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Abstract

Let (X, d, K) be a cone b-metric space over a ordered Banach space (E, <) with respect to cone P. In this paper, we study
two problems:
(1) We introduce a b-metric p. and we prove that the b-metric space induced by b-metric p. has the same topological
structures with the cone b-metric space.
(2) We prove the existence of the coincidence point of two mappings T, f : X — X satisfying a new quasi-contraction of the
type d(Tx, Ty) =< A{d(fx, fy), d(fx, Ty), d(fx, Tx), d(fy, Ty), d(fy, Tx)}, where A : E — E is a linear positive operator and
the spectral radius of KA is less than 1.
Our results are new and extend the recent results of [N. Hussain, M. H. Shah, Comput. Math. Appl., 62 (2011), 1677-1684], [M.
Cvetkovi¢, V. Rakocevi¢, Appl. Math. Comput., 237 (2014), 712-722], [Z. Kadelburg, S. Radenovi¢, J. Nonlinear Sci. Appl., 3
(2010), 193-202]. (©2017 All rights reserved.
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1. Introduction

Cone metric spaces were introduced in [6]. In [3], they introduced a special metric pg and they proved
that the metric space induced by the metric pz have the same topological spaces with the cone metric
space. In [7], Hussain and Shah introduced the concept of cone b-metric spaces and they investigated
topological properties of the cone b-metric spaces. In fact, the class of cone b-metric spaces is effectively
larger than that of the ordinary cone metric spaces. That is, every cone metric space is a cone b-metric
space. In [5], Czerwik first introduced the concept of b-metric spaces. Similarly, b-metric spaces are
extensions of metric spaces. In the first part of this work, we introduce a special b-metric p. and proves
that the b-metric space induced by p. has the same topological structures with the cone b-metric space.

The second part of this work involves coincidence points and common fixed points. In 1976, Jungck
[9] extended the celebrated Banach contraction mapping principle to the common fixed theorem of two
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commuting mappings. In this process, he introduced a new iteration process which was a generalization
of the Picard iteration. The new iteration scheme can be defined as follows:

Definition 1.1 ([8]). Let T and f be self-mappings of a set X, and let (xn)°_, be a sequence in X such that
fxnt1 =Txp,n=0,1,2---.
Then the sequence (fxn )X, is said to be a T-f-sequence or Jungck iteration.

Let f and T be self-mappings of nonempty set X, x € X is called a coincidence point of f and T if
fx = Tx. A point y € X is called a point of coincidence of f and T if there exists a point x € X such that
y = fx = Tx. A point z € X is called a common fixed point of f and T if z = fz = Tz.

Definition 1.2 ([12]). Let f and g be self-mappings of a nonempty set X. Then f and g are called weakly
compatible, if they commute at their coincidence points.

Let (Y, <) be an ordered vector space, x € X and A C X. We say that x < A, if there exists at least one
vector y € A such that x < y. In 2010, Kadelburg and Radenovi¢ obtained the following result by using
jungck iteration.

Theorem 1.3 ([10]). Let (X, d) be a cone metric space over a Banach space (Y,=<). And let T,f : X — X be
mappings such that T(X) C f(X) and f(X) be a complete subspace of X. Supposing there exists N € [0,1) such that
forall x,y € X,

d(Tx, Ty) < Md(fx, fy), d(fx, Ty), d(fx, Tx), d(fy, Ty), d(fy, Tx)}.

Then T and f have a unique point of coincidence. Moreover, if T and f are weakly compatible, then every
T-f-sequence (fxn ) in X converges to the unique common fixed point of T and f.

In 2014, Cvetkovi¢ and Rakocevi¢ [4] introduced notion of quasi-contraction of Perov type and partly
extended Kadelburg’s theorems to positive linear functional.

Definition 1.4 ([4]). Let (X, d) be a cone metric space over a Banach space (E, <). Amap T : X — X such
that for some bounded linear operator A : E — E whose spectral radius is less than 1 and for each x,y € X,

d(Tx, Ty) = AMd(x,y), dx, Tx), d(y, Ty), d(x, Ty), d(y, Tx)},
is called a quasi-contraction of Perov type.

