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Abstract

In this paper, we first introduce the notions of («, 3)-generalized hybrid set-valued mappings, strongly attractive points,
attractive points and condition I’. Then we construct an iterative method for finding attractive points of («, 3)-generalized
hybrid set-valued mappings and obtain some convergence theorems of the proposed iterative scheme for («, 3)-generalized
hybrid set-valued mappings defined on a uniformly convex Banach space by using of condition I’ and demi-compact property,
respectively. (©2017 All rights reserved.
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1. Introduction and preliminaries

Let X be a Banach space and C be a nonempty subset of X, and let N and R be the sets of positive
integers and real numbers, respectively. We denote CB(X) and F(T) by the families of nonempty closed
and bounded subsets and fixed points set of T, respectively. H is Hausdorff metric defined by

H(A, B) = max{sup d(x, B),sup d(y, A)},
XEA yeB
where d(x,B) =inf{||x —z|| : z € B} and d(y, A) = inf{||y — z|| : z € A}
In 2010, Kocourek et al. [16] firstly introduced the notions of generalized hybrid mappings, which con-

tains the classes of nonexpansive mappings, nonspreading mappings, and hybrid mappings. A mapping
T:C — Cis called («, 3)-generalized hybrid if there exist o, 3 € R such that

o [Tx — Ty||* + (1 — ) x — Ty < B Tx —y[> + (1 — B)Ix —yl?
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for all x,y € C. T is called nonexpansive if T is (1,0)-generalized hybrid; T is said to be hybrid if T is
(%, %)—generalized hybrid [22], that is,

3HTx—TyH2 < ||x—TyH2 + HTx—sz + HX—yHZ, for each x,y € C.
T is called nonspreading if T is (2,1)-generalized hybrid [17], that is,
2||Tx—TyH2 < Hx—TyHZ+ HTx—sz, for each x,y € C.

In 2005, Sastry and Babu [19] introduced the Ishikawa iterative scheme for set-valued mappings in the
following: let T : C — CB(C) be a set-valued mapping and fix p € F(T),

x1 € C,
Yn = (1— Bn)xn + Bnzn

foralln € N and {n} C (0,1), zn € Txn with ||z, —p|| = d(p, Txn) and

X1 € C,
Xnt1 = (1= PBn)xn + anﬁ

foralln € N and {an} C (0,1), z}, € Tyn with ||z}, —p|| = d(p, Tyn)-
In 2007, Agarwal et al. [2] introduced an iteration scheme for single-valued mappings. This iteration
scheme is as the following;:

x1 € C,
Xnt+1 = (1= an)Txn + anTyn,
Yn = (1= Bn)xn + BnTxn
foralln € N and {an}, {Bn} C (0,1).
In 2011, Takahashi and Yao [24] got fixed point theorems and ergodic theorems for nonlinear mappings

in Hilbert spaces. Kocourek et al. [16] also obtained fixed point theorems and weak convergence theorems
of the Mann’s iteration for generalized hybrid mappings in Hilbert spaces. This iteration scheme is as the

following:
X1 € C,
1.1
{ Xnil = XnXn + (1 —on)Txn (1.1)

foralln € N and {xn} C (0,1).
In 2012, Khan and Yildirim [15] introduced a multi-valued mapping version of the iteration scheme
(1.1). This iteration scheme is as the following;:

X1 € C,

Xn41 = (1 - o‘n)vn + Xnlun,

Yn = (1 - Bn)xn + Bnvn
foralln € N and v € Pr(xn), un € Pr(yn) and {on}, {Bn} C (0,1).

In 2015, Zheng [26] obtained convergence theorems of the Ishikawa iteration for («, 3)-generalized
hybrid mappings. This iteration scheme is as the following:

X1 € C,
Xn+1 = (1 - ‘Xn)xn + “nTUnz
Yn = (1 - Bn)xn + BnTxn

foralln € N and {otn }, {Bn} C (0,1).



L. Chen, L. Gao, Y. Zhao, J. Nonlinear Sci. Appl., 10 (2017), 1228-1237 1230

A great deal of results involving («, 3)-generalized hybrid mappings, nonexpansive mappings and
fixed points were obtained by several authors [1, 3, 4, 6-10, 12-14, 18, 21, 23].
T:C — CB(C) is said to be demi-compact [11] if for each sequence {x,,} in C such that

Iim d(xn, Txn) =0,

n—o0

then there exists a subsequence {xn, } of {xn} such that

lim xn,, =x € C.
k—o00

We now recall some basis definitions and useful lemmas.

