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Abstract

In this paper, a characterization for continuous product in a fuzzy normed algebra is established and
it is proved that any fuzzy normed algebra is with continuous product. Another type of continuity for
the product in a fuzzy normed algebras is introduced and studied. These concepts are illustrated by some
examples. Also, the Cartesian product of fuzzy normed algebras is analyzed. (©2016 All rights reserved.
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1. Introduction

Fuzzy logic and fuzzy sets introduced by Zadeh in his famous paper [19] have quickly found their
applicability in a wide variety of domains: control engineering, artificial intelligence, computer science,
robotics and many more. At the same time, many mathematicians have tried to translate the classical
results of mathematics in fuzzy context. This approach is motivated by the fact that fuzzy theory has
proved a useful tool to describe situations in which data are imprecise.

An important issue is finding a suitable definition for the fuzzy norm. In the study of fuzzy topological
vector spaces, Katsaras [10] was the one who first introduced the notion of fuzzy norm. In 1992, Felbin [§]
introduced another concept of fuzzy norm by assigning a fuzzy real number to each element of the linear
space. In 1994, Cheng and Mordenson [6] presented another idea of fuzzy norm on a linear space and
in this situation the corresponding fuzzy metric is of Kramosil and Michéalek type. Following Cheng and
Mordenson, in 2003, Bag and Samanta [3] introduced a new concept of fuzzy norm and they studied the
properties of finite dimensional fuzzy normed linear space. In the paper [4], Bag and Samanta introduced
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different types of continuities and boundedness for linear operators and established the principles of fuzzy
functional analysis. A comparative study on fuzzy norms introduced by Katsaras, by Felbin and by Bag
and Samanta was made in paper [5]. A new concept of fuzzy normed space was introduced by Saadati and
Vaezpour in [I5]. Other approaches for fuzzy normed linear spaces can be found in [I, 2] 9, 1T} 12 14} 17]
etc. In this paper we will use the definition of the fuzzy norm introduced by Nadaban and Dzitac [14].

From the notion of fuzzy normed linear space to the concept of fuzzy normed algebra it is one step
that had to be done. Thus in paper [16], Sadeqi and Amiripour gave a definition of fuzzy Banach algebra
and established some results in this context. We also note that Dinda et al. introduced and studied some
important properties of intuitionistic fuzzy Banach algebra in the paper [7]. In this paper, we will use the
concept of fuzzy normed algebra recently introduced by Mirmostafaee [I1] in 2012.

A characterization for continuous product in a fuzzy normed algebra is established and it is proved that
any fuzzy normed algebra is with continuous product. Another type of continuity for the product in a fuzzy
normed algebras is introduced and studied. These concepts are illustrated by some examples. Also, the
Cartesian product of fuzzy normed algebras is analyzed. The results obtained in this paper constitute a
foundation for the development of some spectral properties in fuzzy normed algebras.

2. Preliminaries
Definition 2.1 ([I8]). A binary operation
x:[0,1] x [0,1] — [0, 1]

is called triangular norm (¢-norm) if it satisfies the following condition:

l.axb=bx*a, VYa,bel0,1];

2. axl=a, Vael1];

3. (axb)xc=ax(bxc), Va,b,cel0,1];

4. If a < cand b < d, with a,b,c,d € [0,1], then axb < cxd.
Example 2.2. Three basic examples of continuous t-norms are A, -, *;, which are defined by a A b =
min{a, b}, a-b = ab (usual multiplication in [0,1]) and a*z b = max{a+b— 1,0} (the Lukasiewicz t-norm).
Definition 2.3 ([I3]). Let *,* be two t-norms. We say that %’ dominates * and we denote %' > x if
(x1 % 22) * (y1 ¥ y2) < (1 % y1) *' (w2 * y2) for all xy, 29,1, 92 € [0,1].
Definition 2.4 ([14]). Let X be a vector space over a field K (where K is R or C) and * be a continuous
t-norm. A fuzzy set N in X x [0, 00) is called a fuzzy norm on X if it satisfies:
(N1) N(z,0)=0, Ve X,
(N2) [N(z,t) =1, Vt>0]if and only if z = 0;

(N3) N()\x,t):N(x,%), VeeX,Vi>0,V\eK:

(N4) N(z+y,t+s) =2 N(z,t)*N(y,s), Va,ye X, Vi, s >0;
(N5) Vx € X, N(z,-) is left continuous and lim N(z,t) = 1.

