. Therefore, we have
%d(xn_l,Fxn_l) < d(xn—1,Fxn—1) = d(xn—1,%n), (3.1)
for each n € IN. It follows from the assumption that
O(d(Fxn_1,Fxn)) < [O(d(xn—1,%n))* + Lmin{d(xn_1, Fxn_1), d(xn_1, Fxn), d(xn, Fxn_1)},

which implies that
O(d(Fxn—1, Fxn)) < [O(d(xn—1,%0))]* + Lmin{d (xn—1,%n), d(xn-1,%n+1), d(xn, Xn )} = O(d(¥n—1, xn))]*.
Therefore, we have

1< O(d(xn,Xn41)) = O(d(Fxn_1, Fxn)) < [O(d(xn_1,%n))]* < --- < [O(d(x0,x1))]*", (3.2)
for each n € IN. Since © € ), by taking the limit as n — oo in (3.2), we have

lim O(d(xn,xni1)) =1 <= lim d(xn,xns1) =0. (3.3)

n—oo n—o0

Now, we claim that {x, } is a Cauchy sequence. Suppose that {x,, } is not a Cauchy sequence. Then there
exists ¢ > 0 and the sequences {p(n)} and {q(n)} of natural numbers such that, for any p(n) > q(n) > n,

d(Xpm), Xqm)) = & d(Xpm)—1,Xqm)) <& (3.4)
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for each n € IN. So, by the triangle inequality and (3.4), we have

e < d(Xpm), Xqm)) < Axp ), Xpm)—1) + AXpm)—1,Xq(n)) < dXpm)—1, FXp(n)—1) + &
By taking the limit as n — oo in (3.5) and using the inequality (3.3), we have

Jim d(xp(n), Xqm) =&

From (3.1) and (3.4), we can choose a natural number ng € IN such that

1 €
5d0p ), Ppm)) < 5

2 < d(xp(n)/xq(n))/

for all n > ny. On the other hand, by the assumption, we have
@(d(FXp(n)/FXq(n))) < [G(d(xp(n)/xq(n))ﬂk
+ I—min{d(xp(n)r Fxp(n))/ d(xp(n)/ FXq (n))r d(Xq(n)r Fxp(n) )}
= [®(d(xp(n)rxq(n)))]k

+ Lmin{d(xp(n)/xp(n)—l—l)/ d(xp(n)/xq(n)+1)/ d(xq(n)/ Xp(n)+1)}~
By taking the limit as n — oo in (3.7) and using (@/3) and (3.6), we have

0(e) < [B(e)]¥,

(3.5)

(3.6)

(3.7)

which is a contradiction since k € (0,1). Thus {xn} is a Cauchy sequence. Thus the completeness of X

ensures that there exists z € X such that x,, — z as n — oo, that is,

Iim d(xn,z) =0.
n—oo

Next, we claim that
1 1 >
Ed(xn,Fxn) < d(xn,z) or Ed(Fxn,F xn) < d(Fxn, z),

for each n € IN. Suppose that there exists m € IN such that

1
~d(xm, Fxm) > d(xm,z) and

1
5 ~d(Fxm, FPxm) = d(Fxm, 2).

2

Then we have
2d(xm, z) < d(xm, Fxm) < d(xm, z) + d(z, Fxm),
which implies that
d(xm,z) < d(z, Fxm).

It follows from (3.9) and (3.10) that

1
d(Xm/Z) < d(Z/ Fxm) < Ed(FXm/ szm)'

Since %d(xm, Fxm) < d(Xm, Fxm), by the assumption, we have

O(d(Fxm, FPxm)) <O(d(xm, Fxm))* + Lmin{d(xm, Fxm), d(xm, FPXm), d(Fxm, Fxm)},

(3.8)

(3.9)

(3.10)
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which implies that
O(d(Fxm, FPxm)) < [O(d(xm, Fxm))I*.

Since O is strictly increasing, we have
d(Fxm, FPxm) < d(xm, FXm). (3.11)
It follows from (3.9), (3.10), and (3.11) that

d(Fxm, FPxm) < d(xm, Fxm) < d(xm, z) + d(z, Fxm) < %d(Fxm, FXm) + %d(Fxm, FXm) = d(Fxm, FPxm),
which is a contradiction. Hence (3.8) holds and so, for each n € IN,
1 < ©(d(Fxn, Fz)) < [O(d(xn,2))]* + Lmin{d(xn, Fxn), d(xn, Fz), d(z, Fxn)},
which implies that
1 < O(d(Fxn, F2)) < [O(d(xn, 2))]* + Lmin{d(xn, Xn+1), d(xn, F2), (2, Xni1)) (3.12)

Using (3.12) and (©;), we have
lim ©(d(Fxn,Fz)) =1

n—oo

and so, from (©5,),

lim d(Fxn,Fz) =0.

n—o0

Therefore, we have

d(z,Fz) = T}gr;o d(xny1,Fz) = nlgr;o d(Fxn,Fz) =0.