Definition 1.1 ([20]). Let X be a Banach space and C be a nonempty subset of X. A mapping T: C — C
is said to satisfy condition I if there is a nondecreasing function f : [0,00) — [0, 00) with f(0) = 0 and
f(a) > 0 for each a € (0, +o0) such that

IIx — Tx|| = f(d(x,A(T))) for each x € C,
where d(x, A(T)) =inf{||x —p| : p € A(T)}.

Definition 1.2 ([5]). A Banach space X is said to be uniformly convex if for each ¢ € [0,2], there exists
S > 0 such that

xX+Yy
Il =1yl =1=l—~l<1-3
whenever ||x —y|| > .

Lemma 1.3 ([25]). Let q > 1 and v > 0 be two fixed real numbers. Then a Banach space X is uniformly convex if
and only if there exists a continuous strictly increasing convex function g : [0,00) — [0, 00) with g(0) = 0 such
that

A+ (1 =Ay [T < AT+ (1 =AYyl —wqMg(lx—yl)

foreach x,y € B+(0) ={x € X : ||x|| <r}and A € [0,1], where wq(A) =A9(1—=A) +A(1—A)9.

In this paper, we first introduce the notions of («, 3)-generalized hybrid set-valued mappings, strongly
attractive points, attractive points and condition I’. Moreover, we propose a new iteration for finding
attractive points of an («, 3)-generalized hybrid set-valued mapping and obtain convergence theorems of
an («, B)-generalized hybrid set-valued mapping. This iterative scheme is denoted by the following:

X1 € C,
Xn+1 = (1 - o‘n)xn + XnlUn, (12)
in = (1 _Yn)yn + YnWn

foralln € Nand un € Tzn, yn € T((1 — Br)xn + Bnwn), Wn € Txn, {an}, {Bn}, {yn} C (0,1).

2. Main results

We begin with this section by introducing the notions of («, 3)-generalized hybrid set-valued map-
pings, strongly attractive points, and attractive points.

Definition 2.1. A mapping T : C — C is called («, )-generalized hybrid set-valued if there exist o, f € R
such that
oH?(Tx, Ty) + (1 — &) d*(x, Ty) < Bd*(y, Tx) + (1 —B)[x —y||?

for all x,y € C.
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Definition 2.2. Let X be a Banach space and C be a nonempty subset of X, and let T : C — 2X\{(}}. A point
p € Xis called a strongly attractive point of T if for all x € C, we have

H(p, T) < [p— .
We denote by SA(T) the set of all strongly attractive points of T, that is,
SA(T) ={p e X: H(p,Tx) < |lp —x]| for all x € C}.

Definition 2.3. Let X be a Banach space and C be a nonempty subset of X, and let T : C — 2X\{(}}. A point
p € X is called an attractive point of T if for all x € C, we have

d(p, Tx) < [lp —x].
We denote by A(T) the set of all attractive points of T, that is,
A(M)={peX: dlp,Tx) < |[p—x| forall x € C}.

It is obvious that SA(T) C A(T). Now, using condition I and the set SA(T) we can introduce the notion of
condition I’.

Definition 2.4. Let X be a Banach space and C be a nonempty subset of X. A mapping T : C — C is said
to satisfy condition I, if there is a nondecreasing function f : [0,00) — [0, 00) with f(0) = 0 and f(a) > 0
for each a € (0, +o0) such that

|lx — Tx|| = f(d(x,SA(T))) for each x € C,
where d(x, SA(T)) = inf{||x —p|| : p € SA(T)}.

It is not difficult to see that if a mapping T satisfies condition I’, then T satisfies condition I. Next, we
discuss convergence theorems of an («, 3)-generalized hybrid set-valued mapping in a uniformly convex
Banach space.

