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Abstract
In this paper, we study the existence and uniqueness of the global smooth solution for the initial value problem of general-

ized Zakharov equations in dimension two. By means of a priori integral estimates and Galerkin method, we first construct the
existence of global solution with some conditions. Furthermore, we prove that the global solution is unique. c©2017 All rights
reserved.
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1. Introduction

At the classical level, a set of coupled nonlinear wave equations describing the interaction between
high frequency Langmuir waves and low frequency ion-acoustic waves was first derived by Zakharov
[17]. This system has been the subject of a large number of studies [3, 5–9, 11–16]. In addition to the
energy method, Zakharov type systems have also been studied by others using different approaches.
Aslan dealt with the generalized Zakharov system and derived some further results using the so-called
first integral method [2]. In [1], the Exp-function method was employed to the Zakharov-Kuznetsov
equation as a (2 + 1)-dimensional model for nonlinear Rossby waves.

In this paper, we are interested in studying the following generalized Zakharov system in dimension
two.

iεt +∆ε−nε+α|ε|
pε = 0, (1.1)

ntt −∆n = ∆|ε|2, (1.2)

with initial data
ε(x, 0) = ε0(x), n(x, 0) = n0(x), nt(x, 0) = n1(x), (1.3)

where ε = (ε1, · · · , εN), x = (x1, x2) ∈ R2.
Now we state the main results of the paper.

∗Corresponding author
Email addresses: ysj980@aliyun.com (Shujun You), nxq035@163.com (Xiaoqi Ning)

doi:10.22436/jnsa.010.04.01

Received 2017-02-01

http://dx.doi.org/10.22436/jnsa.010.04.01


S. You, X. Ning, J. Nonlinear Sci. Appl., 10 (2017), 1289–1302 1290

Theorem 1.1. Assume that ε0(x) ∈ Hl+2, n0(x) ∈ Hl+1, n1(x) ∈ Hl, l > 1 and 0 < p 6 2 with ‖ε0(x)‖L2

small. Then there exists unique global smooth solution of the initial value problem (1.1), (1.2), (1.3),

ε(x, t) ∈ L∞(0, T ;Hl+2)∩W1,∞(0, T ;Hl), n(x, t) ∈ L∞(0, T ;Hl+1),

nt(x, t) ∈ L∞(0, T ;Hl)∩W1,∞(0, T ;Hl−1).

To study smooth solution of the generalized Zakharov systems, we transform it into the following
form:

iεt +∆ε−nε+α|ε|
pε = 0, (1.4)

ϕt − (n+ |ε|2) = 0, (1.5)

nt −∆ϕ = 0, x ∈ R2, (1.6)

with initial data
ε(x, 0) = ε0(x), n(x, 0) = n0(x), ϕ(x, 0) = ϕ0(x), (1.7)

where ϕ0 satisfies ∇2ϕ0 = n1.
We use C to represent various positive constants that can depend on initial data.

2. A priori estimations

In this section, we will derive a priori estimations for the solution of the system (1.4), (1.5), (1.6), (1.7).
For the smooth solution of system (1.4)-(1.7), we have the following conserved results

‖ε(·, t)‖2
L2(R2) = ‖ε0(x)‖2

L2(R2),

H(t) : = ‖∇ε‖2
L2 +

∫
R2
n|ε|2dx+

1
2
‖∇ϕ‖2

L2 +
1
2
‖n‖2

L2 −
2α
p+ 2

‖ε‖p+2
Lp+2

= H(0).
(2.1)

The conservation of ‖ε(·, t)‖2
L2(R2)

is obtained by taking the inner product of (1.4) and ε and then taking
the imaginary part. The conservation of H(t) can be obtained by taking the inner product of (1.4) and εt
and taking the real part, and taking the inner product of (1.5), (1.6) by nt,ϕt, respectively.

Lemma 2.1 (Gagliardo-Nirenberg inequality). Assume that u ∈ Lq(Rn),Dmu ∈ Lr(Rn), 1 6 q, r 6∞, 0 6
j 6 m, we have the estimations

‖Dju‖Lp(Rn) 6 C‖Dmu‖αLr(Rn)‖u‖
1−α
Lq(Rn),

where C is a positive constant, 0 6 j
m 6 α 6 1,

1
p
=
j

n
+α

(
1
r
−
m

n

)
+ (1 −α)

1
q

.

Lemma 2.2. Assume that ε0 ∈ H1, n0 ∈ L2, ϕ0 ∈ H1 and 0 < p 6 2 with ‖ε0(x)‖L2 small. Then

sup
06t6T

(‖ε‖H1 + ‖ϕ‖H1 + ‖n‖L2) 6 C.