—00

The triple (X, N, *) will be called fuzzy normed linear space.
Remark 2.5. N(z,-) is nondecreasing for all z € X.

Theorem 2.6 ([14]). Let (X, N, x) be a fuzzy normed linear space. For x € X, r € (0,1),t > 0 we define
the open ball
B(z,r,t):={yeX : Nx—y,t)>1—r}
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Then
1. In:={TCcX :zeTf 3t>0,re(0,1) : B(x,r,t) CT} is a topology on X;

2. If the t-norm * satisfies sup xxx =1, then (X, Tn) is Hausdorff;
z€(0,1)
3. (X,Tn) is a metrizable topological vector space.

Definition 2.7 ([4]). Let (X, Ni,*1), (Y, Na, *2) be fuzzy normed linear spaces. A mapping 7': X — Y is
said to be fuzzy continuous at zg € X, if

Ve >0, Va € (0,1), 35 =0(s,a,x0) >0, 3 8= (e,,20) € (0,1)

such that
Vo € X : Ni(z — x0,0) >  we have that No(T'(x) — T(x0),€) > .

If T is fuzzy continuous at each point of X, then T is called fuzzy continuous on X.
Definition 2.8 ([3]). Let (X, N, *) be a fuzzy normed linear space and (z,,) be a sequence in X.

1. The sequence (x,,) is said to be convergent if there exists € X such that

lim N(z, —z,t) =1, Vt> 0.

n—o0

In this case, z is called the limit of the sequence (z,) and we denote lim z, =z or x,, — .
n—o0

2. The sequence (z,) is called Cauchy sequence if

lim N(zpqp —xn,t) =1, VE>0,Vpe N

n—o0

3. (X, N,x) is said to be complete if any Cauchy sequence in X converges to a point in X. A complete
fuzzy normed linear space will be called a fuzzy Banach space.
3. Fuzzy normed algebras
Definition 3.1 ([11]). It is called fuzzy normed algebra the quadruplet (X, N, %, o) if we have
(A1) =0 are continuous ¢-norms;
(A2) X is an algebra;
(A3) (X, N, ) is a fuzzy normed linear space;
(A4) N(zy,ts) > N(z,t)o N(y,s)Vx,y € X, Vt,s > 0.
If (X, N,x) is a fuzzy Banach space, then (X, N, *,0) will be called fuzzy Banach algebra.

Example 3.2. Let (X, || -||) be a normed algebra, *, o be continuous t-norms and
: _J O <z
N.X><[0,00)—>[0,1]deﬁnedbyN(x,t)—{ Lt

Then (X, N, *,0) is a fuzzy normed algebra.

Proof. 1t is easy to check (N1)-(N3) and (N5). We verify the condition (N4). Let z,y € X,t,s € [0,00). If
|z +yll = t+s, then ¢ < |[x][ or s <||y|| (contrarily ¢ > |[x|[ and s > [[y]], thus ¢ +5 > [[z|[+[|y[| = ||z +y]],
contradiction). If ¢t < ||z|[, then N(x,t) = 0. If s < ||y||, then N(y,s) = 0. Thus N(z,t) * N(y,s) = 0.
Therefore the inequality N(x+y,t+s) > N(x,t)*«N(y,s) holds. If ||[x+y|| < t+s, then N(x+y,t+s) =1
and the inequality N(x + y,t + s) > N(x,t) * N(y, s) holds.