Theorem 2.5. Let C be a nonempty closed convex subset of a uniformly convex Banach space X and let T : C —
CB(C) be an («, B)-generalized hybrid set-valued mapping with SA(T) # 0. Suppose that the sequence {xn} is
generated by the iterative scheme (1.2), where un € Tzn, Yn € T((1 — Bn)Xn + BnwWn), Wn € Txn, {an}, and
{Bn}and {yn} belong to (0,1) such that

liminf ot fn (1—Bn)(1 —vn) > 0. (2.1)

Then the following conclusions hold:
(1) the sequence {xn} is bounded;

(2) imn o ||xn —p|| exists for each p € SA(T);
(3) limp 00 d(xn, Txn) =0.

Proof. Let p € SA(T), we have

H(T((1 = Bn)xn + Bnwn),p)
[(1—Bn)xn + Brnwn —p|
1—Bn)lxn =Pl + Bnllwn —p|
1—Bn)[xn —pll + BnH(Txn, p)
1=Bn)lxn =Pl + Bnllxn —pll
= [Ixn —pll,

lun —pll

<
<
<
<
<

|
(
(
(
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lzn =PIl = [[(1 = VYn)yn +¥Ynwn — ||
< (1 =vn)llyn =Pl +vnlwn =7l
< (A =vn)llyn =Pl +vnH(Txn, p)
< (I =vn)l[yn —pll+vnlxn — 7l
< (I =vn)lxn =Pl +vnlxn—pll
= [[xn —pll,
and

[Xn1—pl = (1 — atn)xn + xtnun —p|
< (I=an)lxn = pll + onllun —p|
< (1= an)|xn = pll + anH(Tzn, p)
< (1= an)llxn = pll + onllzn —p||
< (1= an)lxn = pll + onflxn —p|

[en = pll,

which implies the sequence {||xn, — p||} is nonincreasing. Therefore, the limit limy _,« ||xn — p|| exists for
each p € SA(T). Hence the sequence {x,,} is bounded.
Now we show the last conclusion holds. Let r > ||x; — p||, then we get

[un —pll < H(Tzn,p) < [lzn =Pl < [xn —pl <1,
[yn =Pl < lxn—pll <,
and

[Wn =Pl S H(Txn, p) < [Ixn —plf <7

It follows from Lemma 1.3 that

X1 =Pl =[(1—on)xn + oanun —plf?
<(1—otn)[[xn —pII* + ot [lun —p?
<(1 = o) [lxn —P|* + n H?*(Tzn, p)
<(1— on)[lxn = pI* + &nllzn —p|I?

)
)
— o) [[xn _pH2 + o[ (I —=vn)Yn +YnWn _pHZ

)[xn _pH2 + ot (1 —vn)llyn _sz + otnYn|wn _pH2
)

)

)

)

— &n
[[xn — sz+o‘n( —Yn)|lyn — pH + onynH (Txn,p)

—atn )
)[yn — pHZ + otnYnl[xn — pH2
)
)

—atn)|Xn — pH2+ocn(1 Yn
H2(T((1 = B )xXn 4 Brwn ), P) + o ¥n|Ixn — 12
P)Hz‘f’o‘nYnHXn_PHZ

— on)|lxn = PIP + &n (1 —yn
1—an)|[xn — 'PH + o (T =yn)[(T=Bn)(xn —P) + Bn(wn —
(1— o + onyn) ”Xn_pH + ot (1 =yn) (1= Bn)lxn — PHZ
+Bnllwn — p”z Bn(l—PBn)g Hwn_xn”)
<(1—on + onyn)lxn — pH2+°‘n1 Yn)[(l—ﬁn)HXn_PHZ

+ﬁnH2(TXn/p)_ﬁn(l_ﬁn )g(|lwn —xn|])]
<(1—an + anyn) ”Xn_pH2‘|‘°Cn(1_Yn)[(1—Bn)HXn_PHZ
+ Bnllxn = p? = B (1= Bn)g(llwn —xn )]
:Hxn_sz_O‘an(l—Bn)(l—Yn)Q(HWn_an)

(
(1
(1
(1
(1
(1
(1
(

NN //\ //\ //\ //\
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<Hxn _pHZ — o PBn(l—PBn)(1—vn)gld(xn, Txn)).
Then
ot B (1= Br) (1 = n)g(d(xn, TXn)) < [Ixn —PI* = Xn 11— Pl
Hence
23210 Bn (1= Bn) (1 =vn)g(d(xn, Txn)) < X1 —plf* < +o0.
In view of
lim inf ot B (1 — B )(1—7vn) >0,
n—oo
which implies
lim g(d(xn, Txn)) =0.
n—,oo
Since g is continuous, strictly increasing, convex, and g(0) = 0, we have
lim d(xn, Txn) =0,
n—oo
which completes the proof. O

By Theorem 2.5, we show a strong convergence theorem of an («, 3)-generalized hybrid set-valued

mapping in a uniformly convex Banach space.