Theorem 1.5 ([4]). Let (X, d) be a complete cone metric space with respect to cone P. If a mapping T : X — X isa
quasi-contraction of Perov type and A(P) C P, then f has a unique point x* € X and, for any x € X, the iterative
sequence (T™x)neN converges to the fixed point of T.

In the second part of work, we study a new quasi-contraction, that is,
d(Tx, Ty) = Ad(fx, Tx), d(fx, Ty), d(fx, fy), d(fy, Ty), d(fy, Tx)},
where A : E — E is a linear positive operator and the spectral radius of KA is less than 1. Our results can
be considered as a further development of [10, Theorem 1.3] and [4, Theorem 1.5].
2. Preliminary and auxiliary results

In this section, we recall and provide some concepts and auxiliary results.

2.1. b-metric space

Definition 2.1 ([5]). Let X be a nonempty set, K > 1 and D : X x X — [0,400) is a function such that for
all x,y,z € X

(1) D(x,y) =0if and only if x =y;
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(2) D(X/U) = D(UIX)}
(3) D(x,z) < K[D(x,y)+ D(y,z)l.
Then D is called a b-metric, and (X, D, K) is called a b-metric space.

In b-metric spaces (X, D, K), the sequence {x,} converges to x € X, if and only if 1i_r>n D(xn,x) =0and
n o0
the sequence {x,,} is Cauchy, if and only if lig D(xn,xm) = 0. (X, D, K) is complete if and only if any
n,m—oo

Cauchy sequence in X is convergent. B(a, ¢) denotes the subset {x € X: D(x,a) < e} of X, a € X, ¢ > 0.
Definition 2.2 ([11]). Let (X, D, K) be a b-metric space.

(1) A subset A C X is said to be open, if and only if for any a € A, there exists ¢ > 0 such that
B(a,e) C A.

(2) Let B be a subset of X. An element x € X is called a limit point of B, whenever for any € > 0,
B(x, ) N (B\{x}) # &.
B is called closed, whenever each limit point of B belongs to B.
(3) A subset B C X is called bounded whenever, there exists € > 0 such that D(x,y) < € for all x,y € B.
(4) A subset B C X is called compact, whenever every open cover of B has a finite subcover.

(5) A subset B is called sequentially compact, if and only if for any sequence {x,,} in B, there exists a
subsequence {xn, } of {xn} which converges, and klim Xn, € B.
—00

(6) A subset B is called totally bounded, if and only if for any € > 0, there exist x1,x2,x3,- -+ ,xn € B
such that
B C B(xg,e)U---UB(xn,€).

Proposition 2.3 ([11]). Let (X, D, K) be a b-metric space,
(1) A is closed, if and only if for any sequence {xn} in X which converges to x, we have x € A.

(2) If we let A denote the intersection of all closed subset of X which contains A, then for any x € A and for any
€ > 0, we have B(x,e) NA # .

(3) A is compact, if and only if A is sequentially compact.
(4) If A is compact, then A is totally bounded.
Theorem 2.4. Let (X, D, K) be a b-metric space,
(1) A is closed, if and only if A€ is open, where A€ is the complement of A in X.

(2) A is called relatively compact, whenever A is compact. If (X, D, K) is complete, then A is relatively compact,
if and only if A is totally bounded.

Proof.
(1) Firstly assume that A is closed. We show that A€ is open. If A€ is not open, then

1
Jae A¢, Yne N, Ix, € A suchthat D(a,xn) < -

It contradict Proposition 2.3 (1). Conversely, assume that A€ is open, we show that A is closed. If x ¢ A,
there exists € > 0 such that B(x, ¢) C A€. Clearly B(x, ¢) N (A\{x}) = ¢, it implies that A is closed.
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(2) We start with that A is relatively compact. So we have that A is totally bounded,
Ve >0, Ix;, %2, ,Xxn €A, A CB(xy,e)U---UB(xn,¢€).