It remains to verify (A4). Let z,y € X,t,s € [0,00). If ||zy|| > ts, then t < ||z|| or s < ||y|| (contrarily
t > ||z|| and s > ||y||, thus ts > ||z|| - [|y|| > ||zy]|, contradiction). If ¢ < ||z||, then N(x,t) = 0. If s <||y||,
then N(y,s) = 0. Thus N(xz,t) o N(y,s) = 0. Therefore the inequality N(xy,ts) > N(x,t) o N(y,s) holds.
If ||zy|| < ts, then N(zy,ts) =1 and the inequality N(zy,ts) > N(x,t) o N(y, s) holds. O
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Example 3.3. Let (X, || -||) be a normed algebra and N : X x [0,00) — [0, 1] defined by

t
N(z,t):=1¢ t+ H:Jc\(]) .
, t=

. t>0

Then (X, N, A, ) is a fuzzy normed algebra.

Proof. By [], (X, N, A) is a fuzzy normed linear space. It remains to verify (A4), that is
N(zy,ts) > N(z,t)- N(y,s), Yo,y € X,Vt,s € [0,00).

For t = 0 or s = 0 the inequality is obvious. For ¢t # 0 and s # 0, the inequality is equivalent to

ts S t S
ts+ [[zyl] — t+ |zl s+ |lyll’

namely ts + t||y|| + s||z|| + ||| - ||y|]| = ts + ||zy||, which is evidently true. O
Example 3.4. Let (X, || -||) be a normed algebra and N : X x [0,00) — [0, 1] defined by

t
N(z,t) ;=< t+||z]

|,t>0
0, t=0

Then (X, N,-,-) is a fuzzy normed algebra.

Proof. We will prove that (X, N,-) is a fuzzy normed linear space. According to [4], conditions (N1)-(N3)
and (Nb) are verified. It remains to prove (N4), that is,

N(x+y,t+s) > N(x,t)-N(y,s), Va,y € X, Vt,s > 0.

Indeed, for t = 0 or s = 0 the inequality is obviously true. For ¢ # 0 and s # 0, the inequality is equivalent

to
t+s t s

t+stlletyll ~t+llzll s+l
namely (¢t + s)(t + ||z|])(s + ||y|]) > ts(t + s + ||z + y]||), which is equivalent to

ts(||zl] + lyll) + s*[[all + [yl + &+ s)l|zlll|yl] > tsl|z + yl].

Because ts(||z]|+ ||y||) > ts||z + y|| and all the other terms from the left member are positive, the inequality
follows. Therefore (X, N,-) is a fuzzy normed linear space. Moreover, conditions (A1)-(A4) are satisfied
similar to the proof from the previous example. It follows (X, N, -, ) is a fuzzy normed algebra. O

Theorem 3.5. A fuzzy normed algebra (X, N, x,0) is with continuous product if and only if
Va € (0,1),38 = B(a) € (0,1),3IM = M(«) > 0 such that
Vae,y € X, Vs,t >0 : N(x,8) > (,N(y,t) > = N(zy, Mst) > .

Proof. (=) Let € (0,1) and V :={u € X : N(u,1) > a} be an open neighbourhood of zero. As X x X >
(x,y) — x -y € X is continuous at (0,0), there exist ¢ = €1(a) > 0, €2 = e2(a) > 0, 11 = 71(a) € (0,1),
v2 = y2(a) € (0,1) such that

Vui,ug € X : N(ui,e1) > 1, N(uz,€2) > v2 we have that N(ujug,1) > .
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Let = max{y,72} € (0,1),M = L~ > 0. Let z,y € X, s,t > 0 such that N(z,s) > 3, N(y,t) > . Then

€1€2

N(x/s,1) > 3>~ and N(y/t,1) > > y2. Let uy = ¥, up = =¥, We note that

N(ui,e1) = N(uy/e1,1) = N(xz/s,1) > 71,
N(’LLQ,GQ) = N(u2/€2, 1) = N(u/t, 1) > va.

