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Abstract

In the present paper, we consider the split variational inequality and fixed point problem that requires to find a solution
of a generalized variational inequality in a nonempty closed convex subset € of a real Hilbert space H{ whose image under a
nonlinear transformation is a fixed point of a pseudocontractive operator. An iterative algorithm is introduced to solve this split
problem and the strong convergence analysis is given. (©2017 All rights reserved.
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1. Introduction

Let H be a real Hilbert space equipped with inner product (-,-) and norm || - ||. The convex feasibility
problem can be mathematically formulated as finding a point p” such that

k
m=1

where {C’m}hl:l C J{ are nonempty closed convex sets. The convex feasibility problem (1.1) has received
so much attention due to its extensive applications in many applied disciplines as diverse as approxima-
tion theory, image recovery and signal processing, control theory, biomedical engineering, communica-
tions, and geophysics. As a special case of the convex feasibility problem, the split feasibility problem can
be stated as the following.

Let 3; and 3, be two real Hilbert spaces. Let € C H; and Q C H, be two closed convex sets. Let
Y : H; — H; be a bounded linear operator. In this setting, the split feasibility problem is to find a point
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p” such that
pPe€ and VY(p’) Q.

This problem comes from the intensity-modulated radiation therapy. Since then, a large number of
split problems have been introduced and studied extensively. The reader can refer to: Byrne [2], Ceng
et al. [3, 4], Censor et al. [5-7], He et al. [10, 11], Qu and Xiu [15], Xu [17, 18], Yang [19], Yao et al.
[21, 23, 26], Zhao [30], and the references therein.

Let ¢ C H be a nonempty closed convex set. Let B : € — J, ¥ : € — €, and T : € — C be three
nonlinear operators. Recall that the generalized variational inequality (GVI) is to find u” € € such that

(BW, (V) - () >0, W ek (1.2)
If ¥ =7, then (1.2) reduces to the variational inequality of finding u’ € @ such that
(Bu’,v —1’) >0, W’ eC.

Variational inequalities have played an import role in the study of several unrelated problems arising in
physics, finance, economics, network analysis, elasticity, optimization, water resources, medical images,
and structural analysis. For some related work, please refer to: Facchinei and Pang [8], Iusem [12],
Glowinski [9], Korpelevich [13], Noor [1], Yao et al. [20, 22, 24, 25, 27], Zegeye et al. [28], and Zhang et al.
[29].
In this article, we will study the split variational inequality problem and fixed point problem of finding
a point x” such that
p” € GVI(B,¥,€) and VY(p°) € Fix(7), (1.3)

where GVI(B, Y, €) is the solution set of (1.2) and Fix(7) is the fixed points set of T.

We introduce a new iterative algorithm to solve (1.3). We prove the strong convergence of the presented
algorithm under some mild conditions.
2. Preliminaries

In this section, we give several definitions and lemmas.

Definition 2.1. An operator 7 : € — C is said to be L-Lipschitz continuous if
|Tuf — TV < LJuf —=vf|, vufviee,
where L is a positive constant.

Definition 2.2. An operator 7 : € — C is called pseudocontractive if

(Tut — v, uf —vb) < Juf =i, vufviee,
or

[Tul — T2 < uf =2 4 (T = D)uf — (@@= T2, vul v ee
Definition 2.3. An operator B : ¢ — H is said to be

e monotone if
(ub —, Bub —Bvb> >0, Vu’, Vv’ eC.

e strongly monotone if
W =V, Bu® — BV = 5|lu’ =V %, v,V €@,

where 90 is a positive constant.
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e inverse strongly monotone if

b

W —v", Bu’ —BV) > | Bu’ — BV |2, v,V e,

where « is a positive constant.
e o-inverse strongly Y-monotone if
<‘1’(uT) —‘P(VT),Bub — Bvb> > ocHQSub — Bv"”z, vl v e e,
where ¥ : ¢ — C is a nonlinear operator and « is a positive constant.

Let A : K — 2% be a set-valued operator. The effective domain of A is denoted by dom(A), i.e.,
dom(A) = {x € H : Ax # 0}. A multi-valued operator A is said to be a monotone on H iff (x —y,u—v) >0
for all x,y € dom(A), u € Ax, and v € Ay. A monotone operator A on I is said to be maximal iff its
graph is not strictly contained in the graph of any other monotone operator on J.