Proof. By Hölder inequality, Young inequality and Gagliardo-Nirenberg inequality, there holds∣∣∣∣∫
R2
n|ε|2dx

∣∣∣∣ 6 ‖n‖L2‖ε‖2
L4 6

1
4
‖n‖2

L2 + ‖ε‖4
L4

6
1
4
‖n‖2

L2 +C‖∇ε‖2
L2‖ε‖2

L2 .
(2.2)
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Using Gagliardo-Nirenberg inequality, we write

2|α|
p+ 2

‖ε‖p+2
Lp+2 6 C‖∇ε‖pL2‖ε‖2

L2 . (2.3)

From (2.1), (2.2), and (2.3), one has

‖∇ε‖2
L2 +

1
2
‖∇ϕ‖2

L2 +
1
4
‖n‖2

L2 6 |H(0)|+C‖∇ε‖2
L2‖ε‖2

L2 +C‖∇ε‖pL2‖ε‖2
L2 .

Note that 0 < p 6 2 and ‖ε0‖L2 small, we get

‖∇ε‖2
L2 + ‖∇ϕ‖2

L2 + ‖n‖2
L2 6 C.

Taking the inner products of (1.5) and ϕ, since

(ϕt,ϕ) =
1
2
d

dt
‖ϕ‖2

L2 ,

∣∣(n+ |ε|2,ϕ
)∣∣ 6 (

‖n‖L2 + ‖ε‖2
L4

)
‖ϕ‖L2 6 C‖ϕ‖L2 6

1
2
‖ϕ‖2

L2 +C,

thus it follows that

d

dt
‖ϕ‖2

L2 6 ‖ϕ‖2
L2 +C.

Using Gronwall’s inequality, it follows that

sup
06t6T

‖ϕ‖2
L2 6 C.

We thus get Lemma 2.2.

Lemma 2.3 (Brezis-Wainger inequality [4]). Let u ∈ Wk,p(Rd) ∩Ws,q(Rd), k, s > 0, p > 1, q > 1 and
kp = d < sq. Then

‖u‖L∞ 6 C‖u‖Wk,p

(
1 + ln

(
1 +
‖u‖Ws,q

‖u‖Wk,p

))1− 1
p

,

where C is a constant that depends only on k,p, s,q,d.

Applying Lemma 2.3 in the case d = 2, k = 1,p = 2, s = 2,q = 2, hence for u ∈ H2(R2), we have

‖u‖L∞ 6 C‖u‖H1

(
1 + ln

(
1 +
‖u‖H2

‖u‖H1

)) 1
2

. (2.4)

Lemma 2.4. Assume that ε0(x) ∈ H2, n0(x) ∈ H1, ϕ0(x) ∈ H2 and 0 < p 6 2 with ‖ε0(x)‖L2 small. Then we
have

sup
06t6T

(‖ε‖H2 + ‖n‖H1 + ‖ϕ‖H2) 6 C,

sup
06t6T

(‖εt‖L2 + ‖nt‖L2 + ‖ϕt‖H1) 6 C.

Proof. Differentiating (1.4) with respect to t, then taking the inner product of the resulting equation and
εt, we get

(iεtt +∆εt −ntε−nεt + (α|ε|pε)t , εt) = 0, (2.5)
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Since
Im (iεtt, εt) =

1
2
d

dt
‖εt‖2

L2 , Im (∆εt −nεt, εt) = 0,

|Im (−ntε, εt)| 6 ‖ε‖L∞‖nt‖L2‖εt‖L2 ,

|Im ((α|ε|pε)t, εt)| 6
|α|p

2

∫
R2

|ε|p|εt|
2dx 6

|α|p

2
‖ε‖pL∞‖εt‖2

L2 ,

thus from (2.5) we get

d

dt
‖εt‖2

L2 6 2‖ε‖L∞‖nt‖L2‖εt‖L2 + |α|p‖ε‖pL∞‖εt‖2
L2 . (2.6)

Differentiating (1.6) with respect to t, then taking the inner product of the resulting equation and nt, we
get

(ntt −∆ϕt,nt) = 0. (2.7)

Since

(ntt,nt) =
1
2
d

dt
‖nt‖2

L2 ,

(−∆ϕt,nt) = (−∆n−∆|ε|2,nt),

where

(−∆n,nt) =
1
2
d

dt
‖∇n‖2

L2 ,

∣∣(−∆|ε|2,nt)
∣∣ 6 2

(
‖ε‖L∞‖∆ε‖L2 + ‖∇ε‖2

L4

)
‖nt‖L2

6 2 (‖ε‖L∞‖∆ε‖L2 +C‖∆ε‖L2) ‖nt‖L2 .