So there exist y; C B(xi,e)NA, i=1,2,---,n. Then A C A C B(yy,2Ke) U+ UB(yn,2Ke). It implies
that A is totally bounded. Conversely, assume that A is totally bounded, then we show that A is relatively
compact. If {xn} C A, then there exists y, such that yn, C AN B(xn, %) for all n € N, from Proposition
2.3 (2). Clearly,

1
Jar €A, {ynJClun) €A, funl)C Blar, 7).

where {y,(llk)} is the subsequence of {yn}, from that A is totally bounded. Similarly,
Jan €A, Y 1y c A ™) Blay, & N, n>2
an €A, {Unk }C{ynk }CA, {ynk}c (an;n)/ neiN, n2=/Z

where {y%?} is the subsequence of {y&lfl)}. So we can select yn,, such that yn,, € {ygj)} and {yn, }is
the subsequence of {y,} . Since yn,, C B(ay, %),m > 1, then

2K

D(ynmzynl) < K[D(alzynm) +D(alzyn1)] < T; m =L

It implies that yn,,, is Cauchy. Since (X, D, K) is complete, there exists x € A and lim yn, = x from
m—00

Proposition 2.3 (1) (2). It is easy to check that liin Xn,, = X. It implies that A is sequentially compact and
m—00

we have that A is compact from Proposition 2.3 (3). O

2.2. Cone b-metric space

Let E be a real Banach space. A subset P of E is called a cone whenever the following condition is
satisfied:

(1) Pis closed, nonempty and P # {0}, where 0 is the zero vector in E.
(2) a,beR,a,b>0and x,y € Pimply ax +by € P.
(3) PN (=P) ={86}.

Given a cone P C E, we define a partial ordering < on E with respect to P by x < y, if and only if
y—x € P. We shall write < to indicate that x < y but x # y, while x < y stands for y —x € intP (interior
of P).

Definition 2.5 ([7]). Let X be a nonempty set and (E, <) an ordered Banach space with respect to cone
P. A vector-valued function d : X x X — E is said to be a cone b-metric function on X with the constant
K > 1, if the following conditions are satisfied:

(1) 8 <d(x,y), forall x,y € X, and d(x,y) =6, if and only if x = y;
(2) d(x,y) =d(y,x), forall x,y € X;
(3) d(x,y) X Kld(x,z) + d(y,z)], for all x,y,z € X.

The pair (X, d, K) is called the cone b-metric space over an ordered Banach space (E, <) with respect to
cone P.

Definition 2.6 ([7]). Let (X, d, K) be a cone b-metric space over the ordered Banach space (E, <) with
respect to cone P. We say that {x,,} C X is:
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(1) a cone-Cauchy, if for every 0 < ¢, there is a k € N such that for all n, m > k, d(xn, xm) < ¢;

(2) cone-convergent sequence, if for every 6 < c, there isan m € N such that foralln > m, d(xn,x) < c,

while we write cone x lim x, = x.
n—oo

We say that the cone b-metric space (X, d, K) is complete, if any cone-Cauchy is cone-convergent. Let

A C X, we claim that A is a complete subspace, if for every cone-Cauchy {xn} C A, cone * lim x,, € A.
n—oo

We claim that {yn} C E norm-converges to y, if for any € > 0, there exists an m € N such that
lun —yl| < ¢, for all n > m. Noting that if {xn} C X, {yn} C E, yn norm-converges to 0 and d(xn,xm) <

A
Yn, for all n,m € N, m > n, then {xn} is cone-Cauchy. We denote by B(x,c) the cone-ball, given by
A
B(x,c) ={y € X:d(x,y) < c}, c €intP,x € X.

Definition 2.7 ([7]). Let (X, d, K) be a cone b-metric space over the ordered Banach space (E, <) with
respect to cone P,

(1) A subset A C X is said to be cone-open, if and only if for any a € A, there exists ¢ > 0 such that the

A
cone-ball B(a,c) C A.