For any W € J, there exists a unique nearest point in €, denoted by proj,[1t°] satisfying

[w” — proje || < [[u” —uf]],
forall uf € €.

The operator proj, : H — € is firmly nonexpansive. Especially,

(ub —proj(:/,[ub],uJr —proje[ubb <0, vu® e J-C,uJr € C. (2.1)

We call the operator T is demiclosed if the following relationship holds
Un — tand Tu, — wimply T(i) =u.
Lemma 2.4 ([23]). Let H be a Hilbert space. Let T : H — JH be a x-Lipschitz pseudocontractive operator. Then,
(1= o)u? + oT((1—8)uf + 6Tuf) —u’||2 < [uf = |> + o(o— 8)[| T((1 — 8)u? + 6Tuk) —ub||?,
for all uf € Hand v’ € Fix(T), when 0 < 0 < 6 < \/H%H'
Lemma 2.5 ([23]). Let 3 be a Hilbert space. Let T : 70 — I be a x-Lipschitzian operator with k > 1. Then,

Fix(((1 —=v)T+vT)T) = Fix(T((1 —v)I +v7T)) = Fix(7),

forallv € (0, %).

Lemma 2.6 ([31]). Let J{ be a real Hilbert space, and C a closed convex subset of . Let T : € — € be a continuous
pseudocontractive operator. Then I — T is demi-closed at zero.

Lemma 2.7 ([23]). Let H be a Hilbert space. Let T : H{ — J be a k-Lipschitzian operator with k > 1. If I — T is
demiclosed at 0, then 3 — T ((1 —v)J +v7) is also demiclosed at 0 when v € (0, %).

Lemma 2.8 ([16]). Let {oon} C [0,00), {on} C (0,1), and {pn} be three sequences such that
Oni1 < (I1—op)®n+pn, n > 1
Assume the following restrictions are satisfied
(i) > 1 0n =00
(ii) limsup, ., < 0or > o lpnl < oo
Then, limp oo @n = 0.
Lemma 2.9 ([14]). Let {wn} be a sequence of real numbers. Assume {wn} does not decrease at infinity, that is,

there exists at least a subsequence {wn, } of {wn} such that wy,, < wn, 41 for all k > 0. For every n. > Ny, define
an integer sequence {T(n)} as

T(n) =max{i <n:wn, < Wy 1)

Then, T(n) — oo as 1 — oo and for all n > Ny

maX{WT(n)/Wn} < Wr(m)+1-
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3. Main results
In this section, we consider the following split problem.

Problem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space 7. Let ¥ : C — C be a
weakly continuous and §-strongly monotone mapping such that its rang R(W) = €. Let B : € — H be an
a-inverse strongly W-monotone mapping. Let T : C — C be a k-Lipschitzian pseudocontractive operator
with k > 1.
Our objective is to
find x* € GVI(B,V¥,€) such that W(x¥) e Fix(7). (3.1)

Denote the solution set of (3.1) by S, thatis, S = GVI(B, V¥, C) NY~(Fix(7)). In the sequel, we assume
S # (). We firstly present our algorithm for solving the split problem (3.1).

Algorithm 3.2. For given initial value x( € C arbitrarily, let the sequence {x,,} be generated iteratively by

{un:=pnmﬁano¢Um)+41—«Mdexn)—vn8xnn, 62)

Y(xnt1) =9nWlxn) + (1 =9)[(1 = on)un + onT((1 = 0n)un + 0 Tun),n >0,
where ¢ : € — H is an L-Lipschitz continuous operator, {otn}, {On}, {on}, and {6} are four real number

sequences in [0, 1], {yn} is a real number sequence in (0, c), and o > 0 is a constant.

Theorem 3.3. Assume the following conditions are satisfied:

(C1) limpnyoo0tn =0and ) | an = 00;
(C2) 0 <liminfy, ;0o ¥ <limsup, , O <land0<a<on, <c<dp <b< ﬁ;
(C3) 0 <liminfy, ;oo yn <limsup,, ,  vn <2xand b € (Lo, 20).

Then, the sequence {xn} generated by (3.2) converges strongly to x* € S which solves the following variational
inequality
(odp(xH) —W(xH),¥(x") —¥(xH)) <0, WX’ €S. (3.3)

Proof. According to the strong monotonicity of ¥, we have
8x —yl* < (Y(x) = ¥(y), x —y) < V0 =¥ )llIx—yl, ¥yeC.