Theorem 2.6. Let C be a nonempty closed convex subset of a uniformly convex Banach space X and let T : C —
CB(C) be an (e, B)-generalized hybrid set-valued mapping with SA(T) # 0 and satisfy condition 1'. Suppose that
the sequence {xn} is generated by the iterative scheme (1.2), where un € Tzn, Yyn € T((1 — Pn)xn + Pnwn),
Wn € Txn, and the sequences {on}, {Bn} and {yn} belonging to (0,1) satisfy (2.1). Then the sequence {xn}

converges strongly to an attractive point of T.

Proof. It follows from Theorem 2.5 that the sequence {x,} is bounded, the sequence {||xn — p||} is nonin-

creasing, and
li_r>n |lxn —p|| exists for each p € SA(T).
n—oo

We also have
lim d(xn, Txn) =0.
n—oo
In view of Definition 2.4, we obtain
lim f(d(xn,SA(T))) =0,
n—oo
which implies
lim d(xn,SA(T)) =0.

n—oo

(2.2)

Next, we show that the sequence {x,} is a Cauchy sequence. Indeed, for any n,m € N, without loss of

generality, we suppose m > n, then
Ixm =PIl < I =P, for each p € SA(T),
and
[ =xm|l < [xn =Pl +[Ip = xm| < 2[xn =Pl

Thus, we obtain
Ixn —xmll < 2inf{xn —pll : p € SA(T)} = 2d(xn, SA(T)).

Combining with (2.2), we get
lim ||xn —xm| =0.
,L—00
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Thus {x} is a Cauchy sequence. Since X is uniformly convex, then there exists u € X such that
lim |xn —u| =0.
n—oo

Then

lim d(u, Txn) < lim [[xn —u||+ lim d(xn, Txn) =0.
n—oo n—oo n—oo

It follows that
Iim d(u, Tx,) =0.

n—oo
Now, we prove u € A(T). Since T is an («, 3)-generalized hybrid set-valued mapping, for each x € C, we
have
oaH2(Txn, Tx) + (1 — &) d?(xn, Tx) < BA2(x, Txn) + (1 —B)||xn —x||*.

Then
oH? (Txn, Tx) + (1 — &) d?(xn, Tx) < BlA(x, 1) + d(w, Txn)? + (1 —B)|[x —ul/® (2.3)

Since d(xn, Tx) > d(u, Tx) — d(u, xn) and d(u, xn) < d(u, Tx) for n large enough, then
d?(xn, Tx) > [d(u, Tx) — d(u, xn)1%,
which implies
oaH2(Txn, Tx) + (1 — &) [d(w, Tx) — d(u, xn))? < aH2(Txn, Tx) + (1 — a)d?(xn, Tx) (2.4)

for n large enough. Since d(u, Txn) — 0, then there exists yn € Tx, such that [[u—yn| = 0 (n — o).
From the definition of Hausdorff metric, it follows that

H(Txn, Tx) = max{ sup d(y, Tx), sup d(z, Txn)} = sup d(y, Tx) > d(yn, Tx).
yeTxn zeTx yeTxn

Since ‘ .
du, Tx) = inf |lu—y| < inf {lu—ynl+ [lyn —yl}
yeTx yeTx
= [lu—ynl+ inf [[yn—y|
yeTx

= Hu_UnH + d(ym TX)/

we deduce that
d(yn, Tx) = d(u, Tx) — [u—yn]|.

Therefore
H(Txn, Tx) > d(u, Tx) — [[u—yn|.

We notice that [[u—yn|| < d(u, Tx) for n large enough, thus

H?(Txn, Tx) > [d(u, Tx) — |Ju—1yn|]% (2.5)
Combining with (2.3), (2.4), and (2.5), we have
H2(Txn, Tx) 4 (1 — &) d?(xn, TX)

ald(u, Tx) — |[u—ynl[I> + (1 — o) [d(u, Tx) — d(w,xn)? < «
Bld(x,u) + d(w, Txn ) + (1= B)x —u|*.