A
(2) An element x € X is called a cone-limit point of B whenever for any ¢ > 6, B(x, c)\(B\{x}) # ¢. A
subset B C X is called cone-closed, whenever each cone-limit point of B belongs to B.

(3) A subset B C X is called cone-bounded, whenever there exists ¢ > 0 such that d(x,y) < ¢ for all
x,y € B.

(4) A subset B C X is called cone-compact, whenever every cone-open cover of B has a finite subcover.

(5) A subset B is called cone-sequentially compact, if and only if for any sequence {x,} in B, there exists

a subsequence {xn, } of {x} which cone-converges, and cone % lim x,, € B.
k—ro0

(6) A subset B is called cone-totally bounded, if and only if for any ¢ >> 0, there exist x1,%2,%3,- -+ ,Xn €
A A
B such that B € B(x1,c) U---UB(xn,c).

Let A C X, A stands for the intersection of all cone-closed subsets of X including A. We claim that A
is cone-relatively compact, if A is cone-compact.

Proposition 2.8. Let (E, <) be an ordered Banach space with respect to cone P. Then the following properties are
often used:

(1) x,y,ze E,x 2y <L zimply x < z.

(2) «intP C intP, forall « € R, o > 0.

(3) Forany c € intP,x € E, there exists ann € N such that - < c.

4) IfaeP,0<A<1and a = Aa, then a = 6.

(®) ceintP, o, p € R, & > B imply Pc < «c.
Lemma 2.9. Let (E, <) be an ordered Banach space with respect to cone P. If x < vy, then exists n € N such that
x << (1— %)y.
Proof. Let \]g(x,s) ={y € E:|ly—x| < e,x € E ¢ > 0. Since x < y, then exists ¢ > 0 such that
y—x+ g(G,s) C P. Clearly E(e, 5)+ \B/(G, 5) C E(e, ¢) from the triangle inequality of the norm. We
know that there exists n € N such that —2 ¢ \}g(ﬂ,%) . So (1— %)y —x+ ﬁ(e, 5) C P. It implies that
x < (1— %)y. O
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2.3. The b-metric pc

Let (X, d,K) be a cone b-metric space over an ordered Banach space (E, <) with respect to cone P.
Since P is closed, we have that the cone P is Archimedean (see [2, page 63, lemma 2.3]). Given a,b € E
with a < b, we denote by [a, b] the order interval, i.e.,

[a,b] ={x e X:a<x <Xb}L

Let c € intP, then E = N [—c, c]. We can define the Minkowski functional on E by setting
ne

x|l =inf{A > 0:x € [-Ac,Acl},

for all x € E. And furthermore, we have that —||x||.c < x < ||x||.c (see [2, page 104]).
Proposition 2.10 ([8]). Let (E, <) be an ordered Banach space with respect to cone P.

(1) xy € E 8 2x 2y imply |x|c < [lyll-

@) xy ek Ix+ylle < Ixllc+lylle

(3) x € E, AeR, A>0,[|Ax| . = Al|x]|..

Now, we define b-metric p. by setting p. = ||d(x,y)|l,-

Proposition 2.11. (X, p, K) is a b-metric space.
Proof. 1t is easy to check that p is a b-metric from Proposition 2.10. O

We define B(x, ) ={y € X: pc(x,y) < ¢}, x € X, ¢ > 0 and we claim that p. li_r)n Xn =X, {xn} C X, if
n o

lim pc(xn,x) =0. Now we prove some basic results.
n—oo

Theorem 2.12. Let (X, d, K) be a cone b-metric space over the ordered Banach space (E, =) with respect to cone P.

A
B(x,vc) =B(x,1), forallx e X, € R, v>0,c> 6.