Hence z is a fixed point of F.
Now, we show the uniqueness of the fixed point z. Suppose that there exists another fixed point u of
F distinct from z, that is,
Fz=z#u=Fu

Thus we have %d(z, Fz) < d(z,u) and so, from the assumption,
©(d(z,u)) = ©(d(Fz, Fu)) < [O(d(z,w))]* + Lmin{d(z, Fz), d(z, Fu), d(u, Fz)},

which implies that
0(d(z,u)) < [O(d(z,w)]¥,

which is a contradiction since k € (0, 1). Thus z is the unique fixed point of F. This completes the proof. []

Theorem 3.3. Let (X, d) be a complete metric space and F : X — X be a self-mapping. If there exists © € Q such
that, for all x,y € X with Fx # Fy,

%d(x,Fx) <d(x,y) = O(d(Fx,Fy)) < [@(d(x,y))]k,

then F has a unique fixed point z € X and, for any xo € X, the sequence {F"*xo} is convergent to the point z.
Theorem 3.4. Let (X, d) be a complete metric space and F be a self-mapping on X. If there exist constants a,k €
(0,1) and L = 0 such that

1 2 1
Ed(x, FX) < d(X,y) = 2— % arctan <W>

< [2 — % arctan ( )] § + Lmin{d(x, Fx), d(x, Fy), d(y, Fx)},

1
d(x,y)e

for all x,y € X with Fx # Fy, then F has a unique fixed point z € X and, for any xo € X, the sequence {F"xo}
converges to the point z.



J. Ahmad, A. E. Al-Mazrooei, Y. J. Cho, Y.-O. Yang, ]. Nonlinear Sci. Appl., 10 (2017), 2350-2358 2357

Proof. Taking ©(t) =2 — 2 arctan(:) in Theorem 3.2, we have the conclusion. O

Corollary 3.5. Let (X, d) be a complete metric space and F be a self-mapping on X. If there exist constants a,k €
(0,1) such that

d(Fx,le)a> S {2 B 7% arctan (d(x,ly)aﬂ k’

for all x,y € X with Fx # Fy, then F has a unique fixed point z € X and, for any xo € X, the sequence {F"xo}
converges to the point z.

1 2
Ed(x, Fx) <d(x,y) = 2— - arctan <

Proof. Taking ©(t) =2 — 2 arctan(:) in Theorem 3.3, we have the conclusion. O

Example 3.6. Consider the sequence {S.,} defined as follows:
31:1, 52:1+5,"',
and
Sh=1+54+9+---+(4n—-3)=n2n-1),---.

Let X = {Sn :n € N} and d(x,y) = [x —y| be the usual metric. Then (X, d) is a complete metric space.
Define a mapping F : X — X by
F(§1) =81, F(Sn) =Sn_1,

for each n > 1. Clearly, F does not satisfy Banach’s contraction. In fact, we can easily check the following:

L AFS)FS) L Sea-1 L (n-D@n-3)-1
n—oo  d(Sn,S1) n—oo S, —1 n—oo nNn(2n-—1)—1 )

Also, F does not satisfy the Suzuki-Berinde contraction. On the other hand, by considering the mapping
0:(0,00) = (1,00) defined by

O(t) = et*,
we can easily show that © € ) and F is the Suzuki-Berinde type ®-contraction, that is, there exist k € (0,1)
and L > 0 such that

d(F(Sn),F(Sm))

1
Qd(Sn,F(Sn)) < d(Sn,Sm) = ed(F(Sn)F(Sm))e

< RS LT min(d(Sn, F(Sn)), d(Sn, F (Sm)), d(Sm, F(Sn)))
Now, we consider the following two cases:

Case 1. For 1 =n and m > 2, we have

k(2m2—m—1) ezm2*m*1

2_ 2m2—5m+2
e(Zm 5m+3)e <e ,

fork=e"! € (0,1) and so

ed(FISUF(Sn)etTEITEnT o ekd(S1Sm)et™*™ [ min(d($y, F(S1)), d(S1, F (Sm)), d(Sm, F(S1))},
for some L > 0.

Case 2. For m > n > 1, we have

2 2 2

e(2m2—5m—2n2+5n)esz*Sm*Z“ +5n < ek(Zmz—m—2n2+n)e2m —m-—2n24n

fork=e"1€(0,1) and so

7

ed(F(Sn) F(Sm))edTEmTEmI  kd(SnSm)e®®mm) 41 min(d(Sp, F(Sn)), d(Sn, F(Sm)), (S, F(Sn))}

for some L > 0. Hence all of the conditions of Theorem 3.2 are satisfied and S; is a unique fixed point of
the mapping F. But F does not satisfy the condition (03) and so the result [Theorem 5] of Jleli and Samet
[9] and the result of Hussain et al. [8] can not be applied to this example.
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