Hence N(ujug,1) > a, ie., N (92. 2% 1) > o, namely N (xy,

st
S €2

€1

) > a. Thus N(zy, Mst) > a.
(<) First we will prove that for each yy € X, the mapping

Xodrx—uay, e X

is continuous.

Let € > 0, € (0,1). Thus there exist 8 = («a) € (0,1), M = M(«) > 0 such that
N(z,s) > B,N(y,t) > 3 = N(xy, Mst) > a.

As tlim N(yo,t) = 1, there exists to > 0 such that N(yo,t0) > B. Let § = 0(c, €) = ;57 and B, €) = . Let
—00

x € X such that N(z,9) > 8. As N(yo,to) > [, we obtain that N(zyo, Mtod) > «, namely N(zyo,€) > a.
Similarly, we can establish that, for each g € X, the mapping

Xoy—zye X

is continuous.
Now, we will prove that (X, N, %, o) is with continuous product. Let x,, = xo, yn — yo. Thus x,yo — Toyo
and zoyn, — Toyo. Hence lim N(z,y0 — xoyo, s) = 1, im N(xoy, — zoyo,t) = 1 for all s,¢ > 0. Therefore
n— o0 n—oo

N(2nyn — 2oYo, t)
= N((@n — 20)(Yn — y0) + (zn — 20)Yo + T0(yYn — ¥0), )
> N ((fn —20)(Yn — Y0), ;) * N ((xn — Z0)Y0, ;) * N <$0(yn — %), ;)

— 1.
Hence x4y, — xoyo- O
Lemma 3.6. Any continuous t-norm * satisfies:
Vv €(0,1),3 o, B € (0,1) such that a3 = ~.

Proof. Let v € (0,1). Choose o > . Let g : [0,1] — [0, 1] defined by g(y) = a xy. As * is continuous, we
have that g is continuous. As ¢(0) = a0 =0 and ¢g(1) = ax1 = «a, for v € (0, ) there exists 5 € (0,1)
such that g(8) = 7, namely a * 3 = . O

Theorem 3.7. Any fuzzy normed algebra (X, N,x*,0) is with continuous product.

Proof. Let a € (0,1). Then there exists € > 0 such that o+ € (0,1). As o is a continuous t-norm, by
the previous lemma, we obtain that there exist 54,7, € (0,1) such that o + & = 4 0 7. We suppose
that S, > 74 (the case By < 74 is similar). We choose M = M(a) = 1. Let x,y € X,s,t > 0 such that
N(z,s) > Ba, N(y,t) > B. Then

N(xzy, Mst) > N(z,s) o N(y,t) > faofa > BaoVa=a+e>a.
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Definition 3.8. The fuzzy normed algebra (X, N, %, 0) is called with multiplicatively continuous product if

Va € (0,1), Vo,y € X, Vs,t >0: N(z,s) > a,N(y,t) > a = N(zy,st) > a.

Example 3.9 (Fuzzy normed algebra with multiplicatively continuous product). The fuzzy normed algebra
(X, N, x,0) from Example is with multiplicatively continuous product.

Proof. Indeed, let o € (0,1),z,y € X,s,t > 0 such that N(z,s) > a,N(y,t) > a. Then N(z,s) =
1, N(y,t) = 1. Thus ||z|| < s,||ly|| < t. Therefore ||zy|| < ||z|| - ||y|| < st. Hence N(zy,st) =1 > a. O

Example 3.10 (Fuzzy normed algebra which is not with multiplicatively continuous product). We consider
the fuzzy normed algebra from Example where X = R and the norm on X is the absolute value | - |.
Then (R, N, A, ) is not with multiplicatively continuous product.