A
Proof. Let y € B(x,rc), then d(x,y) < rc. There exists an n € N such that d(x,y) < (1 L)rc, from

Tn
Lemma 2.9. It implies that

1 1
—(1——=)re 20 <d(x,y) 2 (1——)rc,
n n

so we have that p¢(x,y) = ||[d(x,y)[|. < (1— %)r < 1 from the definition of ||||.. It implies that y € B(x,r).
A
Conversely, let y € B(x, 1), then pc(x,y) < 1. So d(x,y) < pc(x,y)c < rc. It implies thaty € B(x,vc). O

Theorem 2.13. Let (X, d, K) be a cone b-metric space over the ordered Banach space (E, =) with respect to cone P

and ¢ € intP. conex lim x, =x, ifand only if pc * lim xn =x, {xn} C X.
n—oo n—,oo

Proof. Assume that cone * lim x,, = x, we have that for any c¢; > 0 there exists an m € N such that
n—oo

A A
xn € B(x,cq) for all n > m. Since B(x,rc) = B(x,r) forallx € X, r € R, r > 0, ¢ > 6, then for any r > 0,

A
there exists an m € N such that x, € B(x,rc) = B(x, 1) for all n > m. It implies that p. * lim x,, =x.
n—oo
Conversely, assume that p. * lim x, = x, then for any r > 0, there exists an m € N such that
n—oo
xn € B(x,7) for all n > m. We also have that for any c; > 0 there exists a k € N such that ¢ < c;.

A A
So there exists an m € N such that x, € B(x,%) = B(x,¢) C Bl(x,c1) for all n > m. It implies that
conex* lim x, = x. O
n—oo
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2.4. The linear positive operator

Let (X, d,K) be a cone b-metric space over the ordered Banach space (E, <) with respect to cone P.
We say that A : E — E is a linear positive operator, if A is a linear operator and A(P) C P. Clearly A is
a linear positive operator, if and only if A is a linear operator and A(x) < A(y) for all x,y € E,x < y.
In fact, if A is a linear positive operator, then A is continuous (see [2, page 84]). And furthermore, if
A : E — E is a linear continuous operator and there exists an m € N such that [|[A™] < 1, then A™x
norm-converges to 0 for any x € E and I — A is invertible where I is the identity mapping of E, that is,
(I-A)"! = Y%  A™ Of course there exists an m € N such that [[A™| < 1, if A : E — E is a linear
continuous operator and it’s spectral radius is less than one. It is inspired by Huang and Zhang [6], we
say that P x nlgréo Xn = X, {xn} C E, if for any c > 0, there exists an m € N such that —c < x, —x < ¢ for

allm > m.

Proposition 2.14. Let (X, d, K) be a cone b-metric space over the ordered Banach space (E, <) with respect to cone
P and A : E — E is a linear positive operator.

(1) x,y€E, {xn} CE, Px 1211 Xn =X, Y = Xn forallmn, theny < x.
n o0
(2) x € X,{xn} C X, then cone x lim =x, if and only if P+ lim d(xn,x) = 6.
n—oo n—oo
B) x,y€E, {xn} CE, Px 1i_r>n Xn =X, Y = xn forall n, then A(y) < A(x).
n [ee)

(4) If{(xn} CE, Px 1i_r>n Xn =X, then P x lim Ax, = Ax.
n o0

n—oo

Proof.

(1) For any n € N, there exists an m € N such that x —x, > —+. So we have that
c
X=X—Xm+Xm = - +y, YneN.

Let n — oo, we obtain x > y from P is closed in E.

(2) It is obvious.

(3) For any n € N and c € intP, there exists an m € N such that x —x; > —+

Ax) = A(x —xm) + Alxm) = —% + A(y) for any n € N. Let n — oo, we obtain A(x) >~ A(y) from P is
closed in E.

. So we have that

(4) For any c > 0, there exists a j € N such that % < c. Since P x lim x,, = x, there exists an m € N
n—oo

such that —¢ < xn —x < € for all n > m. It implies that —c¢ < —% < Axp — Ax < % < ¢ for all
n > m. So we have that P x lim Ax, = Ax. O

n—oo

3. Main results

Theorem 3.1. Let (X, d, K) be a cone b-metric space over the ordered Banach space (E, <) with respect to cone P
and A C X, ¢ € intP:

(1) A is cone-open, if and only if A is open in b-metric space (X, p¢, K).