Thus from (2.7) we get

d

dt

(
‖nt‖2

L2 + ‖∇n‖2
L2

)
6 4 (‖ε‖L∞‖∆ε‖L2 +C‖∆ε‖L2) ‖nt‖L2 . (2.8)

From (1.4) we have

‖∆ε‖L2 6 ‖εt‖L2 + ‖n‖L4 ‖ε‖L4 + |α| ‖ε‖p+1
L2p+2

6 C

(
‖εt‖L2 + ‖∇n‖

1
2
L2 + 1

)
.

(2.9)

Using (2.4), one has

‖ε‖L∞ 6 C (1 + ln (1 + ‖ε‖H2))
1
2

6 C (1 + ln (1 + ‖∆ε‖L2))
1
2 .

(2.10)

Set F(t) = ‖εt‖2
L2 + ‖nt‖2

L2 + ‖∇n‖2
L2 + 1, then (2.6) and (2.8), (2.9), (2.10) together yield

d

dt
F(t) 6 CF(t)

(
‖ε‖L∞ + ‖ε‖pL∞ + 1

)
6 CF(t) (1 + lnF(t)) .

By using Gronwall inequality, it follows that

sup
06t6T

(
‖εt‖2

L2 + ‖nt‖2
L2 + ‖∇n‖2

L2

)
6 C,
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and with (2.9), (1.6) and (1.5), we arrive at

sup
06t6T

(‖∆ε‖L2 + ‖∆ϕ‖L2 + ‖∇ϕt‖L2) 6 C.

We thus get Lemma 2.4.

Lemma 2.5. Assume that ε0(x) ∈ H3, n0(x) ∈ H2, ϕ0(x) ∈ H3 and 0 < p 6 2 with ‖ε0(x)‖L2 small. Then we
have

sup
06t6T

(‖ε‖H3 + ‖n‖H2 + ‖ϕ‖H3) 6 C,

sup
06t6T

(‖εt‖H1 + ‖nt‖H1 + ‖ϕt‖H2) 6 C.

Proof. Differentiating (1.4) with respect to t, then taking the inner product of the resulting equation and
−∆εt, we get

(iεtt +∆εt −ntε−nεt + (α|ε|pε)t ,−∆εt) = 0. (2.11)

Since

Im(iεtt,−∆εt) =
1
2
d

dt
‖∇εt‖2

L2 , Im(∆εt,−∆εt) = 0,

|Im(−ntε,−∆εt)| 6 |(∇(ntε),∇εt)|
6 C(‖∇nt‖L2‖ε‖L∞ + ‖nt‖L4‖∇ε‖L4)‖∇εt‖L2

6 C(‖∇nt‖2
L2 + ‖∇εt‖2

L2 + 1),

|Im(−nεt,−∆εt)| = |Im(∇(nεt),∇εt)|
= |Im((∇n)εt,∇εt)|
6 ‖∇n‖L4‖εt‖L4‖∇εt‖L2

6 C(‖∆n‖2
L2 + ‖∇εt‖2

L2),

|Im ((α|ε|pε)t,−∆εt)| = |Im (∇ (α|ε|pε)t ,∇εt)|

6 C
(
‖ε‖p−1

L∞ ‖∇ε‖L4‖εt‖L4 + ‖ε‖pL∞‖∇εt‖L2

)
‖∇εt‖L2

6 C(‖∇εt‖2
L2 + 1),

thus from (2.11) we get

d

dt
‖∇εt‖2

L2 6 C(‖∇nt‖2
L2 + ‖∇εt‖2

L2 + ‖∆n‖2
L2 + 1). (2.12)

Differentiating (1.6) with respect to t, then taking the inner product of the resulting equation and −∆nt,
we get

(ntt −∆ϕt,−∆nt) = 0. (2.13)

Since

(ntt,−∆nt) =
1
2
d

dt
‖∇nt‖2

L2 ,

(−∆ϕt,−∆nt) = (∆n+∆|ε|2,∆nt),

(∆n,∆nt) =
1
2
d

dt
‖∆n‖2

L2 ,
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∣∣ 6 ∣∣(∇3|ε|2,∇nt)

∣∣
6 C

(
‖∇3ε‖L2‖ε‖L∞ + ‖∆ε‖L4‖∇ε‖L4

)
‖∇nt‖L2

6 C
(
‖∇3ε‖2

L2 + ‖∇nt‖2
L2 + 1

)
,

thus from (2.13) we get

d

dt

[
‖∇nt‖2

L2 + ‖∆n‖2
L2

]
6 C

(
‖∇3ε‖2

L2 + ‖∇nt‖2
L2 + 1

)
. (2.14)

