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Abstract

The notions of Yoneda completeness and Smyth completeness on fuzzy quasi-metric spaces are introduced and their
relationship with other types of completeness including sequentially Yoneda completeness and bicompleteness are investigated.
Then we use the standard Yoneda completeness to characterize the order-theoretical properties of the poset (BX,vM) of formal
balls in a fuzzy quasi-metric space (X,M,∧). The results show that if (BX,vM) is a dcpo, then (X,M,∧) is standard complete
and conversely, (BX,vM) forms a dcpo provided that (X,M,∧) is standard Yoneda complete. Particularly, in a fuzzy metric
space, we clarify three types of completeness which can be characterized by the directed completeness of the related poset of
formal balls. c©2017 All rights reserved.
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1. Introduction

The notion of fuzzy metric spaces based on continuous t-norms firstly appeared in [12] (briefly, KM-
fuzzy metric spaces) and later was modified in [3]. Afterwards, Gregori and Romaguera presented the
concept of fuzzy quasi-metric spaces in [8] as a generalization of fuzzy metric spaces. In particular, it has
been proved that the class of quasi-metrizable topological spaces and the class of fuzzy quasi-metrizable
topological spaces agree with each other. These notions have been widely used in various papers devoted
to fuzzy topology [7, 10, 13, 15, 16, 25, 28]. Meanwhile, much research has focused on investigating the
interplay between fuzzy measures, domain theory and fuzzy metric spaces [14, 17, 18, 19, 20, 24, 26, 27].

The connection between fuzzy metric spaces and domain theory is an interesting topic for which the
notion of completeness plays a crucial role. For instance, Ricarte [19] introduced the notion of standard
completeness on KM-fuzzy metric spaces and proved that a KM-fuzzy metric spaces (X,M, ∗) with the
minimum t-norm ∗ = ∧ is standard complete, if and only if the associated poset (BX,vM) of formal balls
is a dcpo (even a continuous domain). Later on, Mardones-Pérez and de Prada Vicente [14] introduced
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three approaches to deal with the interplay between completeness of KM-fuzzy metric spaces and directed
completeness of the associated posets of formal balls. Recently, Wu and Yue [26] studied fuzzy partial
metric spaces and showed that a fuzzy partial metric space is layered complete, if and only if the poset of
formal balls is a dcpo.

Based on the results mentioned above, we focus this paper on studying the similar problem in fuzzy
quasi-metric spaces. Actually, Ricarte and Romaguera [20] has considered this problem on KM-fuzzy
quasi-metric spaces in the sense of Kramosil and Michálek [12] and gave a counterexample to show that
the associated poset of formal balls is not a dcpo in the standard complete KM-fuzzy quasi-metric space.
In the classical case of quasi-metric spaces, it has been proved that each Yoneda complete or Smyth
complete quasi-metric space can be modelled by the poset of formal balls [1, 11, 23]. However, the role
of these two types of completeness in the study of fuzzy quasi-metric spaces has not been made clear.
Motivated by [6], in this paper we first adopt the left K-Cauchy net, which is “asymmetric Cauchy”, to
define the Yoneda completeness and Smyth completeness on fuzzy quasi-metric spaces. The relationship
among these two types of completeness and other two types of completeness on fuzzy quasi-metric spaces
appeared in [5, 6, 9, 22] are also discussed. Furthermore, we study the relationship between completeness
of fuzzy (quasi-)metric spaces and directed completeness of the associated posets of formal balls. By
means of standard Yoneda completeness, we give a sufficient condition under which the poset of formal
balls is directed complete in a fuzzy quasi-metric space.

The content is arranged as follows: after some basic notions in Section 2, a new notion of Yoneda limits
in a fuzzy quasi-metric space is introduced and the relationship among several types of completeness on
fuzzy quasi-metric spaces are investigated in Section 3, and the connection between completeness of fuzzy
quasi-metric spaces, particularly, completeness of fuzzy metric spaces and directed completeness of the
associated posets of formal balls is studied in Section 4. Finally, in Section 5, some questions that we want
to study in the future are stated.

2. Preliminaries

Let us recall that a continuous t-norm is a continuous function ∗ : [0, 1]× [0, 1]→ [0, 1] that satisfies the
following conditions for every a,b, c,d ∈ [0, 1]:

(1) a ∗ b = b ∗ a;

(2) a ∗ (b ∗ c) = (a ∗ b) ∗ c;

(3) a ∗ 1 = a;

(4) a ∗ b 6 c ∗ d whenever a 6 c and b 6 d.

Definition 2.1 ([8]). A fuzzy quasi-metric space is a triple (X,M, ∗), where X is a non-empty set, ∗ is a
continuous t-norm and M is a fuzzy set on X× X× (0,+∞) satisfying the following conditions for all
x,y, z ∈ X and t, s > 0:

(Fqm-1): M(x,y, t) > 0.
(Fqm-2): M(x,y, t) =M(y, x, t) = 1, if and only if x = y.
(Fqm-3): M(x, z, t+ s) >M(x,y, t) ∗M(y, z, s).
(Fqm-4): M(x,y, •) : (0,+∞)→ (0, 1] is continuous.

The concept of a fuzzy quasi-metric space considered in this paper is in the sense of George and
Veeramani [3]. For a fuzzy quasi-metric space (X,M, ∗), the fuzzy set M is often called a fuzzy quasi-
metric on X. Each fuzzy quasi-metric M on X induces a T0 topology τM on X, which has the family of all
open balls {BM(x, r, t) : x ∈ X, r ∈ (0, 1), t > 0} as a base, where BM(x, r, t) = {y ∈ X : M(x,y, t) > 1 − r}
for all x ∈ X, r ∈ (0, 1) and t > 0.



Y. Gao, Q. Li, L. Guo, J. Xie, J. Nonlinear Sci. Appl., 10 (2017), 684–698 686

A net {xi}i∈D in (X,M, ∗) converges to x ∈ X with respect to the topology τM, if and only if the
net {M(x, xi, t)}i∈D converges to 1 for all t > 0 with respect to the usual topology on (0, 1], denoted by
lim
i∈D

M(x, xi, t) = 1. In this case, we call x a limit of {xi}i∈D in the fuzzy quasi-metric space (X,M, ∗).