Proof. Indeed, for a@ = %,aj = gs,y = gt,s,t > 0 we have that N(z,s) = ﬁm = SJF%S = ? > % and
2

N(y,t) > £. But N(zy,st) = Stf‘txy' = Stﬁ%st = % < %. Thus (R, N, A,-) is not with multiplicatively

continuous product. O

Proposition 3.11. Let (X, N,*,0) be a fuzzy normed algebra such that a o o« > « for all a € (0,1). Then
(X, N, x,0) is with multiplicatively continuous product.

Proof. Let a € (0,1),x,y € X,s,t > 0 such that N(x,s) > «, N(y,t) > «. Then

N(zy,st) > N(z,s) o N(y,t) > aoa > a.

Remark 3.12. The condition oo« > « for all & € (0,1) from the previous proposition is sufficient but not
necessary.

Indeed, the algebra (X, N, *,-) from Example is with multiplicatively continuous product, although

o = - does not verify a0 > « for all a € (0,1).

Proposition 3.13. Let (X7, Ny, x,0) and (Xa, Na, x,0) be two fuzzy normed algebras. If t-norm ' dominates
both * and o, then ((X1 x X2), N, *,0) is a fuzzy normed algebra, where N ((x1,22),t) = Ny(x1,t)*' Nao(x2,t).

Proof. According to [13], it remains to be proved that:
N((x1y1, x2y2), st) > N((z1,22),5) o N((y1,92),t), Vo1,22 € X1,y1,y2 € Yo, Vs,t € (0,00).
We have
N((z1y1, x2y2), st) = Ni(z1y1, st) ¥ Na(z2ys2, st)
> [Ni(z1,8) o Ni(y1,t)] " [Na(z2,s) o Na(ya,t)]
> [Ny (21, s) " Na(xa,s)] o [N1(y1,t) " Na(ya,t)]
= N((l‘l,fL‘Q),S) ° N((?/l,yQ),t) \V/.xl,fL'Q € X17y17y2 S Y27 vsvt € (0700)
O

Proposition 3.14. Let * be a t-norm satisfying a * o > « for all a € (0;1) and let (X1, N1,*,0) and
(X2, No,*,0) be two fuzzy normed algebras with multiplicatively continuous product. If *' is a t-norm that
dominates both x and o then ((X1 x X3), N, %', 0) is a fuzzy normed algebra with multiplicatively continuous
product.
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Proof. Let a € (0,1), (z1,22) € X1 X Xo, and (y1,42) € X1 X Xa,s,t > 0 such that N((z1,22),s) > « and
N((y1,y2),t) > a. Then we have successively:
N((x1y1, w2y2), 5t) = Ni(21y1, 5t) ¥ No(22y2, st)
> [N1(21,5) o Ni(y1,t)] ' [No(x2, 5) 0 Na(y2,t)]
> [Nl(ilfl,S) *' N2($273>] o [N1<y17t) * NQ(y27t)]

= N((z1,22),5) o N((y1,92), 1)
> aoq

> a.
O

Example 3.15. Let (X, N, %, 0) be a fuzzy normed algebra with multiplicatively continuous product and let
S C X be a linear closed subalgebra of X. Then (S, N, %, 0) is a fuzzy normed algebra with multiplicatively
continuous product.

Example 3.16 (Cartesian product of fuzzy normed algebras with multiplicatively continuous product that
is not with multiplicatively continuous product). Let (X, N,-,-) be the fuzzy normed algebra from Example
where X = R. The fuzzy normed algebra (X x X, N’,-,-), where

N'((z1,22),t) = N(z1,t) - N(w2,t), V(z1,22) € X x X, V>0
is not with multiplicatively continuous product.
Proof. Taking into account that
N'((z1,22),t) = N(x1,t) - N(w2,1t)
:{ L t>]x, { 1,  t> |z,

