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Abstract

In this article, a new g-generalization of the Apostol-Euler polynomials is introduced using the usual g-exponential function.
We make use of such a generalization to derive several properties arising from the q-umbral calculus. (©2017 All rights reserved.
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1. Introduction

Let q € (0,1). In the theory of g-calculus, a g-number [x]q is defined by

1—qg*
Xa =734
Similarly, for z € C with |z| < 1, the g-exponential function eq(z) is defined by
o0 Zn
¢q(z) = Z mlg!”
n=0

In this paper, we use the following notations:

n nlq!
nlqt=Mnlqn —1q - 2q[llq,  and <k>q:m'
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The g-integral of a function f is defined by

x 00
| eage =xt1-a) Y tlata",
0 £=0
For more on this and related issues, see, e.g., [4, 10-13, 15].
The g-derivative D is defined by
_ dgf(x)  f(x) —flqx)

| _dily)
Dqf(x) = dox = T0—qx and (1]1£n>1qu(x)— i

For a systematic study of q-derivatives, we refer the reader to [4, 10, 12, 13, 15] and [11].
Recently, Kim [11] introduced g-Euler polynomials by means of the following generating function:

n 2]

;_O Enq(x) lq!  eq(t)+ pea(xt),

with Ey ¢(0) = Ey g (called the n-th g-Euler numbers).
Let us now consider A extension of gq-Euler polynomials (or can be called (A, q)-Euler polynomials)
given by

— tn 2],
nZOEn,q (x| A) ot~ Req(n) 1eq(xt), (1.1)

where A € R™.

Letting ¢ — 1 in (1.1), one obtains the Apostol-Euler polynomial. Consequently, the polynomials
defined by (1.1) are a new g-generalization of Euler polynomial of Apostol type. For more information
on the Apostol-type polynomials, we refer the reader to recent works such as [6, 7, 16, 18] and [28].

Recent investigations on this topic include an elementary and real approach to values of the Riemann
zeta function [5], Apostol-Euler polynomials arising from the umbral calculus [16], a new generalization
of g-Bernoulli polynomial [17], a new ¢-generalization of Euler numbers and polynomials using the
method of Kupershmidt [11], additional theorems for the Appell polynomials and associated classes of
polynomial expansions [21], theorems on Apostol-Euler polynomials arising from Euler basis [27], a new
class of g-Euler and g-Bernoulli polynomials [19, 20], a modified q-Euler numbers of higher order with
weight [22], the zeta and the g-zeta functions and associated series and integrals [29].

Let J be the space of all formal power series in variable t over the complex number field C, namely

0 k
F = {f:f(t) = Zakt—, (ax GC)},
ko Ck

where cy is an admissible sequence, ie., ¢, # 0 for all n > 0, and P = C[t] and let P* be the vector
space of all linear functionals on IP. We also denote by (L|p(x)) the action of a linear functional L on the
polynomial p(x), which obviously satisfies the following properties:

(L+Mip(x)) = (Lip(x)) + (Mlp(x)),

and
(BLIp(x)) = B(LIp(x)),

where 3 is a complex constant (see, for details, [1, 9-16, 26] and [25]).
Roman [23, 26] defined linear functionals and operators as follows:

(tIX™) = cnbdn ks (n,k = 0), (1.2)
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(fA)x™) =an, (M =20), (1.3)

and .
Cn n—
RIS Bt ksmn,
0 n <k

Roman also defined the following equivalent conditions in which sy, (x) is known as Sheffer for
(g (t),t), where g (t) is an invertible formal power series:

(S1) {g(t)t*|sn (X)) = cndnx;

(52) tsn (x) = 2 sn1(x);

Cn—1

(53) X5 s 00 L = EXU where g (1) = ¥ &5

Recently, Kim and Kim [12, 13] considered g-umbral calculus and derived some new interesting iden-
tities for g-Bernoulli and g-Euler polynomials. The following tools about g-umbral calculus are taken
from Kim and Kim'’s works [12, 13].