Definition 2.2 ([3, 8]). A fuzzy metric space (X,M, ∗) is a fuzzy quasi-metric space such that the fuzzy
quasi-metric M on X satisfies the symmetry axiom: M(x,y, t) =M(y, x, t) for all x,y ∈ X and t > 0. The
fuzzy set M of a fuzzy metric space (X,M, ∗) is often called a fuzzy metric.

Remark 2.3.

(1) If M is a fuzzy quasi-metric on X, then the fuzzy set M−1 on X× X× (0,+∞) which is defined by
M−1(x,y, t) =M(y, x, t) is also a fuzzy quasi-metric on X. Moreover, if we denote Ms as the fuzzy
set on X×X× (0,+∞) given by Ms(x,y, t) = min{M(x,y, t),M−1(x,y, t)}, then Ms is a fuzzy metric
on X.

(2) Let (X,M, ∗) be a fuzzy quasi-metric space. There are other two natural topologies τM−1 and τMs

on X induced by M−1 and Ms, respectively. It is clear that τMs = τM ∨ τM−1 . We say that a net
{xi}i∈D in (X,M, ∗) converges strongly to x ∈ X, if it converges with respect to the topology τMs .

Example 2.4 ([2, 8]). Let (X,d) be a quasi-metric space and ∗ be any continuous t-norm. If the fuzzy set

defined on X×X× (0,+∞) is given byMd(x,y, t) =
t

t+ d(x,y)
, then the triple (X,Md, ∗) is a fuzzy quasi-

metric space. The fuzzy set Md on X× X× (0,+∞) is frequently called the standard fuzzy quasi-metric
induced by d. Furthermore, the topology τd induced by d coincides with the topology τMd

induced by
the fuzzy quasi-metric Md.

Next, we give some basic notions of generalized Cauchy nets and completeness for a fuzzy quasi-
metric space.

Definition 2.5 ([2, 6]). Let (X,M, ∗) be a fuzzy quasi-metric space. A net {xi}i∈D in X is said to be:

(1) left (right) K-Cauchy, if for each ε ∈ (0, 1) and t > 0, there exists k ∈ D such that M(xi, xj, t) > 1 − ε
for all k 6 i 6 j (k 6 j 6 i). The fuzzy quasi-metric space (X,M, ∗) is left K-(sequentially) complete, if
every left K-Cauchy (sequence) net has a limit x ∈ X in (X,M, ∗).

(2) bi-Cauchy, if for each ε ∈ (0, 1) and t > 0, there exists k ∈ D such that M(xi, xj, t) > 1 − ε for all
i, j > k. The fuzzy quasi-metric space (X,M, ∗) is bicomplete, if every bi-Cauchy sequence in (X,M, ∗)
converges strongly.

The notion of left K-sequentially completeness was firstly introduced and investigated in [6]. The
bicompleteness is one of the most important completeness theory for fuzzy quasi-metric spaces [2, 9].
Romaguera et al. solved the bicompletion problem of fuzzy quasi-metric spaces and convinced us in [22]
that it is possible to construct satisfactory bicompleteness theory for fuzzy quasi-metric spaces.

The following facts will be frequently used later.

Proposition 2.6. Let (X,M, ∗) be a fuzzy quasi-metric space. For a net {xi}i∈D in X, we have that

(1) {xi}i∈D is a bi-Cauchy net, if and only if it is a left K-Cauchy and right K-Cauchy net.
(2) If {xi}i∈D converges strongly to some x ∈ X, then {xi}i∈D is a bi-Cauchy net.

3. Completeness on fuzzy quasi-metric spaces

For a T0 topological space (X, τ), the specialization order vτ on X is defined by x vτ y, if and only if
x ∈ cl {y} for all x,y ∈ X, where cl {y} denotes the closure of y. In a fuzzy quasi-metric space (X,M, ∗),
the partial order vτM can be characterized by the fuzzy quasi-metric M itself.
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Proposition 3.1. Let (X,M, ∗) be a fuzzy quasi-metric space. Then the following conditions are equivalent for any
x,y ∈ X :

(1) x vτM y.
(2) M(x,y, t) = 1, for all t > 0.
(3) M(x, z, t) >M(y, z, t), for all z ∈ X and t > 0.
(4) M(z,y, t) >M(z, x, t), for all z ∈ X and t > 0.

The specialization order is an important notion which bridges T0 topological spaces and ordered sets.
It should be mentioned that the equivalence between (1) and (2) in Proposition 3.1 is well-known (for
instance, see [21]) and the proof is omitted.

Proposition 3.2. Let (X,M, ∗) be a fuzzy quasi-metric space and {xi}i∈D be a net in X. If {xi}i∈D converges
strongly to x ∈ X, then x is a largest limit of {xi}i∈D in (X,M, ∗) with respect to the specialization order vτM .

Proof. Since {xi}i∈D converges strongly to x ∈ X, x is clearly a limit of {xi}i∈D in (X,M, ∗). For each
ε ∈ (0, 1), due to continuity of the t-norm ∗, there exists δ ∈ (0, 1) such that (1 − δ) ∗ (1 − δ) > 1 − ε.
As {xi}i∈D converges strongly to x for each t > 0, there exists j1 ∈ D such that Ms(x, xi, t) > 1 − δ, in
particular, M(xi, x, t) > 1 − δ for all i > j1.

Suppose that y ∈ X is another limit of {xi}i∈D. Then there exists j2 ∈ D such that M(y, xi, ε) > 1 − δ
for all i > j2. Thus, there exists j > j1, j2 ∈ D such that

M(y, x, t+ ε) >M(y, xi, ε) ∗M(xi, x, t) > (1 − δ) ∗ (1 − δ) > 1 − ε,

for all i > j.
Let ε→ 0, we have M(y, x, t) = 1 for all t > 0. Therefore, y vτM x.