, for the rest, 0, for the rest,

0
1, t > max{[a], |z2f},
0, for the rest

f 1 t 5 btai
O = — = = = = — = = — e 0 a.
r & 27$1 T2 =Y = Y2 2a5 57W 11
!/ ]‘ ! ]‘ ! 1
N'((z1,22),t) =1 > 5 N'((y1,y2),8) =1 > 3 N'((z1y1, 22y2),st) =0 < 3
Therefore (X x X, N',-,-) is not with multiplicatively continuous product. O

Proposition 3.17. Let (X, N,*,0) be a fuzzy normed algebra and let I C X be a bilateral closed ideal.
Then (X/I,N' ,0) is a fuzzy normed algebra, where

N'(%,s) := inf N(x,s), V& € X/I, Vs > 0.

TET
Proof. Prove first that (X/I, N', ) is a fuzzy normed space.
(N1) N'(#,0) = infye; N(z,0) = 0, Vi € X/I.
(N2) One has to show that [N'(i,t) = 1 Vt > 0] iff & = 0. Indeed,

[inf N(z,t) =1 Vt > 0] < [N(x,t) =1 Vt >0, Vx € 7]

TET

Sr=0Vrez
=3 =0.
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(N3) Let t >0,\ € K*, 2 € X/I. Then

t t
N'(Aé.t) = inf N(Az.t) = inf N N (2 2,
(AZ,#) = inf N(Az, 1) = inf ( |A|> (“”|A|>

(N4)
N'(i4g,t+s)=N(x+yt+s)= inf_ N(z+y,t+s)
r+ycrty
> inf  N(z,t)* N(y,s) = inf N(x,t)x inf N(y,s)
r+ycr+y Tt+ycr+y r+ycr+y
> inf N(z, t)*mfN(y,) N'(z,t) « N'(g,s) Vs, t >0, Vi,9€ X/I.

TEL

(N5) Let + € X and t > 0 fixed. Consider an arbitrary sequence (t,)n>0 such that t, — ¢, t, < t.
Then, we have N(z,t,) — N(z,t). Passing to infimum, it results inf N(z,t,) — inf N(x,t). Hence

TET TET
N'(&,tn) = N'(&,t), Vie X/I.

Moreover, tlim N'(z,t) = lim inf N(z,t) = inf lim N(z,t) = 1. It follows (X/I, N’ %) is a fuzzy normed
—00

t—o00 xET TEL t—00

linear space. It is clear that conditions (Al), (A2) are satisfied. To verify (A4), fix &,y € X/I,s,t > 0.
Then

N'(29,ts) = N'(zy,ts) = inf N(xy,ts) > inf N(z,t)o N(y,s)
xyExy xyexy

= inf N(z,t)o inf N(y,s)> inf N(x,t)oinf N(y,s) = N'(z,t) o N'(9,s).
TYETY TYETY TET =0
That concludes the proof. O

Proposition 3.18. If (X, N, x,0) is a fuzzy normed algebra with multiplicatively continuous product then
(X/I,N' *,0) is a fuzzy normed algebra with multiplicatively continuous product, where

N'(z,s) := inf N(z,s), V&,9€ X/I, Vs > 0.

TET

Proof. Let o € (0,1),2,9 € X/I,s,t > 0,N'(&,s) > a and N'(§,t) > . It follows inf N(z,s) > a and

TEL

inf N(y,t) > a. Thisimplies N(x,s) > «, N(y,t) > aforallx € &,y € §. Since (X, N, , o) is a fuzzy normed
YEY
algebra with multiplicatively continuous product, it results N(zy,st) > «, for all x € &, y € §, zy € Ty.

Therefore

inf N(zy,st) >«
TYETY

4. Conclusion and future work

In this paper, we initiated the study of fuzzy normed algebras. We have built a fertile ground for studying
in the coming papers, some spectral properties in fuzzy normed algebras. Also, fuzzy normed algebras will
be used for applications in the theory of dynamical systems, particle physics, etc.
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