(2) A is cone-closed, if and only if A is closed in b-metric space (X, pc, K).

)

)
(3) A is cone-compact, if and only if A is compact in b-metric space (X, p¢, K).
(4) A is cone-totally bounded, if and only if A is totally bounded in b-metric space (X, pc, K).
)

(5) A is cone-sequentially compact, if and only if A is sequentially compact in b-metric space (X, pc, K).
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(6) A is cone-relatively compact, if and only if A is relatively compact in b-metric space (X, pc, K).
Proof.

A
(1) Assume that A is cone-open. Then for any a € A, there exists a ¢y > 6 such that B(a, c;) C A. There

A A
also exists an n € N such that = < c;. So we have that B(aq, %) = B(a, 1v) € B(a,c1) from Theorem 2.12.
It implies that A is open in b-metric space (X, pc, K).
Conversely, assume that A is open in b-metric space (X, p¢,K). Then for any a € A, there exists an

A
T > 0 such that B(a,r) = B(a,rc) C A. It implies that A is cone-open.
(2) To prove the result, it is sufficient to show that a € X is the cone-limit point of A, if and only if a € X

A
is the limit point of A in the b-metric space (X, p¢, K). In fact, for any c¢; > 6, B(a,c1) N (A\{x}) # ¢, if
and only if for any r > 0, B(a, ) N (A\{x}) # ¢ . So we complete the proof.

(3) It is obvious from (1).
(4) Assume first that A is cone-totally bounded, then for any c; >> 0, there exist x4, - - - ,xn € A such that

A A
A C B(x1,¢1)U---UB(xn,c1). So for any r > 0 there exist x1,--- ,xn € A such that

A A
A C B(xg,re)U---B(xn,rc) = B(xq, 1)U+ B(Xn, ).

It implies that A is totally bounded in b-metric space (X, p¢, K).

Conversely, assume that A is totally bounded in b-metric space (X, p¢, K), then for any r > 0, there
exist xq,---,xn € A such that A C B(xq,7)U---B(xn, ). We also know that for any c; > 6, there exists
an m € N such that -~ < c1. So we have that there exist x1,--- ,xn € A such that

1 1 A A
A CB(xq,—)U---B(xn,—) C B(x1,¢c1)U---UB(xn,c1).
m m

It implies that A is cone-totally bounded.
(5) It is obvious from Theorem 2.13.
(6) It is obvious from (2), (3). O

Corollary 3.2. Let (X, d, K) be a cone b-metric space over the ordered Banach space (E, <) with respect to cone P
and A C X, ¢ € intP:

(1) A is cone-closed, if and only if for any sequence {xr,} in X which cone-converges to x, we have x € A.

(2) A is cone-closed, if and only if A€ is cone-open where A€ is the complement of A in X.

3) Ifxe f\, then for any ¢1 > 6, g(x, c1)NA # .

(4) A is cone-compact, if and only if A is cone-sequentially compact.

(®) (X, d,K) is complete, if and only if (X, pc, K) is complete.

(6) If (X, d, K) is complete, then A is cone-relatively compact, if and only if A is cone-totally bounded.

Proof. (1), (2), (3), (4), (6) are obvious from Theorem 3.1, Theorem 2.13, Theorem 2.12, Theorem 2.4,
Proposition 2.3. To get (5), it is sufficient to show that {xn} C X, x,, is cone-Cauchy if and only if x,, is
Cauchy in b-metric space (X, pc, K). Assume first {x,,} is cone-Cauchy, then for any c¢; > 0, there exists
a k € N such that d(xn,xm) < ¢1 for all n,m > k. So for any r > 0, there exists a k € N such that
d(xn,xm) < rc for all n,m > k. We also have that there exists a j € N that d(xn,xm) < (1— %)Tc. It
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implies that pc(xn,xm) < (1— )l)r < 1 for all n,m > k. So {xn} is Cauchy in b-metric space (X, pc, K).
Conversely assume that {x, } is Cauchy in b-metric space (X, p¢, K), then for any r > 0, there existsa k € N
such that p¢(xn,Xm) < 1 for all n,m > k. For any ¢; > 6, there also exists a j € N such that % < ¢1. So

there exists a k € N such that p¢ (xm, xn) < % for all m,n > k. It implies that d(xm,Xn) < pc(Xm,Xn)c K
)9 < ¢q for all n,m > k. So {xn,} is cone-Cauchy. O