For a fuzzy quasi-metric space, the limit of a net is not always unique if it exists. In the sequel, we
will introduce the notion of Yoneda limits of a net in a fuzzy quasi-metric space. Some related results in
[4] can be properly extended to the fuzzy quasi-metric situation.

Definition 3.3. Let {xi}i∈D be a net in a fuzzy quasi-metric space (X,M, ∗). An element x ∈ X is said to
be a Yoneda limit of {xi}i∈D, if we have

M(x,y, t) = sup
j∈D

inf
i>j
M(xi,y, t), ∀y ∈ X, t > 0.

Proposition 3.4. For a fuzzy quasi-metric space (X,M, ∗), the Yoneda limit of a net {xi}i∈D in X is unique if it
exists.

Proof. Assume that z1, z2 ∈ X are Yoneda limits of {xi}i∈D. Then for any y ∈ X and t > 0, we have

M(z1,y, t) = sup
j∈D

inf
i>j
M(xi,y, t) =M(z2,y, t).

Let y = z1, then 1 = M(z1, z1, t) = M(z2, z1, t). Similarly, let y = z2, then M(z1, z2, t) = M(z2, z2, t) = 1.
Thus, M(z2, z1, t) =M(z1, z2, t) = 1 for all t > 0, which follows that z1 = z2.

For a fuzzy quasi-metric space (X,M, ∗), in order to avoid confusion, we call x a M−1-Yoneda limit
and a Ms-Yoneda limit of a net {xi}i∈D, if x is a Yoneda limit of {xi}i∈D in (X,M−1, ∗) and (X,Ms, ∗),
respectively.

Lemma 3.5. Let (X,M, ∗) be a fuzzy quasi-metric space and {xi}i∈D be a net in X satisfying that it converges
strongly to x ∈ X. Then x is a Yoneda limit, a M−1-Yoneda limit and a Ms-Yoneda limit of {xi}i∈D.
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Proof. Since {xi}i∈D converges strongly to x ∈ X, for each ε ∈ (0, 1) and t > 0, there exists j0 ∈ D such that

M(xi, x, εt) > 1 − ε, and M(x, xi, εt) > 1 − ε,

for all i > j0.
For any y ∈ X, by the condition (Fqm-3),

M(xi,y, t) >M(xi, x, εt) ∗M(x,y, (1 − ε)t)

> (1 − ε) ∗M(x,y, (1 − ε)t),

for all i > j0. In particular, we get

inf
i>j0

M(xi,y, t) > (1 − ε) ∗M(x,y, (1 − ε)t),

which follows that

sup
j∈D

inf
i>j
M(xi,y, t) > inf

i>j0
M(xi,y, t) > (1 − ε) ∗M(x,y, (1 − ε)t).

Let ε→ 0, we have sup
j∈D

inf
i>j
M(xi,y, t) > 1 ∗M(x,y, t) =M(x,y, t).

For each j ∈ D, we can choose an i0 > j0, j by D being directed, thus

M(x,y, (1 + ε)t) >M(x, xi0 , εt) ∗M(xi0 ,y, t) > (1 − ε) ∗M(xi0 ,y, t)
> inf
i>j

(1 − ε) ∗M(xi,y, t)

> (1 − ε) ∗ inf
i>j
M(xi,y, t).

Since j ∈ D is arbitrarily chosen, we have

M(x,y, (1 + ε)t) > sup
j∈D

(1 − ε) ∗ inf
i>j
M(xi,y, t) = (1 − ε) ∗ sup

j∈D
inf
i>j
M(xi,y, t).

Let ε→ 0, then

M(x,y, t) > 1 ∗ sup
j∈D

inf
i>j
M(xi,y, t) = sup

j∈D
inf
i>j
M(xi,y, t).

Therefore, we obtain that M(x,y, t) = sup
j∈D

inf
i>j
M(xi,y, t) for all y ∈ X and t > 0, i.e., x is a Yoneda limit of

{xi}i∈D. It can be similarly proved that x is also a M−1-Yoneda limit and a Ms-Yoneda limit.

Lemma 3.6. If x ∈ X is a Yoneda limit of a net {xi}i∈D in a fuzzy quasi-metric space (X,M, ∗), then {xi}i∈D
converges to x with respect to the topology τM−1 .

Proof. Fix t > 0. Since x is a Yoneda limit of {xi}i∈D, we know that

M(x,y, t) = sup
j∈D

inf
i>j
M(xi,y, t) for all y ∈ X.

Let y = x, then 1 = M(x, x, t) = sup
j∈D

inf
i>j
M(xi, x, t). For each ε ∈ (0, 1), there exists j0 such that

inf
i>j0

M(xi, x, t) > 1 − ε. Thus we have that M(xi, x, t) > 1 − ε, for all i > j0. Therefore, {xi}i∈D con-

verges to x with respect to the topology τM−1 .

Proposition 3.7. Let {xi}i∈D be a net in a fuzzy quasi-metric space (X,M, ∗). If x is a M−1-Yoneda limit of
{xi}i∈D, then x is a largest limit of {xi}i∈D in (X,M, ∗) with respect to the specialization order vτM .
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Proof. By Lemma 3.6, x is a limit of {xi}i∈D in (X,M, ∗). Suppose that y is another limit of {xi}i∈D in
(X,M, ∗). Then we have lim

i∈D
M(y, xi, t) = 1, in particular, sup

j∈D
inf
i>j
M(y, xi, t) = 1, for all t > 0. Therefore,

M(y, x, t) =M−1(x,y, t) = sup
j∈D

inf
i>j
M−1(xi,y, t) = sup

j∈D
inf
i>j
M(y, xi, t) = 1.

Hence y vτM x.

Lemma 3.8. Let {xi}i∈D be a left K-Cauchy net in a fuzzy quasi-metric space (X,M, ∗). If x ∈ X is a M−1-Yoneda
limit of {xi}i∈D, then {xi}i∈D converges strongly to x ∈ X.