Let
(&) X tk
fLlt) = > (L") 5
k=0 q

Then, (1.2) gives us (fr (t)[x™) = (L|x™), that is, fi(t) = L. Moreover, the map L — fi(t) is an isomor-
phism from P* onto . Henceforth J will denote both the algebra of formal power series in t and the
vector space of all linear functionals on IP. Thus an element f(t) of J will be seen as a formal power
series and a linear functional. Kim and Kim [12, 13] called it g-umbral algebra which is the study of the
g-umbral calculus. From (1.3), we notice that

n

(eq(yt)x™) =y™,

and so
{eqyt)ip(x) =ply),  (p(x) €P).

The order o(f(t)) of the power series f(t) # 0 is the smallest integer for which ay does not vanish. If
o(f(t)) = 0, then f(t) is called an invertible series. If o (f(t)) = 1, then f(t) is called a delta series (see
[1-4, 8-16, 23-26]). For f(t), g(t) € F, we have

(f(Dg(DIp(x)) = (f(t)lg(t)p(x)) = (g(B)If(t)p(x)).

Let f(t) € 3 and p(x) € IP. Then we have (see, e.g., [10-15, 26] and [25]).

szme%mp mipmzzwmmmw (1.4)
k=0 k=0
Using (1.4), we obtain
0 il
pMx) = Dgp(x) = Z le_k IE[ [l—s+1lg,
1=k a: s=1
which in turn yields
p™M0) = (t“p(x)), and  (1p™(x)) =p™(0). (1.5)

Thus from (1.5), we note that
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Let f(t),g(t) € F with o(f(t)) = 1 and o(g(t)) = 0. Then there exists a unique sequence s (x) (deg
sn(x) = n) of polynomials such that

(g)F(1)Isn(x)) = N]q!on i, (n,k =0).

The sequence sy (x) is called the q-Sheffer sequence for (g(t), f(t)), which is denoted by s (x) ~ (g(t), f(t)).
Let sn(x) ~ (g(t), f(t)). For h(t) € F and p(x) € P, we have

=3 B0 i, - IR CCLCR I

k=0 k=0 (k]!
The sequence sy, (x) is Appell for g(t) that
sn (x) = g%t)x“, if and only if, tsn (x) = [n]q sn—1(x), (see, e.g., [25]). (1.6)

Furthermore, for all y € C, we get

L i) =y W

= (klq!

where f(t) is the compositional inverse of f(t). For further information about g-umbral calculus, we refer
the reader to see Kim and Kim'’s works [12, 13].

Kim et al. (see [11-13, 15]) derived some interesting properties of the new family of g-Euler numbers
and polynomials from the viewpoint of the theory of the g-calculus. On the other hand, by using the
orthogonality type as defined in the umbral calculus, Kim et al. [16] derived explicit formulas for several
well-known polynomials as a linear combination of the Apostol-Euler polynomials.

The main objective of this paper consists of introducing (A, q)-Euler polynomials that seem to be a new
g-generalization of Apostol-Euler polynomials. We derive several interesting properties and identities
arising from the q-umbral calculus. These numbers and polynomials have interesting properties in the
areas of both number theory and mathematical physics.

2. The (A, q)-Euler Numbers and the (A, q)-Euler Polynomials

Let us introduce the (A, q)-extension of the Euler polynomials by means of the following generating
function:

Py - iE (x| A) 2.1)
Aeg(t) +171 = Mgt :
Clearly, if x = 0, then E (0 | A) = Ey q (A), which are known as the nth (A, q)-Euler numbers. Using
(2.1), we obtain the following,

n
n _
En,q (X | 7\) = Z (1) El,q (7\) x" l- (2.2)
1=0 q
Using (2.2), the (A, q)-Euler numbers can be found by means of the following identities:
2
E(),q (7\) = m, and 7\En,q(1 | }\) + En,q (7\) = [Z]q 6(),11.