Taking the inner product of (1.4) and ∆2ε, since(
∆ε, ∆2ε

)
= −

∥∥∇3ε
∥∥2
L2 ,∣∣(iεt −nε+α|ε|pε, ∆2ε

)∣∣ = ∣∣(i∇εt −∇(nε) +α∇ (|ε|pε) , ∇3ε
)∣∣

6 C (‖∇εt‖L2 + ‖∇n‖L2 ‖ε‖L∞)
∥∥∇3ε

∥∥
L2

+C
(
‖n‖L4 ‖∇ε‖L4 + ‖ε‖pL∞ ‖∇ε‖L2

) ∥∥∇3ε
∥∥
L2

6 C (‖∇εt‖L2 + 1)
∥∥∇3ε

∥∥
L2 ,

thus we get ∥∥∇3ε
∥∥
L2 6 C (‖∇εt‖L2 + 1) . (2.15)

Hence from (2.12), (2.14) and (2.15) we get

d

dt

[
‖∇εt‖2

L2 + ‖∇nt‖2
L2 + ‖∆n‖2

L2

]
6 C(‖∇nt‖2

L2 + ‖∇εt‖2
L2 + ‖∆n‖2

L2 + 1).

By using Gronwall inequality, it follows that

‖∇εt‖2
L2 + ‖∇nt‖2

L2 + ‖∆n‖2
L2 6 C,

and with (2.15), (1.6) and (1.5) we arrive at

‖∇3ε‖2
L2 + ‖∇3ϕ‖L2 + ‖∆ϕt‖L2 6 C.

Lemma 2.6. Assume that ε0(x) ∈ Hl+2, n0(x) ∈ Hl+1, ϕ0(x) ∈ Hl+2, l > 1 and 0 < p 6 2 with ‖ε0(x)‖L2

small. Then we have

sup
06t6T

[‖ε‖Hl+2 + ‖n‖Hl+1 + ‖ϕ‖Hl+2 ] 6 C,

sup
06t6T

[‖εt‖Hl + ‖nt‖Hl + ‖ϕt‖Hl+1 ] 6 C.

Proof. Lemma 2.6 is true when l = 1 (Lemma 2.5). Suppose Lemma 2.6 is true when l = k, (k > 1), i.e.,

sup
06t6T

[‖ε‖Hk+2 + ‖n‖Hk+1 + ‖ϕ‖Hk+2 ] 6 C,

sup
06t6T

[‖εt‖Hk + ‖nt‖Hk + ‖ϕt‖Hk+1 ] 6 C.

Next, we will show that Lemma 2.6 is true when l = k+ 1.
Differentiating (1.4) with respect to t, then taking the inner product of the resulting equation and

(−1)k+1∆k+1εt, we get (
iεtt +∆εt −ntε−nεt + (α|ε|pε)t , (−1)k+1∆k+1εt

)
= 0. (2.16)
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Since

Im(iεtt, (−1)k+1∆k+1εt) =
1
2
d

dt
‖∇k+1εt‖2

L2 ,

Im(∆εt, (−1)k+1∆k+1εt) = 0,

∣∣Im(−ntε, (−1)k+1∆k+1εt)
∣∣ 6 ∣∣(∇k+1(ntε),∇k+1εt)

∣∣
6 C(‖∇k+1nt‖2

L2 + ‖∇k+1εt‖2
L2 + 1),∣∣Im(−nεt, (−1)k+1∆k+1εt)

∣∣ 6 ∣∣(∇k+1(nεt),∇k+1εt)
∣∣

6 C(‖∇k+2n‖2
L2 + ‖∇k+1εt‖2

L2 + 1),∣∣Im (
(α|ε|pε)t, (−1)k+1∆k+1εt

)∣∣ 6 ∣∣(∇k+1 (α|ε|pε)t ,∇k+1εt
)∣∣

6 C(‖∇k+1εt‖2
L2 + 1),

thus from (2.16) we get

d

dt
‖∇k+1εt‖2

L2 6 C
(
‖∇k+1nt‖2

L2 + ‖∇k+1εt‖2
L2

)
C
(
‖∇k+2n‖2

L2 + 1
)

. (2.17)

By differentiating (1.6) with respect to t, then taking the inner product of the resulting equation and
(−1)k+1∆k+1nt, we get

(ntt −∆ϕt, (−1)k+1∆k+1nt) = 0. (2.18)

Since

(ntt, (−1)k+1∆k+1nt) =
1
2
d

dt
‖∇k+1nt‖2

L2 ,

(−∆ϕt, (−1)k+1∆k+1nt) = (∆n+∆|ε|2, (−1)k∆k+1nt),

(∆n, (−1)k∆k+1nt) =
1
2
d

dt
‖∇k+2n‖2

L2 ,

∣∣(∆|ε|2, (−1)k∆k+1nt)
∣∣ 6 ∣∣(∇k+3|ε|2,∇k+1nt)

∣∣
6 C

(
‖∇k+3ε‖2

L2 + ‖∇k+1nt‖2
L2 + 1

)
,

thus from (2.18) we get

d

dt

[
‖∇k+1nt‖2

L2 + ‖∇k+2n‖2
L2

]
6 C

(
‖∇k+3ε‖2

L2 + ‖∇k+1nt‖2
L2 + 1

)
. (2.19)