Proof. Let x be a M−1-Yoneda limit of {xi}i∈D. Then {xi}i∈D converges to x with respect to the topology
τM by Lemma 3.6. Now fix t > 0. For each ε ∈ (0, 1), there exists k1 ∈ D such that M(x, xi, t) > 1 − ε, for
all i > k1.

Since {xi}i∈D is left K-Cauchy, there exists k2 ∈ D such that M(xi, xj, t) > 1 − ε, for all j > i > k2. For
each fixed i > k2, it follows that inf

j>i
M(xi, xj, t) > 1 − ε.

Then we conclude that

M−1(x, xi, t) = sup
l∈D

inf
j>l
M−1(xj, xi, t) = sup

l∈D
inf
j>l
M(xi, xj, t)

> inf
j>i
M(xi, xj, t) > 1 − ε,

for each i > k2.
Therefore, there exists k > k1,k2 such that

Ms(x, xi, t) = min{M(x, xi, t),M−1(x, xi, t)} > 1 − ε,

for all i > k, i.e., {xi}i∈D converges strongly to x ∈ X.

The next theorem is the direct conclusion of Proposition 2.6, Lemma 3.5 and Lemma 3.8.

Theorem 3.9. Let {xi}i∈D be a net in a fuzzy metric space (X,M, ∗). The following conditions are equivalent:

(1) {xi}i∈D converges strongly to x ∈ X.
(2) {xi}i∈D is left K-Cauchy and x is the Yoneda limit of {xi}i∈D.
(3) {xi}i∈D is left K-Cauchy and x is the M−1-Yoneda limit of {xi}i∈D.

The purpose of subsequent part is to introduce and investigate two types of completeness in terms of
nets on fuzzy quasi-metric spaces. Many elegant properties in [1, 23] for quasi-metric spaces are preserved
in our context. Different from the techniques therein, it is worth noting that many proofs depends on the
continuity of t-norms and the condition (Fqm-4) in a fuzzy quasi-metric space.

Definition 3.10. A fuzzy quasi-metric space (X,M, ∗) is said to be:

(1) Yoneda complete, if every left K-Cauchy net {xi}i∈D in (X,M, ∗) has a Yoneda limit x ∈ X.
(2) Smyth complete, if every left K-Cauchy net {xi}i∈D in (X,M, ∗) converges strongly to x ∈ X.

The concept of sequentially Yoneda complete in terms of sequences is defined in a natural manner. It
is clear that every Yoneda complete fuzzy quasi-metric space is sequentially Yoneda complete.

Example 3.11. Let T(X) be a topology on a non-empty set X. For each open set A,B ∈ T(X), the fuzzy set
M on T(X)×T(X)× (0,+∞) is given by

M(A,B, t) =

{
1 ifA ⊆ B,
t
t+1 otherwise.
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Then, for each continuous t-norm ∗, (T(X),M, ∗) is a fuzzy quasi-metric space. Each left K-Cauchy net
{Ai}i∈D in T(X) is eventually increasing, which means that there exists k ∈ D such that Ak ⊆ Ai ⊆ Aj for
all k 6 i 6 j. Then we claim that

⋃
i>k

Ai is a Yoneda limit of {Ai}i∈D. Therefore, the fuzzy quasi-metric

space (T(X),M, ∗) is Yoneda complete.

A direct consequence of Lemma 3.6 will lead to the following statements.

Corollary 3.12. Let (X,M, ∗) be a fuzzy quasi-metric space. If every left K-Cauchy net {xi}i∈D in (X,M, ∗) has a
M−1-Yoneda limit, then (X,M, ∗) is left K-complete.

In particular, every Smyth complete fuzzy quasi-metric space is left K-complete.
The following instance (compare [19, Example 6.4]) provides a sequentially Yoneda complete fuzzy

quasi-metric space which is not Yoneda complete.

Example 3.13. Let A be the family of all non-empty countable subsets of R and δ0 ∈ (0, 1) be a constant.
Define a fuzzy set M on A×A× (0,+∞) by

M(A,B, t) =

{
1 if A ⊆ B,
δ0 otherwise.

For each continuous t-norm ∗, the triple (A,M, ∗) is a fuzzy quasi-metric space. It can be easily checked
that (A,M, ∗) is sequentially Yoneda complete. The subset

Γ = {A : A is a non-empty finite subset of R consisting of irrational numbers},

of A is directed with the inclusion order and can be regarded itself as a left K-Cauchy net in (A,M, ∗).
However, the left K-Cauchy net Γ does not converge with respect to the topology τM−1 , which implies
that (A,M, ∗) is not Yoneda complete by Lemma 3.6.

Lemma 3.14. If a fuzzy quasi-metric space (X,M, ∗) is Smyth complete, then it is Yoneda complete.

Proof. Suppose that {xi}i∈D is a left K-Cauchy net in (X,M, ∗) that converges strongly to x ∈ X. Consid-
ering Lemma 3.5, the element x is also a Yoneda limit of {xi}i∈D, which implies that (X,M, ∗) is Yoneda
complete.

The following are instances of Smyth complete, in particular, Yoneda complete fuzzy quasi-metric
spaces.

Example 3.15. Let X be a finite subset of positive real numbers. Define a ∗ b = a · b, the usual product
t-norm for every a,b ∈ [0, 1] and let M be a fuzzy set on X×X× (0,+∞) defined by

M(x,y, t) =


x+ t

y+ t
if x < y,

1 if x > y.

Then (X,M, ·) is a fuzzy quasi-metric space. Since every left K-Cauchy net {xi}i∈D in X is eventually
constant, (X,M, ·) is Smyth complete.

Example 3.16. Let X = N, the set of all positive integers. Define a ∗ b = a∧ b, the minimum t-norm for
every a,b ∈ [0, 1]. The fuzzy set M on N×N× (0,+∞) is given by

M(m,n, t) =

{
1, if n 6 m,
max{ tt+1 −

1
2m , 1

2 } ifn > m.