We immediately derive the following consequences based on (51)-(S2) for gq-polynomial with a param-

eter A defined in (2.1),
Aeg(t) +1
ETL,q (X | }\) ~ ( [z]q /t> s
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tF—n,q (x[A) = [n]qEnfl,q (x [A). (2.3)
It follows from (2.3) that Ey, (x| A) is Appell for % So, by the (1.6), we have
q
Lx“—E (x|A) (n=0)
Aeg(t)+17 — ™ =
Using (2.2), we obtain
x+yE wINg _i n\ ¢ ()\)#{( U 1+1}
1=0 q q
1 = (n+1 1 1
= E._ Ut 24
[n+1]qz<1+1) notg () {4yt =T 24)
1=0 q
1
= il (EnH,q (x+Y[A)—Eng1,q (x| 7\)) .
q
Thus, by applying (2.4), we get
(P B0 = gy (S e 1)
1
= m {Eni1,q (1IA) —Eng1,q (A} (2.5)
1
0
Therefore, by (2.5), we obtain the following result.
Theorem 2.1. Let n = 0. Then
eq(t)—1 1
<q(t)|En,q(x | 7\)> = Jo Enq(u|A)dqu
Now also, by using (1.2), we have
Aeq (t) +1 ki ! /m
<q[2]qtk | En,q (x| 7\)> = ﬁ k), (Aeq (1) + 11 En_k,q (xA))
= [n]qlék,n-
From the last identity, we have
Aeq(t)+1
(22l e, o x 10) = gt 26)
2],
Let
Pr ={q(x) € C[x]|[deg q(x) < n}.
Also, for q(x) € Py, we assume that
n
q(x) = Z bk,ql:—k,q(X | A). (2.7)

k=0
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It follows from (2.6) and (2.7) that
Aeq(t) +1 = Aeq (t) +1
<Mtk|q (x)) = Zbl,q wtk | Evq (x| A)
(2], = 2],
=D brq lgoyk = [Kglbiq.
1=0
Furthermore
1 Aeq(t)+1 1
by = d tk =——— A 1) +q™ (0}, 2.8
where
q'™(x) = Dq(x).
Therefore, by (2.7) and (2.8), we obtain the following theorem.
Theorem 2.2. For q(x) € Py, let
n
q(x) =) brgqErqx|A).
k=0
Then ,
- - (k) (k)
bk,q [z]q [k]q' {)\q (1) + q (O)} .
The g-Bernoulli polynomials By, 4(x) are defined by
t — tm
_ t) = B —_—.
From this, we have for n = 0,
Br,q(x) ~ (eq(?_l,t)
tBn,q(x) = [n]q Bn_1,4(x), (see[12] for details).
Let us take
q(x) = Bn,q(x) € Pn.
Then By, 4(x) can be generated as a linear combination of
{Eo,q(x [ A), Eq,q(x [ A), -+, En,q(x [ A)},
as follows: N
Bn,q(x) = ) brgErq(x|A), (2.9)
k=0
where
1 Kk
bk/q = m <(7\eq (t) +1)t | Bn,q (X)>
mlgm—1,--m—k+1]
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_ DL (E)q (Aeq (1) 411 Br_1q (%)

1 /n
= E <k> . ()\ank,q (1) + ank,q) 7

where By,  := By, 4 (0) are called g-Bernoulli numbers, e.g., see [12]. Kim et al. [13] derived the following
identity:

1 (n=1),
Boq =1, and Bn,g(1) —Bng = { 0 ((TL - 1)) (2.10)
Since By 4 = —ﬁ, by (2.9) and (2.10), we have

q

n—2
Bn,q (Xx) =bn,qEn,q (X [A) +bn 1En 14 (x[A)+ Z by qEk,q (X [A)

k=0

A+1 mlq A+1°E

= mEn,q (x|A)+ @ (A —1)En_1,q (x[A)+ W ];) (k) an—k,qu,q (x | A).