Taking the inner product of (1.4) and (−1)k+1∆k+2ε, since(
∆ε, (−1)k+1∆k+2ε

)
=

∥∥∇k+3ε
∥∥2
L2 ,

∣∣(iεt −nε+α|ε|pε, (−1)k+1∆k+2ε
)∣∣ = ∣∣(i∇k+1εt −∇k+1(nε) +α∇k+1 (|ε|pε) , ∇k+3ε

)∣∣
6 C

(∥∥∇k+1εt
∥∥
L2 + 1

) ∥∥∇k+3ε
∥∥
L2 ,

thus we get ∥∥∇k+3ε
∥∥
L2 6 C

(∥∥∇k+1εt
∥∥
L2 + 1

)
. (2.20)



S. You, X. Ning, J. Nonlinear Sci. Appl., 10 (2017), 1289–1302 1296

Hence from (2.17), (2.19) and (2.20) we get

d

dt

[
‖∇k+1εt‖2

L2 + ‖∇k+1nt‖2
L2 + ‖∇k+2n‖2

L2

]
6 C

(
‖∇k+1nt‖2

L2 + ‖∇k+1εt‖2
L2 + ‖∇k+2n‖2

L2 + 1
)

.

By using Gronwall inequality, it follows that

‖∇k+1εt‖2
L2 + ‖∇k+1nt‖2

L2 + ‖∇k+2n‖2
L2 6 C,

and with (2.20), (1.6) and (1.5), we arrive at

‖∇k+3ε‖2
L2 + ‖∇k+3ϕ‖L2 + ‖∇k+2ϕt‖L2 6 C.

Hence

sup
06t6T

[‖ε‖Hk+3 + ‖n‖Hk+2 + ‖ϕ‖Hk+3 + ‖εt‖Hk+1 ]

+ sup
06t6T

[‖nt‖Hk+1 + ‖ϕt‖Hk+2 ] 6 C.

Lemma 2.6 is proved completely.

3. The existence and uniqueness of solution

In this section, we formulate the proof of Theorem 1.1. First we give the definition of generalized
solution for problem (1.4)-(1.7).

Definition 3.1. The functions

ε(x, t) ∈ L∞(0, T ;H2)∩W1,∞(0, T ;L2),

n(x, t) ∈ L∞(0, T ;H1)∩W1,∞(0, T ;L2),

ϕ(x, t) ∈ L∞(0, T ;H2)∩W1,∞(0, T ;H1),

are called generalized solution of problem (1.4)-(1.7), if for any v ∈ L2 they satisfy the integral equality:

(iεmt, v) + (∆εm, v) − (nεm, v) + (α|ε|pεm, v) = 0, m = 1, · · · ,N,

(ϕt, v) − (n, v) − (|ε|2, v) = 0,
(nt, v) − (∆ϕ, v) = 0,

with initial data
ε(x, 0) = ε0(x), n(x, 0) = n0(x), ϕ(x, 0) = ϕ0(x).

Next, we give two lemmas recalled in [10].

Lemma 3.2. Let B0,B,B1 be three reflexive Banach spaces and assume that the embedding B0 → B is compact. Let

W =

{
V ∈ Lp0((0, T);B0),

∂V

∂t
∈ Lp1((0, T);B1)

}
, T <∞, 1 < p0,p1 <∞.

W is a Banach space with norm

‖V‖W = ‖V‖Lp0((0,T);B0) + ‖Vt‖Lp1((0,T);B1).

Then the embedding W → Lp0((0, T);B) is compact.
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Lemma 3.3. Let Ω be an open set of Rn and let g,gε ∈ Lp(Rn), 1 < p <∞, such that

gε → g a.e. in Ω and ‖gε‖Lp(Ω) 6 C.

Then gε → g weakly in Lp(Ω).

Now, one can estimate the following theorem.

Theorem 3.4. Suppose that ε0(x) ∈ H2, n0(x) ∈ H1, ϕ0(x) ∈ H2 and 0 < p 6 2 with ‖ε0(x)‖L2 small. Then
there exists global generalized solution of the initial value problem (1.4)-(1.7).

ε(x, t) ∈ L∞(0, T ;H2)∩W1,∞(0, T ;L2),

n(x, t) ∈ L∞(0, T ;H1)∩W1,∞(0, T ;L2),

ϕ(x, t) ∈ L∞(0, T ;H2)∩W1,∞(0, T ;H1).

Proof. By using Galerkin method, choose the basic periodic functions {ωj(x)} as follows:

−∆ωj(x) = λjωj(x), ωj(x) ∈ H2(R2), j = 1, 2, · · · , l.