It is easy to check that (X,M,∧) is a fuzzy quasi-metric space and Smyth complete.
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Lemma 3.17. If a fuzzy quasi-metric space (X,M, ∗) is sequentially Yoneda complete, then it is bicomplete.

Proof. Let {xi}i∈N be a bi-Cauchy sequence, in particular, a left K-Cauchy sequence in (X,M, ∗).
Since (X,M, ∗) is sequentially Yoneda complete, {xi}i∈N has a Yoneda limit x ∈ X, which implies
limi∈NM(xi, x, t)= 1 for all t > 0 by Lemma 3.6. We next show that lim

i∈N
M(x, xi, t) = 1, for all t > 0.

Fix t > 0. For each ε ∈ (0, 1), since {xi}i∈N is bi-Cauchy in (X,M, ∗), there exists n0 ∈ N such that
M(xi, xj, t) > 1 − ε whenever i, j > n0. Thus we have

inf
i>n0

M(xi, xj, t) > 1 − ε,

for any fixed j > n0. It follows from x is the Yoneda limit of {xi}i∈N that

M(x, xj, t) = sup
l∈N

inf
i>l
M(xi, xj, t) > inf

i>n0
M(xi, xj, t) > 1 − ε,

for any j > n0. Hence, lim
i∈N

M(x, xi, t) = 1, for all t > 0.

Therefore, we conclude that {xi}i∈N converges strongly to x, i.e., (X,M, ∗) is bicomplete.

Definition 3.18. Let c ∈ X be an element in a fuzzy quasi-metric space (X,M, ∗). For any left K-Cauchy
net {xi}i∈D with a Yoneda limit x in (X,M, ∗), if we have

M(c, x, t) = inf
j∈D

sup
i>j

M(c, xi, t),

for all t > 0, then c ∈ X is called a finite element.

We have shown that every Smyth complete fuzzy quasi-metric space (X,M, ∗) is Yoneda complete
in Lemma 3.14. Moreover, the notion of finite elements plays an important role in determining the
relationship between Smyth completeness and Yoneda completeness.

Theorem 3.19. Let (X,M, ∗) be a fuzzy quasi-metric space. Then the following conditions are equivalent:

(1) (X,M, ∗) is Smyth complete.

(1) (X,M, ∗) is Yoneda complete and all elements in X are finite.

Proof. (1)⇒(2): We only need to prove that each c ∈ X is a finite element. Let {xi}i∈D be a left K-Cauchy
net in (X,M, ∗), which has a Yoneda limit x ∈ X. Since (X,M, ∗) is Smyth complete, {xi}i∈D converges
strongly to some y ∈ X. It follows from Proposition 3.4 and Lemma 3.5 that y = x. By Proposition 2.6, for
each ε ∈ (0, 1) and t > 0, there exists j0 such that Ms(x, xi, εt) > 1 − ε, in particular, M(x, xi, εt) > 1 − ε
and M(xi, x, εt) > 1 − ε, for all i > j0.

(i) For each j ∈ D, we choose a k > j, j0, then

M(c, xk, t) >M(c, x, (1 − ε)t) ∗M(x, xk, εt) >M(c, x, (1 − ε)t) ∗ (1 − ε).

It follows that

sup
i>j

M(c, xi, t) > sup
i>k

M(c, xi, t) >M(c, xk, t) >M(c, x, (1 − ε)t) ∗ (1 − ε).

Let ε→ 0, we have

sup
i>j

M(c, xi, t) >M(c, x, t) ∗ 1 =M(c, x, t).

Referring to the free choice of j ∈ D, we obtain that

inf
j∈D

sup
i>j

M(c, xi, t) >M(c, x, t),

for all t > 0.
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(ii) Using (Fqm-3), we have

M(c, x, (1 + ε)t) >M(c, xi, t) ∗M(xi, x, εt) >M(c, xi, t) ∗ (1 − ε),

for all i > j0. Thus,

M(c, x, (1 + ε)t) > sup
i>j0

M(c, xi, t) ∗ (1 − ε) > ( inf
j∈D

sup
i>j

M(c, xi, t)) ∗ (1 − ε).

Let ε→ 0, we conclude that

M(c, x, t) > ( inf
j∈D

sup
i>j

M(c, xi, t)) ∗ 1 = inf
j∈D

sup
i>j

M(c, xi, t),

for all t > 0.
Therefore, M(c, x, t) = inf

j∈D
sup
i>j

M(c, xi, t) for all t > 0, i.e., c is a finite element.

(2) ⇒(1): Let {xi}i∈D be a left K-Cauchy net which has a Yoneda-limit x in (X,M, ∗). By Lemma 3.6,
we have lim

i∈D
M(xi, x, t) = 1, for all t > 0.

For each ε ∈ (0, 1), there exists δ ∈ (0, 1) satisfying that (1 − δ) ∗ (1 − δ) > 1 − ε. Since {xi}i∈D is left
K-Cauchy, for each t > 0, there exists l ∈ D such that M(xj, xi, t/2) > 1 − δ, for all i > j > l.

Moreover, since all elements in X are finite,

inf
j∈D

sup
i>j

M(x, xi, t/2) =M(x, x, t/2) = 1.

In particular, sup
i>l

M(x, xi, t/2) = 1, for all t > 0. Then, there exists k > l such that M(x, xk, t) > 1 − δ.

Thus, we obtain

M(x, xi, t) >M(x, xk, t/2) ∗M(xk, xi, t/2) > (1 − δ) ∗ (1 − δ) > 1 − ε,

for all i > k. Therefore, {xi}i∈D converges strongly to x ∈ X.

Remark 3.20. For a fuzzy quasi-metric space (X,M, ∗), the following diagram in which the arrows mean
implication indicates the relations among various completeness on fuzzy quasi-metric spaces.

Left K-complete Smyth completeoo

��

// Yoneda complete
+all elements are finite
oo

��

Bicomplete Sequentially Yoneda completeoo

4. Standard Yoneda completeness and formal balls

In this section, we turn to consider the relationship between completeness of fuzzy quasi-metric spaces
and directed completeness of the associated posets of formal balls.