Thus,
[W(x) =¥yl = 8lx—yll, ¥x,yeC. (3.4)

Now, we show that the solution of the variational inequality (3.3) is unique. Assume that both x* and X
solve (3.3). Then, we obtain

(op(x") —W(x*), V(X)) —¥Y(x) <0 and (odp(X)—Y(X),¥Y(x")—-¥ (&) <O0.

Hence,
(odp(X) —V(R) —odp(x") +W(x*),W(x") —¥(x)) <O0.

It follows that

), ¥(x*) =¥(X)) < of|d(x™) — d(R)[[[[¥(x™) = ¥(X)].

=N

() = ¥(®)* < o(b(x*) — b
This together with (3.4) implies that
S[x" — x| < [[W(x") = ¥(R)]| < of|d(x™) — (X)[| < oL[]x™ —x]|.

Since oL < 9, by the condition (C3), we deduce x* = X immediately. So, the variational inequality (3.3)
has a unique solution denoted by x*. Thus, x* € GVI(B,V¥,C) and ¥(x}) € Fix(7). By (2.1), we have
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Y(xt) = proje [W(x) —ynBxi] for all n > 0. Since B is a-inverse strongly W-monotone, we derive

[(W(x) —yBx) — (W(xF) —yBxh)|2
= [W(x) =W(x)[|> = 2y(Bx — BxF, W(x) = W(x})) +v?|| Bx — Bx*||?
(3.5)
< W) = Y|P = 2yex| Bx — BxF || + v Bx — BxF |2
< W) =Y 1P+ vy — 200 | Bx — BxF ||,
Applying (3.5) we get
1(¥(xn) = ¥nBxn) — (Y(x") =ynBx) > < [Wixn) =YX >+ Y (v —200) | Bxn — BxH|? 36)
< W (xn) =Y (xH)|P '
and
HW(XnH) —Yn+1Bxni1 — (Y(xn) —Yn+1BXn)H2
< W (nr1) = ¥n) I* + Yt (Yns1 — 200 | Bxn 1 — Bxn %
From (3.2), (3.4), and (3.6), we have
[un — W) = lprojelonod(xn) + (1 — oy ) (W(xn) —ynBxn )l — proje[‘i’(xi) —vnBxH|
< lom (0 (xn) —W(x )+vn3x ) + (1 — o) (W(xn) —YnBxn) — (W(xF) —ynBxH))||
< onflod(xn) = 0b ()| + an [od (xF) =W (xH) +ynBxH|
+ (1= o) || (W(xn) =Y Bxn) — (Y(x *)—vani)H
< ool xn —xin + anncqa(xi) —W(xh) +ynBXF| + (1= on) [Wxn) — ¥(x)|| (3.7)
< o 0L/5]¥(xn) H + ot | (xF) = W(xF) +yn BxH|
+ (1 — o) [[W(xn) ||
=[1—(1—0oL/8)an H‘P xn) = WO ||+ oo (xH) = W(xh) +yn BxY
<= (1= 0L/8)an][Wixn) = YOH)[| + on ([lod (xF) = WxH)|| + 2ex]| BxF).
By (3.6) and (3.7), we obtain
[un — ()7
< o (0 (xn) = W(xH) +ynBxt) + (1 — o) (¥ ( ) YrnBxn) — (Y(x) —ynBxH)|? (3.8)
< an[lod(xn) = W) +ynBXF* + (1— on) |(W vann) (W(x) —ynBxH)| '
< anllod(xn) —W(x i)+YnBXiH2 + (1 —an)[||¥ ( ) H2+Ynh’n_Zo‘)HBXn_BXiHZL
Setyn = (1 —on)un + 0nT((1 —0n)un + 61 Tuy ) for all n > 0. In view of Lemma 2.4, we deduce
lyn — W2 = ]|(1— Gn)un + onT (1 — 8 )un + SnTun) — W2
< lun =¥ ||2+0—n(0‘n_5n)”(]((1_5n)un+5n7un)_unHZ (3.9)
< lun — xi)ll?
From (3.2), (3.7), and (3.9), we have
W (xni1) = YO < Onl[Wlxn) = YH) | + (1= 0n) lyn — ¥ (x|
<O [[Wixn) = WO | + (1= 9n)[[un —W(H)|
< On|[W(xn) —W(xF) H+ (1-9 )1—(1—0L/6)an1\\W(xn)—W(xﬂn
+ (1 —9)on(||od( —y(xt )| +2oc||ﬂ3xiH) (3.10)