The approximate solutions of problem (1.4)-(1.7) can be written as

εl(x, t) =
l∑
j=1

αlj(t)ωj(x), nl(x, t) =
l∑
j=1

βlj(t)ωj(x),

ϕl(x, t) =
l∑
j=1

γlj(t)ωj(x),

where
εl =

(
εl1, · · · , εlN

)
, αlj(t) = (αlj1(t), · · · ,αljN(t)),

and Ω is a 2-dimensional cube with 2D in each direction, that is, Ω = {x = (x1, x2)||xi| 6 2D, i = 1, 2}.
These undetermined coefficients αlj(t), β

l
j(t) and γlj(t) need to satisfy the following initial value prob-

lem of the system of ordinary differential equations(
iεlmt,ωκ

)
+
(
∆εlm,ωκ

)
−
(
nlεlm,ωκ

)
+
(
α|εl|pεlm,ωκ

)
= 0, m = 1, · · · ,N, (3.1)(

ϕlt,ωκ
)
−
(
nl,ωκ

)
−
(
|εl|2,ωκ

)
= 0, (3.2)(

nlt,ωκ
)
−
(
∆ϕl,ωκ

)
= 0, (3.3)

with initial data

εl(x, 0) = εl0(x), n
l(x, 0) = nl0(x),

ϕl(x, 0) = ϕl0(x),
(3.4)

where

εl0(x)
H2
−−→ ε0(x), nl0(x)

H1
−−→ n0(x),

ϕl0(x)
H2
−−→ ϕ0(x), l→∞.

Similar to the proof of Lemmas 2.2 and 2.4, for the solution εl(x, t), nl(x, t), ϕl(x, t) of problem (3.1),
(3.2), (3.3), (3.4), we can establish the following estimations

sup
06t6T

[
‖εl(x, t)‖H2 + ‖nl(x, t)‖H1 + ‖ϕl(x, t)‖H2

]
6 C,
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sup
06t6T

[
‖εlt(x, t)‖L2 + ‖nlt‖L2 + ‖ϕlt‖H1

]
6 C, (3.5)

where the constant C is independent of l and D. By compact argument, some subsequence of
(
εl,nl,ϕl

)
,

also labeled by l, has a weak limit (ε,n,ϕ). More precisely

εl(x, t)→ ε(x, t) in L∞(0, T ;H2) weakly star, (3.6)

nl(x, t)→ n(x, t) in L∞(0, T ;H1) weakly star, (3.7)

ϕl(x, t)→ ϕ(x, t) in L∞(0, T ;H2) weakly star.

Equation (3.5) implies that

εlt → εt in L∞(0, T ;L2) weakly star, (3.8)

nlt → nt in L∞(0, T ;L2) weakly star,

ϕlt → ϕt in L∞(0, T ;H1) weakly star.

Using Sobolev embedding theorem, Lemmas 3.2, 3.3 and (3.6), (3.7), (3.8), we deduce that∣∣εl∣∣2 → |ε|2 in L∞(0, T ;H1) weakly star,

nlεl → nε in L∞(0, T ;L2) weakly star,∣∣εl∣∣p εl → |ε|p ε in L∞(0, T ;L2) weakly star.

Hence taking l → ∞ from (3.1)-(3.4), by using the density of ωj in L2(Ω) we get the existence of local
generalized solution for the periodic initial value problem (1.4)-(1.7). LettingD→∞, the existence of local
solution for the initial value problem (1.4)-(1.7) can be obtained. By the continuation extension principle
and a prior estimates, we can get the existence of global generalized solution for problem (1.4)-(1.7).
Theorem 3.4 is proved.

Next, we prove the uniqueness of solution.

Theorem 3.5. Suppose that ε0(x) ∈ H3, n0(x) ∈ H2, ϕ0(x) ∈ H3 and 0 < p 6 2 with ‖ε0(x)‖L2 small. Then the
global generalized solution of the initial value problem (1.4)-(1.7) is unique.

Proof. Assume that there are two solutions ε1, n1, ϕ1 and ε2, n2, ϕ2. Let

ε = ε1 − ε2, n = n1 −n2, ϕ = ϕ1 −ϕ2.