Let (P,6) be a poset and A ⊆ P be a non-empty subset. The notation
∨
A denotes the supremum of

A, if it exists. A non-empty subset D ⊆ L is called directed, if for each x,y ∈ D, there exists z ∈ D such
that x 6 z and y 6 z. The poset (P,6) is a dcpo (directed complete poset), if every directed subset D ⊆ P
has a supremum

∨
D in P. For more details, the reader can refer to [4].

A formal ball in a fuzzy quasi-metric space (X,M, ∗) is a pair (x, r) with x ∈ X, r ∈ [0,+∞), the set of
all formal balls is denoted by BX = X× [0,+∞). In [20], Ricarte and Romaguera defined a binary relation
on BX×BX by

(x, r) vM (y, s) if and only if M(x,y, t) >
t

t+ r− s
for all t > 0.
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For a fuzzy quasi-metric space (X,M, ∗), if the continuous t-norm ∗ = ∧, then the binary relation vM
is a partial order on BX. Moreover, a directed subset of BX in (X,M,∧) is denoted by Γ = {(xi, ri)}i∈D,
where D is a directed set and (xi, ri) vM (xj, rj), if and only if i 6 j for each i, j ∈ D.

Proposition 4.1. Let (X,M,∧) be a fuzzy quasi-metric space. Then (BX,vM) is a poset.

Remark 4.2. If (x, r) vM (y, s), then we have r > s.

In [19], Ricarte gave the notion of standard completeness on KM-fuzzy quasi-metric spaces in terms of
left K-Cauchy sequences and constructed a counterexample of standard complete KM-fuzzy quasi-metric
spaces (X,M,∧) to show that the poset (BX,vM) is not a dcpo. The reader can refer to [2, 8, 19, 21] for
more details about the KM-fuzzy quasi-metric spaces. Now we review and adapt the concept of standard
completeness to fuzzy quasi-metric spaces considered in this paper. The slight differences are that we use
left K-Cauchy nets instead of left K-Cauchy sequences and focus on fuzzy quasi-metric spaces instead of
KM-fuzzy quasi-metric spaces.

Definition 4.3. Let (X,M,∧) be a fuzzy quasi-metric space. A net {xi}i∈D is said to be standard left

K-Cauchy, if for each ε ∈ (0, 1), there exists kε ∈ D such that M(xi, xj, t) >
t

t+ ε
, for all j > i > kε and

t > 0. A fuzzy quasi-metric space (X,M,∧) is called standard complete, if every standard left K-Cauchy
net converges with respect to the topology τM−1 .

Then a related problem arises from [19, Chapter 6] as the following statement.

Problem 4.4. When does the poset of formal balls (BX,vM) in a fuzzy quasi-metric space (X,M,∧)
constitutes a dcpo?

In the subsequent part, we will focus on this problem. Since the concept of a standard left K-Cauchy
net is uniformly depended on t > 0, every standard left K-Cauchy net is a left K-Cauchy net. Furthermore,
in order to deal with Problem 4.4, we only need to require that every standard left K-Cauchy net in a fuzzy
quasi-metric space has a Yoneda limit.

Definition 4.5. A fuzzy quasi-metric space (X,M,∧) is called standard Yoneda complete, if every standard
left K-Cauchy net {xi}i∈D has a Yoneda limit x ∈ X.

The fuzzy quasi-metric spaces of Examples 3.11, 3.15 and 3.16 are all standard Yoneda complete. The
notion of standard sequentially Yoneda complete is defined in an obvious manner. By Lemma 3.6, every
standard Yoneda complete fuzzy quasi-metric space is standard complete.

We denote the Sorgenfrey topology on R (the set of all real numbers) by τS. It is well-known that the
quasi-metric d defined on R by

d(x,y) =

{
y− x if x 6 y,
1 if x > y.

generates the Sorgenfrey topology τS. In [6], the authors proved that the Sorgenfrey line does not admit
any fuzzy quasi-metric M such that (R,M, ∗) is left K-sequentially complete and τM = τS.

Example 4.6 (Sorgenfrey line). Let R be the set of real numbers. The fuzzy quasi-metric Md on R is
defined for all x,y ∈ R and t > 0 by

Md(x,y, t) =


t

t+ y− x
if x 6 y,

t

t+ 1
if x > y.

By Example 2.4, we get τMd
= τS. It can be easily checked that the notions of standard left K-Cauchy

nets and standard Yoneda complete on the induced standard fuzzy quasi-metric space (X,Md, ∗) coincide
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with that of Cauchy nets and Yoneda complete defined in [1] on a quasi-metric space (X,d), respectively.
As it has been shown in [1, Example 2.4] that the Sorgenfrey line (R,d) is Yoneda complete, we obtain
that Sorgenfrey line admit the fuzzy quasi-metric Md such that (R,Md, ∗) is standard Yoneda complete
and τMd

= τS.

Lemma 4.7. Let (X,M,∧) be a fuzzy quasi-metric space. Suppose that the poset (BX,vM) is a dcpo and Γ =
{(xi, ri)}i∈D is a directed subset of BX such that

∨
Γ = (x, r). Then we have

∨
i∈D

(xi, ri + θ) = (x, r+ θ), for any

θ > 0.

Proof. Let Γθ = {(xi, ri + θ)}i∈D. Since
∨
Γ = (x, r), for each i ∈ D, we obtain

M(xi, x, t) >
t

t+ ri − r
=

t

t+ (ri + θ) − (r+ θ)
,

for all t > 0. Then, (xi, ri + θ) vM (x, r+ θ) for each i ∈ D. Thus, (x, r+ θ) is an upper bound of Γθ.
Since Γθ is directed and BX is a dcpo,

∨
Γθ = (y, s) exists. Next, we will prove that (x, r+ θ) = (y, s).

Obviously, we have (y, s) vM (x, r+ θ).
Conversely, since (y, s) is an upper bound of Γθ, we have

M(xi,y, t) >
t

t+ ri + θ− s
=

t

t+ ri − (s− θ)
,

for all t > 0. Thus, (xi, ri) vM (y, s− θ) for each i ∈ D, which follows that (x, r) =
∨
Γ vM (y, s− θ).