|
= [1— (1= 0L/8)(1—dn)atn]|[¥(xn) — ¥(x*)|
o, 199! xi) kil x* )| + 20 Bt

+(1—0L/8)(1—9n T




Y.-H. Yao, Y.-C. Liou, J.-C. Yao, J. Nonlinear Sci. Appl., 10 (2017), 843-854 848

By induction

1 -y i3 20lIB i
0] (1) < ma { (rg) — vy, LT =HODE 2B,

It follows that

) _ I i
I — 3] < W) — W) | < 2 max { [Wixg) — w(xt))), 1EON) = YODI + 2By
5 5

1—oL/b
Hence, {W(xn )} and {x,, } are all bounded. From (3.2), we have
Y(xng1) —¥Y(xn) = (1 _ﬁn)(yn —¥(xn)). (3.11)
Hence,
(Wlxn 1) =¥xn), Wixn) —¥(xH) = (1—=9n){yn —¥(xn), Y(xn) — ¥ (x1)). (3.12)
Note that
2(¥(xn1) = Y0n), Yixn) = YOH)) = [Y0xni1) = Y|P = [Wxn) = YO |12 (313)
- HW(antl) _W(XH)HZI .
and
2(yn = W(xn), Yixn) —=¥(x)) = [lyn —YOH? = [Wln) = YOH) ? = lyn —Yxa) |1 (3.14)
By virtue of (3.12), (3.13), and (3.14), we deduce
¥ (xns1) — ¥t HZ* W (xn) = YO P = [W(xn 1) = Wxn) |12
) 2 ) (3.15)
=( Wllyn — ¥ H — W) =Y x" = lyn —¥(xn)[I7]-
Combining (3.11) with (3.15), we have
W (xna1) — YO 2= W (xn) —W(xH)|?
= (1 =) lyn = YO = [Wen) = YOH) > = lyn — Y (xn)|?
+ (1_'8n)2||yn_\y(xn)”2 (3.16)
= (1= 9n)flyn —YHIP = [Wxn) =¥ P = 9 (1 = 9) [[ym — ¥(xn) |
< (1= 9 [flun — WO > = [[¥(xn) = Y(xH]PT = n (1= ) yn — ¥ (xn) %
Returning to (3.10), we get
un — YO |? < [1—(1—oL/8)an]|[W(xn) — ¥ (xH)|?
lod (x}) — W) || + 2o B\ ® (3.17)
+(1—0L/6)ocn( - oL/d) ) .

Next, we consider two possible cases.

Case 1. Assume there exist some integer m > 0 such that {||¥(xn) — ¥(x%)||} is decreasing for all n > m.
In this case, we know that limp o ||¥(xn) — ¥ (x?)|| exists. From (3.16) and (3.17), we have

(1 _ﬁn)Hyn _\y(xn)Hz < H‘i’(xn) —W(Xi)Hz - H‘P(xnﬂ) _\y(xi)HZ
+ (1 =) [Jun — Y|P — [¥(xn) — ¥Y(xH |4
<Y 0xn) = YOH)P = [[W(xng1) —Y(xH) 12

lop0xct) — WO | -+ 2ad| B\
+(1_oL/6)ocn< (1—0oL/d) >

— 0.
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This together with (C2) implies that

Jim [fyn —¥(xn)| =0. (3.18)
Furthermore, it follows from (3.11) that
lim [[W(xny1) —Y(xn)| =0. (3.19)
n—oo

By (3.8), we have
[W(xni1) = YOH)|? = [9n (W) = W(xH)) + (1= Bn) (yn — Y |12
<O [WOxn) =Y 2+ (1 —9n)[[yn —¥(xH) |2
<On[Wlxn) = YO 2+ (1 — ) un — ¥(xH)|?
< (1 =) on[[ob(xn) — W) +ynBxH|? 4+ 9 [W(xn) — W(xH) |2