Remark 3.3. In [7], they obtained Corollary 3.2 (1), (2), (3), (4) (see [7, Proposition 3.2, Proposition 3.6,
Theorem 3.7, Theorem 3.9]). But our proof is completely different. And furthermore, we get an in-depth
result, that is we can equate the cone b-metric space with the b-metric space, if we only discuss the
topological properties.

Lemma 3.4 ([1]). Let T and f be weakly compatible self-mappings of a set X. If T and f have a unique point of
coincidence & € X, then & is a unique common fixed point of T and f.

Theorem 3.5. Let (X, d, K) be a cone b-metric space over an ordered Banach space (E, <) with respect to cone P,
and let two mappings T,f be self~mappings of X such that TX C fX and TX or X is a complete subspace of X

satisfying
d(Tx, Ty) = AMd(fx, fy), d(fx, Ty), d(fx, Tx), d(fy, Ty), d(fy, Tx)},

where A\ : E — E is a positive linear operator and v(KA) < 1. Then T, f have a unique point of coincidence & € X
and every T-f-sequence (fxn)5_, converges to & Moreover, if T and f are weakly compatible, then & is a unique
common fixed point of T and f.

Proof. Since fX C TX, then for any xo € X there exists T-f-sequence (fxn )5, Now by induction, we show
that
d(Txn, Txo) < (I—KA)"IKAd(fxg, fx1), Vn e N. (3.1)

If n =1, then
d(Tx1, Txo) = A{d(fxq, fxo), d(fxq, Txo), d(fx1, Tx1), d(fxo, Txo), d(fxo, Tx1)}.

Note that K > 1,1(KA) <1, Txp = fxpy1, n=0,1,2---.
When
d(Txll TXO) j /\{d(fX‘l, 1:XO)/ d(le, TXO)/ d(fXO, TXO)}r

clearly (3.1) holds.
When d(Txq, Txg) < Ad(fxq, Tx1) = Ad(Txg, Tx1), (3.1) also holds.
When d(Txq, Txg) < Ad(fxp, Tx1) and using the triangle inequality,

d(TXl,TXO) < K/\d(fX(), fX1) + K/\d(f)q,TXl),
(I—KA)d(Txq, Txg) = KAdA(fxg, fxq).

Bearing in mind that I — KA is invertible and positive, we have that
d(Tx, Txo) =< (I—KA)'KAd(fxo, Tx1).

The above discussion implies (3.1) holds for n = 1.
Suppose (3.1) holds for m < n. We show that (3.1) holds for n. In fact

d(Tan TXO) = /\{d(fxn/ fXO)/ d(fxnl TXO)d(an, TXn)d(fXO, TXO)d(fXO, TXTL)}'

We have to consider five different cases:

1. d(Txn, Txg) < d(fxn, fxg). Using the triangle inequality,
d(Txn, Txo) < KAd(fxn, Txg) + KAd(Txo, fxo).

By assumption of the induction, we obtain that
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d(Txn, Txg) < (I—KA)“HKA)2d(fxq, fxo) + KAd(fx1, fxo)
= (I — KA)“'KAA(fxq, fxo).
2. d(Txn, Txg) < Ad(fxn, Txg) = Ad(Txn_1, Txg), then (3.1) holds.

d(Txn, Txg) =< Ad(fxo, Txg) = Ad(fxg, fx1), then (3.1) also holds.
4. d(Txn, Txo) < Ad(fxg, Txn ). Using the triangle inequality, then