Then, we get

M(x,y, t) >
t

t+ r− (s− θ)
=

t

t+ (r+ θ) − s
,

for all t > 0. Therefore, (x, r+ θ) vM (y, s) which implies (y, s) = (x, r+ θ).

Theorem 4.8. Let (X,M,∧) be a fuzzy quasi-metric space. If (BX,vM) is a dcpo and Γ = {(xi, ri)}i∈D is a
directed subset of BX such that

∨
Γ = (x, r), then r = inf{ri}i∈D and {xi}i∈D converges to x with respect to the

topology τM−1 .

Proof. Suppose s = inf{ri}i∈D. We first prove that r = s. Since BX is a dcpo and Γs = {(xi, ri − s)}i∈D is
clearly directed, there exists (y, l) ∈ BX such that

∨
Γs = (y, l). Then

l 6 inf{ri − s}i∈D = inf{ri}i∈D − s = s− s = 0,

by Remark 4.2. Thus l = 0. It follows from Lemma 4.7 that (x, r) =
∨
Γ = (y, l + s) = (y, s). So

r = s = inf{ri}i∈D.

For each ε ∈ (0, 1) and t > 0, let 0 < ε1 <
tε

1 − ε
. Since r = inf{ri}i∈D, there exists an i0 ∈ D such that

ri0 < r+ ε1. Because (x, r) is an upper bound of Γ , we obtain that M(xi, x,u) >
u

u+ ri − r
, for all u > 0.

In particular for all i > i0, we have

M(xi, x, t) >
t

t+ ri − r
>

t

t+ ri0 − r
>

t

t+ ε1
> 1 − ε.

Therefore, the net {xi}i∈D converges to x with respect to the topology τM−1 .

Then we immediately obtain the following result.

Corollary 4.9. Let (X,M,∧) be a fuzzy quasi-metric space. If (BX,vM) is a dcpo, then X is standard complete.
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A natural question is whether the converse of Corollary 4.9 is correct. First of all, we give the following
two examples.

Example 4.10. Let F be the family of all non-empty finite subsets of R and δ0 ∈ (0, 1) be a constant. Define
a fuzzy set M on F×F× (0,+∞) by

M(A,B, t) =

{
1 if A = B,
δ0 otherwise.

Then the triple (F,M,∧) is a fuzzy (quasi-)metric space. It is almost obvious that (F,M,∧) is standard
complete. For each directed subset Γ = {(Fi, ri)}i∈D of (BX,vM), we obtain that Fi = Fj, for all i, j ∈ D
and

∨
Γ = (Fi0 , inf{ri}i∈D) for an i0 ∈ D. Thus the poset (BF,vM) is a dcpo.

Let us recall that a topological space (X,T) is compact, if and only if any collection of closed subsets
of X with the finite intersection property has non-empty intersection.

Example 4.11. Given a compact topological space (X,T) and a family of non-empty closed subsets {Ci}i∈I
with the finite intersection property. Let C be a family consisting of all Ci and their arbitrary intersections.
That is, C = {Ci}i∈I

⋃
{
⋂
k∈K

Ck|K ⊆ I}. Define a fuzzy set M on C× C× (0,+∞) by

M(A,B, t) =

{
1 if B ⊆ A,
min{t, 1

2 } otherwise.

Then the triple (C,M,∧) is a fuzzy quasi-metric space. If {Bi}i∈D is a standard left K-Cauchy net in
(C,M,∧), then {Bi}i∈D is eventually decreasing and converges to

⋂
i∈D

Bi 6= ∅ with respect to the topology

τM−1 . Therefore, the fuzzy quasi-metric space (C,M,∧) is standard complete.
For each directed subset Γ = {(Bi, ri)}i∈D of (BX,vM), it has a supremum

∨
Γ = (

⋂
i∈D

Bi, inf{ri}i∈D).

Thus, the poset (BC,vM) is a dcpo.

However, a further examination shows that the above two fuzzy quasi-metric spaces are not only
standard complete, but also standard Yoneda complete. Next, we want to show that the answer of the
converse of Corollary 4.9 is “yes” when (X,M,∧) is a standard Yoneda complete fuzzy quasi-metric space.

Proposition 4.12. Let (X,M,∧) be a fuzzy quasi-metric space and Γ = (xi, ri)i∈D be a directed subset of BX.
Then {xi}i∈D is a standard left K-Cauchy net.

Proof. Suppose r = inf{ri}i∈D. For each ε > 0, there exists iε ∈ D such that riε < r+ ε, i.e., riε − r < ε.
For any i, j ∈ D satisfying j > i > iε, we have (xiε , riε) vM (xi, ri) vM (xj, rj), which implies that
riε > ri > rj. Hence,

M(xi, xj, t) >
t

t+ ri − rj
>

t

t+ riε − rj
>

t

t+ riε − r
>

t

t+ ε
,

for all j > i > iε and t > 0. Therefore, {xi}i∈D is a standard left K-Cauchy net.

Lemma 4.13. Let (X,M,∧) be a fuzzy quasi-metric space and Γ = {(xi, ri)}i∈D be a directed subset of BX. If x is
a Yoneda limit of the net {xi}i∈D and r = inf{ri}i∈D, then

∨
Γ = (x, r).

Proof. We first show that (x, r) is an upper bound of {(xi, ri)}i∈D. For each ε ∈ (0, 1) and t > 0, since x is
a Yoneda limit of {xi}i∈D, we have sup

j∈D
inf
i>j
M(xi, x, εt) = M(x, x, εt) = 1. Hence, there exits j0 ∈ D such

that M(xk, x, εt) > 1 − ε, for all k > j0. For each i ∈ D, we choose a k0 > i, j0 ∈ D, then

M(xi, xk0 ,u) >
u

u+ ri − rk0

,
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for all u > 0, in particular, M(xi, xk0 , t) >
t

t+ ri − rk0

. Thus, we conclude that

M(xi, x, (1 + ε)t) >M(xi, xk0 , t)∧M(xk0 , x, εt) > (
t

t+ ri − rk0

)∧ (1 − ε)

> (
t

t+ ri − r
)∧ (1 − ε).