+ (1= 0n) (1= on) [W0xn) — W(xH)? 420
+(1—9n )(1—ocn)yn(yn—Za)]]an—Bxin]
< Wn) =WOH P+ (1= n) xnllod (xn) = W(xF) +ynBxF|?
+(1—an)(l—cxnm(vn—2oc)Han—BxiH2.
Thus,
(1—%)(1—ocn)yn(zoc—vn)nﬂxn—Bx*HZ
< W) =YOH) 7 = [[Wxn 1) = YO >+ (1 =) om0 (xn) — W) +ynBXH?
< (||\P(xn)—wxi)||+||W(xn+1)— XN (1) = ¥(xn)|
+ (1= ) otnlod (xn) —W(xF) +vn3xiuz
— 0 (by (C1) and (3.19)).
Since liminf,, o0 (1 — 31 )(1 — otn )Y (26 —vn) > 0, we obtain
lim | Bxn — Bxt| =0. (3.21)

Set zpn = W(xn) —YnBxn — (Y(x}) — ynBx}) for all n. Using (2.1), we get
[un —¥(xH|* = [[projeloam od (xn) + (1= &n) (¥(xn) = YnBxn)] — proje [¥(x}) —yn BxH|?
< (otn (0 (xn) —=Y(xH) +YnBxH) + (1 — &)z, wn — W(xH))
= 2 { o (0 x) — W)+ Y Bx) (1 )z [+t — W) 2
— ot (0 (xn) = W) + Y BX) - (1 = otn)zm — um + W) 2}

1
<§{Ocn|!0<bx ) = W(xH) +yaBx 2 + (1 — o) [ W) — W02
+ en = WA = [Jon (0d(xn) = WxF) + Y BxF — zq) + W(xn)
_un_Yn(BXn_BXI)HZ}

1
= S {anllod(xn) = WOH) +yn B 4 (1= et [Wxn) = W) |2
+ lun =YD 2 = [W(xn) —un|® — 02 ||od (xn) = Y(xF) + v BxF — 2|2
_Y%H‘an - Bxi” +2Yn0(n<BXn - Bxi/ G(I)(Xn) _‘y(xi) +Yn3xi _Zn>

+ 2yn (¥(xn) — Un, Bxn — BxF)
— 200 (¥(xn) — U, 0P (xn) — W(x}) + Y BX —zn) }.
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It follows that
[un =W ? < an o (xn) = W) +yn BxHZ + (1 — o) [[W(xn) — ¥(xH)]|?
— [W0xn) = un® +2yn[[¥(xn) — wn ||| Bxn — BxXF|
+ 200 [[¥(xn) —un |0 (xn) — ¥(xF) + ynBxt — 2|
+ 2yn ot [|Bxn — BxH|[|oh (xn) = Y(xF) + ynBxF — zq .

(3.22)

In the light of (3.20) and (3.22), we have

¥ (%n1) =Y ? < O ||W(xn)—wxi)||2+(1—an)uun—wx¢)u2
B [[W(xn Wxi )|I?+ 1—an)anrro¢(xn)—wxi)+v BxH?
(1—ocn)( W [W0en) =Y 1> = (1= 9n) [W(xn) —un|?
+2yn(1—0n) oanan—Bx*HHod>(xn)—W(x )+vn1%xi—znu
+2¥n (1= 0n) ¥ (xn) — Un ||| Bxn — BxF|
+2(1 =) on [[W(xn) — unlllodb (xn) = W(x") +ynBx" —zq |
< [W0en) =YD P + anllod (xn) =¥ (x*) +ynBxX*|?
+2¥n otn [ Bxn — BxF|[ o (xn) = W(x) +ynBxF —zn|
+2yn [¥(xn) = wn [ Bxn —BxH|| — (1 —9n)[¥(xn) —un|?
+ 20t [W(xn) — Unl[lod (xn) —W(xF) +ynBxt — 2, ]|.