From (1.4)-(1.7) we get

iεt +∆ε− (n1ε1 −n2ε2) +α(|ε1|
pε1 − |ε2|

pε2) = 0, (3.9)

ϕt −n−
[
|ε1|

2 − |ε2|
2] = 0, (3.10)

nt −∆ϕ = 0, (3.11)

with initial data
ε|t=0 = n|t=0 = ϕ|t=0 = 0. (3.12)

From Lemma 2.5, we know that

sup
06t6T

[‖εµ‖H3 + ‖nµ‖H2 + ‖ϕµ‖H3 ] 6 C,

sup
06t6T

[‖εµt‖H1 + ‖nµt‖H1 + ‖ϕµt‖H2 ] 6 C, µ = 1, 2.
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Taking the inner product of (3.9) and ε, it follows that

(iεt +∆ε− (n1ε1 −n2ε2) +α(|ε1|
pε1 − |ε2|

pε2), ε) = 0. (3.13)

Since
Im(iεt, ε) =

1
2
d

dt
‖ε‖2

L2 , Im(∆ε, ε) = 0,

|Im(n1ε1 −n2ε2, ε)| 6 |(nε1 +n2ε, ε)| 6 (‖n‖L2‖ε1‖L∞ + ‖n2‖L∞‖ε‖L2) ‖ε‖L2

6 C
(
‖n‖2

L2 + ‖ε‖2
L2

)
,

|Imα (|ε1|
pε1 − |ε2|

pε2, ε)| 6 |α (|ε1|
pε+ ε2 (|ε1|

p − |ε2|
p) , ε)|

6 C
(
‖ε1‖pL∞‖ε‖L2 + ‖ε2‖L∞‖ε‖L2

)
‖ε‖L2

6 C‖ε‖2
L2 ,

where the second inequality used

||ε1|
p − |ε2|

p| =
∣∣∣p [θ|ε1|+ (1 − θ)|ε2|]

p−1 (|ε1|− |ε2|)
∣∣∣

6 p [θ‖ε1‖L∞ + (1 − θ)‖ε2‖L∞ ]p−1
|ε|

6 C|ε|, 0 < θ < 1,

(3.14)

thus from (3.13) we get
d

dt
‖ε‖2

L2 6 C
(
‖n‖2

L2 + ‖ε‖2
L2

)
. (3.15)

Taking the inner product of (3.10) and ϕ it follows that(
ϕt −n−

(
|ε1|

2 − |ε2|
2) ,ϕ

)
= 0. (3.16)

Since

(ϕt,ϕ) =
1
2
d

dt
‖ϕ‖2

L2 ,

|(−n,ϕ)| 6 C(‖n‖2
L2 + ‖ϕ‖2

L2),∣∣(− (
|ε1|

2 − |ε2|
2) ,ϕ

)∣∣ = |(ε · ε1 + ε2 · ε,ϕ)|
6 C(‖ε1‖L∞‖ε‖L2 + ‖ε2‖L∞‖ε‖L2)‖ϕ‖L2

6 C(‖ε‖2
L2 + ‖ϕ‖2

L2),

thus from (3.16) we obtain
d

dt
‖ϕ‖2

L2 6
(
‖n‖2

L2 + ‖ϕ‖2
L2 + ‖ε‖2

L2

)
. (3.17)

Differentiating (3.11) with respect to t, then taking the inner product of the resulting equation and nt, we
get

(ntt −∆ϕt,nt) = 0. (3.18)

Since

(ntt,nt) =
1
2
d

dt
‖nt‖2

L2 ,

(−∆ϕt,nt) = (−∆n−∆(|ε1|
2 − |ε2|

2),nt),
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(−∆n,nt) =
1
2
d

dt
‖∇n‖2

L2 ,

∣∣(∆ (
|ε1|

2 − |ε2|
2) ,nt

)∣∣ = |(∆(ε · ε1 + ε2 · ε),nt)|
6 C

(
‖∆ε‖L2‖ε1‖L∞ + ‖ε‖L∞‖∆ε1‖L2

)
‖nt‖L2

+C
(
‖∇ε‖L4‖∇ε1‖L4 + ‖∆ε2‖L2‖ε‖L∞)‖nt‖L2

+C
(
‖∆ε‖L2‖ε2‖L∞ + ‖∇ε2‖L4‖∇ε‖L4

)
‖nt‖L2

6 C
(
‖∆ε‖2

L2 + ‖∇ε‖2
L2 + ‖ε‖2

L2 + ‖nt‖2
L2

)
,

thus from (3.18) we get

d

dt

[
‖nt‖2

L2 + ‖∇n‖2
L2

]
6 C

(
‖∆ε‖2

L2 + ‖∇ε‖2
L2 + ‖ε‖2

L2 + ‖nt‖2
L2

)
. (3.19)

Taking the inner product of (3.9) and ∆ε, it follows that

(iεt +∆ε− (n1ε1 −n2ε2) +α(|ε1|
pε1 − |ε2|

pε2),∆ε) = 0.