Let ε→ 0, we obtain

M(xi, x, t) = lim
ε→0

M(xi, x, (1 + ε)t) > lim
ε→0

(
t

t+ ri − r
)∧ (1 − ε) =

t

t+ ri − r
,

for all t > 0, which follows that (xi, ri) vM (x, r) for each i ∈ D.

Assume that (y, l) is another upper bound of Γ . For each (xi, ri) ∈ Γ , we have M(xi,y, t) >
t

t+ ri − l
for all t > 0. Since x is a Yoneda limit of {xi}i∈D and r = inf{ri}i∈D, we get

M(x,y, t) = sup
j∈D

inf
i>j
M(xi,y, t) > sup

j∈D
inf
i>j

(
t

t+ ri − l
)

= sup
j∈D

(
t

t+ rj − l
) =

t

t+ r− l
,

for all t > 0, i.e., (x, r) vM (y, l). Therefore,
∨
Γ = (x, r).

Theorem 4.14. If the fuzzy quasi-metric space (X,M,∧) is standard Yoneda complete, then the poset (BX,vM) is
a dcpo.

Proof. Let Γ = {(xi, ri)}i∈D be any directed subset of BX and we denote r = inf{ri}i∈D. Then {xi}i∈D is
standard left K-Cauchy by Proposition 4.12. Since X is standard Yoneda complete, the net {xi}i∈D has a
Yoneda limit x. Applying Lemma 4.13, we have

∨
Γ = (x, r).

Corollary 4.15. For a Yoneda complete fuzzy quasi-metric space (X,M,∧), the poset (BX,vM) is a dcpo. In
particular, the conclusion holds for any Smyth complete fuzzy quasi-metric space.

In the following, we give a characterization of three types of completeness on a fuzzy metric space
(X,M,∧) by the associated poset (BX,vM). The result provides more insight to the study of the interplay
between the fuzzy metric spaces and the order structures of formal balls.

Theorem 4.16. Let (X,M,∧) be a fuzzy metric space. Then the following conditions are equivalent:

(1) (X,M,∧) is standard Yoneda complete.
(2) (X,M,∧) is standard sequentially Yoneda complete.
(3) (X,M,∧) is standard complete.
(4) (BX,vM) is a dcpo.

Proof. (1)⇒ (4) and (4)⇒ (3): The conclusions of Proposition 4.14 and Corollary 4.9.
(3) ⇒ (1): Suppose that {xi}i∈D is a standard left K-Cauchy net in (X,M,∧). Since (X,M,∧) is

standard complete, {xi}i∈D converges to some x ∈ X with respect to the topology τM−1 = τM. Thus,
{xi}i∈D converges strongly to some x ∈ X. By Theorem 3.9, we obtain that x is a Yoneda limit of {xi}i∈D.

(1)⇒ (2): Straightforward.
(2)⇒ (3): Let {xi}i∈D be a standard left K-Cauchy net in (X,M,∧). Then we can construct a sequence

(not always a subsequence) {xik}k∈N from the net {xi}i∈D with ik+1 > ik ∈ D for each k ∈ N, satisfying
that

M(xi, xj, t) >
t

t+ 2−k
,
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for all ik 6 i 6 j and t > 0.
Next, we will show that {xi}i∈D converges to x with respect to the topology τM−1 = τM.
Fix an arbitrary s > 0. For each ε ∈ (0, 1), there exists k1

s,ε ∈ N such that 0 < 2−k <
sε

1 − ε
whenever

k > k1
s,ε. Thus, for each k > k1

s,ε ∈ N and ik 6 j, we have

M(xik , xj, t) >
t

t+ 2−k
>

t

t+ sε/(1 − ε)
,

for all t > 0. In particular,

M(xik , xj, s) >
s

s+ sε/(1 − ε)
= 1 − ε,

holds for each k > k1
s,ε and j > ik.

Moreover, we observe that {xik}k∈N is a standard left K-Cauchy sequence. Hence, {xik}k∈N has a
Yoneda limit x ∈ X. By Lemma 3.6, there exists k2

s,ε ∈ N such that M(x, xik , s) = M(xik , x, s) > 1 − ε
whenever k > k2

s,ε.
Hence, there exists a k0 > k1

s,ε,k2
s,ε ∈ N such that

M(x, xj, 2s) >M(x, xik0
, s)∧M(xik0

, xj, s) > (1 − ε)∧ (1 − ε) = 1 − ε,

for all j > ik0 . Since s > 0 is arbitrarily selected, this finishes the proof.

Remark 4.17. In Theorem 4.14, we give an answer to Problem 4.4. Moreover, we note that the equivalence
of (3) and (4) in Theorem 4.16 can also be proved by using the result of [20, Theorem 1]. In this paper,
we obtain this result through a different method and show that the standard Yoneda completeness and
standard sequentially Yoneda completeness on a fuzzy metric space (X,M,∧) can also be characterized
by the poset (BX,vM) being a dcpo.

5. Conclusions and questions

In this paper, we introduce two types of completeness on fuzzy quasi-metric space and show the
capability of standard Yoneda completeness in the study of order-theoretical properties of formal balls. It
has been proved that if a fuzzy quasi-metric space (X,M,∧) is standard Yoneda complete, then the poset
of formal balls (BX,vM) is a dcpo. Furthermore, we give an order-theoretical characterization of three
types of completeness on a fuzzy metric space.

The following are some questions we want to study in the future.

Question 1 Is a fuzzy quasi-metric space (X,M,∧) standard Yoneda complete under the assumption that
the associated poset (BX,vM) of formal balls is a dcpo?

Question 2 How to construct a satisfactory Yoneda completion for any fuzzy quasi-metric space in the
sense of [22]?
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