<
<

Then,
(1= [¥(xn) = un[* < (¥ 0xn) = YD) |+ [Wlknr1) = YOAIDIYxenr1) = W) |
+ ot [[oP (xn) —W(x}) ‘f’YnBXiHZ
+ 2yn o ||Bxn — BxH|[|od (xn) = W(xH) + ynBxF — zq ||
+2yn[[¥(xn) = un || Bxn — BxH|
+ 200 [W0en) = un || lod (xn) = W(xH) +ynBxt — zn.
According to (C1), (3.19), and (3.21), we easily get

lim |[W(xn)—un| =0. (3.23)
n—oo
Next, we prove lim supn_m(crd)(xi) —Y(xh),un —¥(xh)) < 0. Pick up a subsequence {un,} of {un} such
that
limsup(crd)(xi) —Y(xh), un —‘P(xi)) = lim (Gd)(xi) —‘1’(7(1),uni —‘P(xi)>

n—eo e 3.24
= lim (o¢(x}) = W(x"), ¥(xn,) — ¥(x")). 2

i—o0
Since {xn,} is bounded, there exists a subsequence {ij} of {xn,} which converges weakly to some point

z € C. Without loss of generality, we may assume that x,,, — z. This implies that ¥(x,,) — ¥(z) due to
the weak continuity of ¥. Thus, u,, — ¥(z) by (3.23).

In view of (3.9), we get
[un —¥(x! ||2—Hyn— |2

On(8n — o) [|T((1 = 8n)tn 4 80 TUn) — un > < | (3.25)
< lun ynH Jun — YO || + [[yn — YD)

It follows from (3.18), (3.23), and (3.25) that

lim [|T((1—0n)un +0nTun) —un|| =0. (3.26)
n—oo
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Apply Lemmas 2.5, 2.6, and 2.7 to (3.26) to deduce ¥(z) € Fix(7T). Next, we need to prove z € GVI(B, V¥, C).

Set
Py { Bv+Ne(v), veR,

0, v & C.
By [29], we know that R is maximal ¥-monotone. Let (v,w) € G(R). Since w — Bv € N¢(v) and x,, € C,
we have (W(v) —¥(xn),w—Bv) > 0. Noting that u, = projelanod(xn) + (1 — o) (¥(xn) — YnBxn)l, we
get
(Y(v) —un, un — lanod(xn) + (1 — on) (Y(xn) —ynBxa)l) > 0.
It follows that

<\y(") — Un, un_y\y(Xﬂ) + Bxn — &(Gd)(xn) —Y(xn) +’YnBXn)> > 0.
Then,
(Y(v) =Y(xn),w) > Y(v) =¥(xn,), Bv)
> (H(0) = ¥ln, ), B) — (Y1) — 1, S0

O,

—(¥Y(v) — Un,, ani> + (Y(v) — Un,, 0 (Xni) - W(Xni) + Yni'BXn-1>

ny

= (Y(v) =¥(xn,), Bv—Bxn,) + (Y(v) —¥Y(xn,), Bxn,)

— (YY)~ i, ““‘y%‘% W) — n, B (3.27)
+ % <\y(v) —Uny, O-(I)(Xni) - W(Xni) + ’YﬂiBXni>

> —Yv) —uy, —
(Y(v) —un, .

<W(V) —Uny, O-d)(xni) - \y(xni) + YniBXni>-

) — (W(xn,) —un, Bxn,)
Ony
Yno
Since [[W(xn;) —un,|| = 0 and ¥(xn,) — ¥(z), we deduce that (¥(v) —¥(z),w) > 0 by taking i — oo in

(3.27). Thus, z € R710 by the maximal W-monotonicity of R. Hence, z € GVI(B, V¥, C). Therefore, z € S.
From (3.24), we obtain

limsup(od(xH) —W(xH), un —¥(x¥)) = lim (odp(x) —W(x}), W(xn,) — ¥(x}))
noreo tree (3.28)
= (op(x) —¥(x}), ¥(z) - ¥(x}) < 0.

_l’_

Note that
[in —¥(xH)|? = [[projelanod(xn) + (1 — o) (W(xn) — YnBxn)] — proje¥(xF) — (1 — ot )yn BxH|?
< (an(od(xn) — —Y(xH) + (1= otn)zn, Un — ‘i’(xi)>
< o0 (P(xn) — b(xH), un —¥(xH)) + an (o (xF) = W(xH), un —¥(xh))
+ (1= o) [¥(xn) = YnBxn — (W) —ynBxH)||[un —¥ (x|

‘XnLGHXn_xiH”un_W H"“xn<0¢( ) W(Xi)/un—\y(xi»
+ (1= o) [W(xn) = WOH) [ [un — W)
< o (0L/8)|[W(xn) — HHun—‘P )+ xn (ob () = W), un —W(xH)
+ (1= o) [[W(xn) = W(xH) || lun =W