The previous facts can be formulated as follows:

Theorem 2.3. Let n = 2. Then

A+ [n]q
Bn,q (x) = WEn,q (x | A)+ @ (Aq —-1) Enfl,q (x | A)
}\‘i‘ 1 n—2 n
+ [2](] kZ_O (k) anfk,qu,q (X | }\)

For v € Z3,, the higher-order (A, q)-Euler polynomials ET(II 34 (x | A) are defined by the following -
Taylor expansion at t = 0:

By re(xt)—ilz” (x| A) o 2.11)
Aeg(t)+1/) 4 - e n] !’ '
In the case, x =0, EELT, 24 (0]A) = Ef{/ 24 (A) are called the rth higher-order (A, q)-Euler numbers.
Let N
o[t ) = Aeg(t) +1 ‘
2],
It is clear that g"(t | A) is an invertible series. It follows from (2.11) that E,, q(x | A) is Appell for

(%)T So, by (1.6), we have
q

and

Thus, we have
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By (1.2) and (2.11), we get

We thus find that

where

By using (2.12), we have

2] '
q ny __ E(T) A).
(o) ) = B )
Therefore, by (2.13) and (2.14), we obtain the following theorem.
Theorem 2.4. Let n = 0. Then

T n
= (1) B Ea )
7 7T q

Let us take

Then, by Theorem 2.2, we write

where the coefficient by 4 is given by

bieq = [z]ql[k]qu ((Neq (1) +1)t* | q(x)) = ———
:ﬁg:<“““”+1)ESQQW|m>:

From (2.11), we have

0]

> (AETG (N +EL

k=0 q’

T

3

Qv
>
SN—
T e
3
Il
7 N
>
(o]
= —
e IC)
—|a
+
—_
N———
-
>
o
e}
=
+
—_

By comparing the coefficients L in the above equation, we get

AERG (1IN + By (A) = 121, Eg Y (V).

Thus, clearly, the following theorem is derivable by applying (2.15) and (2.16).

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)



S. Araci, M. Acikgoz, T. Diagana, H. M. Srivastava, J. Nonlinear Sci. Appl., 10 (2017), 1316-1325 1324

Theorem 2.5. Let n € Z> and v € Z~g. Then

n
n _
Eng(x[A) =) < ) L0 (A) Erq(x | A).
q

k=0

Let us assume that

Zb kqx|7\) € P,.

By a similar method, we find the coeff1c1ent bk, q as follows:

T 1 — T\, m L (mik)
k,q[z];[k]q!;)<1>7‘ > 2 (il,...,il>q[m]q!q (0).

m201i+--+hi=m
Therefore, we obtain the following theorem.

Theorem 2.6. For n = 0, let

Zb kqu) € Py.

Then
T ]‘ T
b = G g (Pea (1107t T ()
1 ~ m 1
where

Let us consider q(x) = Ey q(x | A) € Pn. Then, by Theorem 2.6, we write

Enq(x|A) = Zb B (x| A). (2.17)
By applying Theorem 2.6 and (2.17), we are led to the following result.
Theorem 2.7. For n,r 2 0, the following assertion holds true:

i mZk i Z a (D <11, m ,il> q <mﬂt k> q (mTJlr k) q

01=01i;+---+ii=m
+ En—motq W)EL (X [ A).

Eng(x|A) =

3. Concluding remarks and observations

We have investigated various properties of a new g-generalization of the Apostol-Euler polynomials
which we introduced by using the usual g-exponential function eq(x). These properties and other related
identities are shown to arise from the g-umbral calculus. Two of the main results presented in our
investigation (Theorem 2.2 and Theorem 2.6) seem to be sufficiently deep and general for obtaining not
only new, but also interesting, identities related to some special polynomials in terms of other new g-
generalizations of the Euler polynomials of the Apostol type.
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