Since
|(iεt,∆ε)| 6 ‖εt‖L2‖∆ε‖L2 , (∆ε,∆ε) = ‖∆ε‖2

L2 ,

|(n1ε1 −n2ε2,∆ε)| = |(nε1 +n2ε,∆ε)| 6 (‖n‖L2‖ε1‖L∞ + ‖n2‖L4‖ε‖L4) ‖∆ε‖L2

6 C

(
‖n‖L2 + ‖∇ε‖

1
2
L2‖ε‖

1
2
L2

)
‖∆ε‖L2

6 C (‖n‖L2 + ‖ε‖L2 + ‖∇ε‖L2) ‖∆ε‖L2 ,

|α (|ε1|
pε1 − |ε2|

pε2,∆ε)| 6 |α (|ε1|
pε+ ε2 (|ε1|

p − |ε2|
p) ,∆ε)|

6 C
(
‖ε1‖pL∞‖ε‖L2 + ‖ε2‖L∞‖ε‖L2

)
‖∆ε‖L2

6 C‖ε‖L2‖∆ε‖L2 .

It follows that

‖∆ε‖L2 6 C (‖εt‖L2 + ‖n‖L2)C (‖ε‖L2 + ‖∇ε‖L2) . (3.20)

Differentiating (3.9) with respect to t, then taking the inner product of the resulting equation and εt, we
get

(iεtt +∆εt − (n1ε1 −n2ε2)t, εt) + (α (|ε1|
pε1 − |ε2|

pε2)t , εt) = 0. (3.21)

Since
Im(iεtt, εt) =

1
2
d

dt
‖εt‖2

L2 , Im(∆εt, εt) = 0,

|Im (−(n1ε1 −n2ε2)t, εt)| = |Im(ntε1 +nε1t +n2tε, εt)|
6 C(‖ε1‖L∞‖nt‖L2 + ‖ε1t‖L4‖n‖L4)‖εt‖L2 +C‖n2t‖L4‖ε‖L4‖εt‖L2

6 C(‖nt‖2
L2 + ‖∇n‖2

L2 + ‖n‖2
L2 + ‖∇ε‖2

L2) +C(‖ε‖2
L2 + ‖εt‖2

L2),

|Im (α (|ε1|
pε1 − |ε2|

pε2)t , εt)| = |Im (α (|ε1|
pε+ ε2(|ε1|

p − |ε2|
p))t , εt)|

6
∣∣α (

|ε1|
p
t ε+ ε2t(|ε1|

p − |ε2|
p), εt

)∣∣+ |α (ε2(|ε1|
p − |ε2|

p)t, εt)|

6 C
(
‖ε1‖p−1

L∞ ‖ε1t‖L4‖ε‖L4 + ‖ε2t‖L4‖ε‖L4

)
‖εt‖L2
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+C
(
‖ε2‖L∞‖εt‖L2 ++‖ε2‖L∞‖ε‖L4‖ε1t‖L4

)
‖εt‖L2

+C‖ε2‖L∞‖ε‖L4‖ε2t‖L4‖εt‖L2

6 C
(
‖∇ε‖2

L2 + ‖ε‖2
L2 + ‖εt‖2

L2

)
,

where the second inequality used (3.14) and

|(|ε1|
p − |ε2|

p)t| 6
p

2
|ε1|
p−2 |εt · ε1 + ε · ε1t + ε2t · ε+ ε2 · εt|+

+
p

2

∣∣|ε1|
p−2 − |ε2|

p−2∣∣ |ε2t · ε2 + ε2 · ε2t|

6 C (|εt|+ |ε||ε1t|+ |ε2t||ε|) ,

thus from (3.21) we get

d

dt
‖εt‖2

L2 6 C
(
‖nt‖2

L2 + ‖∇n‖2
L2 + ‖n‖2

L2

)
+C

(
‖∇ε‖2

L2 + ‖ε‖2
L2 + ‖εt‖2

L2

)
. (3.22)

Obviously

d

dt
‖∇ε‖2

L2 = −2 Re (∆ε, εt)

6 C
(
‖∆ε‖2

L2 + ‖εt‖2
L2

)
, (3.23)

d

dt
‖n‖2

L2 = 2(nt,n) 6 C(‖nt‖2
L2 + ‖n‖2

L2). (3.24)

Hence from (3.15), (3.17), (3.19), (3.20) and (3.22), (3.23), (3.24) we obtain

d

dt

[
‖ε‖2

L2 + ‖n‖2
L2 + ‖ϕ‖2

L2 + ‖∇ε‖2
L2

]
+
d

dt

[
‖∇n‖2

L2 + ‖εt‖2
L2 + ‖nt‖2

L2

]
6 C

[
‖ε‖2

L2 + ‖n‖2
L2 + ‖ϕ‖2

L2 + ‖∇ε‖2
L2

]
+C

[
‖∇n‖2

L2 + ‖εt‖2
L2 + ‖nt‖2

L2

]
.

By using Gronwall inequality and noticing (3.12), it follows that

ε = 0, n = 0, ϕ = 0.

Theorem 3.5 is proved.

Using Lemma 2.6 and the embedding theorems of Sobolev spaces, the result of Theorem 1.1 is obvious.
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