<
<

Let n — oo, we obtain
dz(u,Tx) < Hx—qu,

which implies
d(u, Tx) < ||x —u/|, for any x € C.

Hence u € A(T). This completes the proof. O

Using Theorem 2.5 and demi-compact property, we get the following theorem.
g pact property, g g
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Theorem 2.7. Let C be a nonempty closed convex subset of a uniformly convex Banach space X and let T : C —
CB(C) be an (e, B)-generalized hybrid and demi-compact set-valued mapping with SA(T) = A(T) # 0. Suppose
that the sequence {xr,} is generated by the iterative scheme (1.2), where un € Tzn, Yn € T((1 — Bn)xn + Bnwn),
Wn € Txn, and {on}, {Bn}, and {yn} belonging to (0,1) satisfy (2.1). Then the sequence {xn} converges strongly
to an attractive point of T.

Proof. 1t follows from Theorem 2.5 that the sequence {x, } is bounded and
lim ||xn —p|| exists for each p € SA(T),
n—o00

and
lim d(xn, Txn) =0.

n—o0

Noticing that T is demi-compact, there is a subsequence {xn,} C {xn} and a point q € X such that
lim [xn, — q = 0.
1—00

Thus
lim d(q, Txn,) < lim [d(xn,, Txn,) + [|xn, — qlll,

1—00 1—00
which implies
lim d(q, Txn,) =0.

i—00

From the definition of («, 3)-generalized hybrid set-valued mapping, it follows that
oH? (Txn,, Tx) + (1 — o) d?(xn,, TX) < Bd2(x, Txn,) + (1= B)[xn, — x|?

for each x € C. In a similar way to Theorem 2.6, we deduce q € A(T). Since lim;_, ||xn, — q|| = 0 and
limn o0 ||Xn — q|| exists, we get

lim ||xn —ql =0.

n—oo

This completes the proof. O

To end this section, we give an example to show that an («, 3)-generalized hybrid set-valued mapping
which fails to be nonexpansive has an attractive point.

Example 2.8. Let C =[0,3] and T : C — CB(C) is defined by

{0}, if x #3,
Tx =
[0.5,1], ifx=23.

We pick x = %, y = 3, then

H(Tx, Ty) = H({0},[05,1])) =1 > - =[x —y||.

W[ =

Therefore, T is not a nonexpansive mapping. Let « = 2,p = I, we verify that T is a (2, })-generalized
hybrid set-valued mapping, that is,

1 1
2H?(Tx, Ty) < dz(x,Ty) + Edz(Tx,y) + EHx—yHZ.

Next, we consider the following four cases:
Case I. Let x,y € [0,3), then

1 1
2H?(Tx, Ty) = 2H?({0},{0}) = 0 < d?(x, Ty) + §d2(Tx,y) + QHX—UHZ-
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Case II. Let x =3,y € [0, 3), then

2H?(Tx, Ty) = 2H2([0.5,1],{0}) =

and
d*(x, Ty) + 5 dZ(Tx y) fllx y||> = d*(3,{0) + 5 dz(y, 0.5,1]) H3 yl> >
Hence 1
ZHZ(TX Ty) < dz(x Ty) + 2d2(T>< y) fo sz

Case III. Let x € [0,3),y = 3, then
2H?(Tx, Ty) = 2H?*({0}, [0.5,1]) =2,

and
d*(x, Ty) + 5 dZ(Txy fllx y|? = d®(x,[0.5,1]) + = dz({O}S f\|x—3||2

N\@

Thus
2H2(Tx, Ty) < d?(x, Ty) + = dZ(Tx y) Hx y|I%.

Case IV. Let x =y = 3, then

1
2H?(Tx, Ty) = 2H%([0.5,1],[0.5,1]) = 0 < d?(x, Ty) + 2d2(Tx y) Hx yl*.

Therefore, T is a (2, %)-generalized hybrid set-valued mapping. For each x € [0, 3], we have
H(Tx,0) < ||x—0],

which implies 0 is an attractive point of T.
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