W

d(Txn, Txg) = KAdA(fxg, Txg) + KAA(Txg, Txn ),

d(Txn, Txg) < (I—KA)"TKAd(fxg, fX1),
5. d(Txn, Txg) 2 Ad(fxn, Txn) = Ad(Txn—1, Txn). We have that

d(Tanlr TXn) = /\{d(anfl, an), d(fxnfl/ Txn)/ d(fxnflf Txnfl)/ d(an, TXTL)/ d(an/ Txnfl)}-
If d(Txn_1, Txn) X A{d(fxn, Txn), d(fxn, Txn_1)}, then d(Tx,,_1, Txn) = 6. If
d(Tanlr Txn) = A{d(fxnflr fxn)/ d(fxnflz Txn)}/ d(fxnflr Txnfl)}/

by continuing this process, we see that there exist p,m € N, p > n, 0 < m < n such that
d(Txn, Txg) < APd(Txm, Txp). By assumption of the induction, we obtain that

d(Txn, Txo) =< (I—KA)TKAPHd(fxo, fX1)
< (I—=KA)"HKA)PHd(fxg, Fx1).

Notice that )
(I—KA) KA = (I-KA) KA =Y (KA
i=1
It implies that d(Txn, Txg) < (I— KA)"TKAd(fxg, X1 ).
Hence, using the method of the mathematical induction, we have proved that inequality (3.1) holds for
each n € N. Now we shall prove that (fxn )5, is Cauchy sequence. For m,n € N and m > n, there exist
0<i<n+1, 0<j<m+1such that
d(fxns2, Fxma2) = Ad(Txng1, Txmer) < AMA(Tx, Txg)
< AMPHKA(Txi, Txo) + Kd(Txo, Tx; )]
< A™M2[2(1— KA) K2 (fxq, fx0)].

We conclude that (fxn)5_, is Cauchy sequence. Let li_r>n fxn = & Since fX C Tx and fX or TX is
n o

complete subspace of X, then there exists x € X such that fx = & We shall show that ¢ is a unique point

of coincidence of T and f. Firstly, we prove the uniqueness. Let &;, &, be point of coincidence of T and f,

then there exist y1,yz € X such that Ty, = fy; = &;, Ty = fys = &;. Since
d(T‘il/ TEZ) j /\{d(fall faZ)/ d(falr TEvZ)/ d(fall TE»l)/ d(fE»Z/ TE:Z)/ d(f£2/ Tal)}/

then & = &. Secondly, we prove that & is a point of coincidence of T and f. Any givenc > 6, p € N,
there exists m € N such that

d(fxn, &) < %, A(Txn, £) < %, d(fxp, Txn) < %, Vn>m

Since
d(TXT‘L+1/ TX) j A{d(fxn+1/ fX), d(anJrl/ TX)/ d(anJrl/ TXTLJrl )/ d(fxl TX)/ d(fxl TXTL+1 )}/
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then
d(Txni1, Tx) 2 Ad(fxng, fx) + Ad(fxnp, Tx)

= Ad(anJrl/ fX) + K/\d(anJrl/ TXnJrl) + KAd(TXn+1/ TX)/

or
A(Txni1, Tx) L AA(fxni1, Txng1) + Ad(fx, Tx) + Ad(fx, Txni1)

= Ad(anJrl/ TXnJrl) + KAd(fX/ TXTL+1) + KAd(TXn+1/ TX) + /\d(fxl TXn+1)‘
It implies that

A KA
d(Txran, Tx) < (1= KA)T12S 41— kA 122E)
p p
o A KA A
d(Txni1, TX) < (I— KA)T2E 41— k) 1228 41— ka) 128

P P P
Let p — oo, Txn41 — Tx. It implies that fx = Tx. So we conclude that ¢ is a point of coincidence of T and

f. Every T-f-sequence (fxn)p_, converges to & from the uniqueness of &. The latter part of Theorem 3.5

follows from Lemma 3.4. O
Corollary 3.6. Let K=1, A = Al, 0 < A < 1, we obtain [10, Theorem 1.3] from Theorem 3.5.

Corollary 3.7. Let K = 1, f = Iy, where 1 is the identity mapping on X, we obtain [4, Theorem 1.5] from
Theorem 3.5.
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