=[1—(1—Lo/d)anl||¥(xn) —W(Xi)HHun —‘P(xi)H + ocn<crd)(xi) —Y(xh), un —‘i’(xi)>
1—(1—Lo/8)an
S 2

[W(xn) —Y(xH)|?+ %Hun —WH)|? + on (0 (xF) —W(xH), un — W(xH)).
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It follows that
|un — HZ 1—(1—Lo/d)onl||¥(xn) i)H2—|—20cn<0(1)(xi)—‘P(xi),un—W(xﬂ).
Therefore,
W (xn1) =Y [* < Onl[W(xn) =W+ ) lun =¥
< An[Wlxn) = Y(xF) Hz (1—-9 m — (1= oL/8)otn][[W(xn) —W(xH|?
+2(1— 0y n<c¢ W(x), un —W(x"))
= (1= (1= 0L/8)(1 = 9n)an][[¥(xn - wO? (3.29)
+2(1—9n )ocn(dcb(x ) —W(xh), un —¥(xh)
=[1—(1—0L/8)(1—dn)an][¥(xn) — ¥(xH)|?

+ (1—oL/5)(1—an)o¢n($ o

We can therefore apply Lemma 2.8 to (3.29) to conclude that W(x,) — ¥(x*) and x,, — x*.

Case 2. Assume there exists an integer ng such that ||¥(xn,) —

we set wn = {||¥(xn)
n > ny as follows:
T(n)

YO < W knge1) —

=max{l € Ning <1< n, wy < wyqq}

It is clear that T(n) is a non-decreasing sequence satisfying

lim t(n)
n—oo

for all n > ny.
By the similar argument as that

= oo and Wr(n) < Wer(n)+1s

of (3.28) and (3.29), we can prove that

lim sup(crd)(xi) —‘P(xi),uT(n) —‘P(xi)) <0

n—oo

and

sz(n)H <M= (1—0L/8)(1—De(n))ote

_ST(TL))OCT(TI) (m<0'd)(xi) _w(xi)/u’c(n) _W(Xi») .

+(1—oL/8)(1

Since W (n) < We(n)+1, we have from (3.31) that

2

Drin) S 15175

2 (oh(xt) — Wixh), g — W),

Combining (3.31) with (3.32), we have

and hence

lim sup w ) <0,
n—oo

hm w’t(n) =0.
n—oo

From (3.30) and (3.31), we also obtain

lim sup Wr(n)+1
n—o0

< limsup wq(y).
n—oo

Y(x})||. At this case,
—Y(xY)|}. Then, we have Wn, < Wny+1. Define an integer sequence {t,} for all

(3.30)

(3.31)

(3.32)

(3.33)
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This together with (3.33) implies that

T}E)%O Wr(n)+1 = 0.

Applying Lemma 2.9 to get
0<wn < max{w’r(n)r wT(n)+1}'

Therefore, w,, — 0. That is, x, — x*. This completes the proof. O

Algorithm 3.4. For given initial guess xg € C arbitrarily, let the sequence {x,} be generated iteratively by

{un = Projelon 0 (xn) + (1= otn) (xn —YnBxn )], (334)

Xnt1 = OnXn + (1 =) (1 — on)un + onT((1 —0n)un + 0nTun)l,n >0,

where ¢ : € — 3 is an L-Lipschitz continuous mapping, {&n}, {9n}, {on}, and {6} are four real number
sequences in [0, 1], {yn} is a real number sequence in (0, c0), and o > 0 is a constant.

Corollary 3.5. Let C be a nonempty closed convex subset of a real Hilbert space H{. Let B : C — 3 be an o-inverse
strongly monotone mapping. Let T : C — C be a k-Lipschitzian pseudocontractive operator with k > 1. Suppose
VI(B, €) N Fix(T) # (0. Assume the following conditions are satisfied:

(C1): limp o0 n =0and ) | oty = 00;
(C2): 0 <liminfy, ;oo O <limsup,, , dn<land0<a<op,<c<dp <b< ﬁ;

(C3): 0 <liminfy, o yn < limsup,, ,  vn < 2o

Then, the sequence {xn} generated by (3.34) converges strongly to x* € VI(B, C) (" Fix(T) which solves the follow-
ing variational inequality

(op(x) —xt,x" —x¥) <0, Wx* € VI(B,C)(|Fix(7).
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