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Abstract

In this paper, by the strongly positive linear bounded operator technique, a new generalized Mann-type
hybrid composite extragradient CQ iterative algorithm is first constructed. Then by using the algorithm,
we find a common element of the set of solutions of the variational inequality problem for a monotone,
Lipschitz continuous mapping, the set of zeros of two families of finite maximal monotone mappings and
the set of fixed points of an asymptotically κ-strict pseudocontractive mappings in the intermediate sense
in a real Hilbert space. Finally, we prove the strong convergence of the iterative sequences, which extends
and improves the corresponding previous works. c©2016 All rights reserved.
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1. Introduction

Let H be a real Hilbert space with the inner product 〈·, ·〉 and norm ‖ · ‖, I be the identity mapping
on H, C be a nonempty closed and convex subset of H and PC be the metric projection of H onto C. Let
F (T ) be the set of fixed points of T and T−10 be the set of zeros of T .

On the one hand, very recently, Sahu et al. [15] introduced a new class of mappings, asymptotically
κ-strict pseudocontractive mappings in the intermediate sense, which are not necessarily Lipschitzian. Pseu-
docontractions [18] and asymptotically pseudocontractions [19] are its special cases.

∗Corresponding author
Email addresses: qiuyangqing@sohu.com (Yang-Qing Qiu), chanjanegeoger@163.com (Jin-Zuo Chen),

zenglc@hotmail.com (Lu-Chuan Ceng)

Received 2016-04-07



Y.-Q. Qiu, J.-Z. Chen, L.-C. Ceng, J. Nonlinear Sci. Appl. 9 (2016), 5175–5188 5176

Definition 1.1 ([15]). Let C be a nonempty subset of a Hilbert space H. A mapping T : C → C is said
to be an asymptotically κ-strict pseudocontractive mapping in the intermediate sense with sequence {γn} if
there exist a constant κ ∈ [0, 1) and a sequence {γn} ⊂ [0,∞) with lim

n→∞
γn = 0 such that

lim sup
n→∞

sup
x,y∈C

(
‖Tnx− Tny‖2 − (1 + γn)‖x− y‖2 − κ‖x− Tnx− (y − Tny)‖2

)
≤ 0.

Throughout this paper, we assume that

cn := max

{
0, sup
x,y∈C

(
‖Tnx− Tny‖2 − (1 + γn)‖x− y‖2 − κ‖x− Tnx− (y − Tny)‖2

)}
. (1.1)

Then cn ≥ 0 for all n ∈ N, cn → 0 as n→∞ and Definition 1.1 reduces to the relation

‖Tnx− Tny‖2 ≤ (1 + γn)‖x− y‖2 + κ‖x− Tnx− (y − Tny)‖2 + cn, ∀x, y ∈ C, n ∈ N. (1.2)

On the other hand, a strongly positive operator is defined as follows.

Definition 1.2. An operator V : H → H is called γ-strongly positive, if there exists a constant γ > 0 such
that

〈V x, x〉 ≥ γ‖x‖2, ∀x ∈ H.
By using the strongly positive linear bounded operator technique, Marino and Xu [8] and Qin et al.

[10] approximated the fixed point of a nonexpansive mapping and a non-self strictly pseudo-contraction,
respectively.

In addition, to approximate the zeros of a maximal monotone mapping, Rockafellar [14] introduced the
proximal point method. And then Wei and Tan [16] extended it to the case of two families of finite maximal
monotone mappings.

Furthermore, To find the solution of the classic variational inequality problem in Euclidean space Rn,
Korpelevich [7] introduced the extragradient method. Yao et al. [17] proposed a modified Korpelevich’s
method.

Finally, by combining the ideas of the projection method and the outer-approximation method (see [1]),
Iiduka and Takahashi [6] introduced the CQ algorithm. Recently, Nadezhkina and Takahashi [9] introduced
and studied the combined hybrid-extragradient method.

In this paper, motivated and inspired by the above work, by the strongly positive linear bounded opera-
tor technique, we first construct a new generalized Mann-type hybrid composite extragradient CQ iterative
algorithm. Then by using the new algorithm, we find a common element of the set of solutions of the varia-
tional inequality problem for a monotone, Lipschitz continuous mapping, the set of zeros of two families of
finite maximal monotone mappings and the set of fixed points of an asymptotically κ-strict pseudocontrac-
tive mappings in the intermediate sense in a real Hilbert space. Finally, we prove the strong convergence of
the iterative sequences, which extends and improves the corresponding previous works, see [6, 7, 9, 16].

2. Preliminaries

Lemma 2.1 ([20]). Let X be a real inner product space. Then we have the following inequality:

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉, ∀x, y ∈ X.

Lemma 2.2 ([20]). Let H be a real Hilbert space. For every x, y, z ∈ H and α, β, γ ∈ [0, 1] with α+β+γ = 1,
the following equality holds:

‖αx+ βy + γz‖2 = α‖x‖2 + β‖y‖2 + γ‖z‖2 − αβ‖x− y‖2 − αγ‖x− z‖2 − βγ‖y − z‖2.

Lemma 2.3 ([20]). Let H be a real Hilbert space. Given a nonempty closed convex subset C of H, points
x, y, z ∈ H and a real number a ∈ R, the set

{v ∈ C : ‖y − v‖2 ≤ ‖x− v‖2 + 〈z, v〉+ a}

is convex (and closed).
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Lemma 2.4 ([5]). (Demiclosedness Principle) Assume that T is a nonexpansive self-mapping of a nonempty
closed convex subset C of a Hilbert space H. If T has a fixed point, then I − T is demi-closed. That is,
whenever {xn} is a sequence in C converging weakly to some x ∈ C (for short xn ⇀ x ∈ C), and the
sequence {(I − T )xn} converges strongly to some y (for short xn − Txn → y), it implies that (I − T )x = y.

Lemma 2.5 ([8]). Assume that V : H → H is a γ-strongly positive linear bounded operator with 0 < µ <
‖V ‖−1. Then ‖I − µV ‖ ≤ 1− µγ.

Lemma 2.6 ([15]). Let C be a nonempty subset of a Hilbert space H and T : C → C be an asymptotically
κ-strict pseudocontractive mapping in the intermediate sense with sequence {γn}. Then

‖Tnx− Tny‖ ≤ 1

1− κ

(
κ‖x− y‖+

√
(1 + (1− κ)γn)‖x− y‖2 + (1− κ)cn

)
for all x, y ∈ C and n ∈ N.

Lemma 2.7 ([15]). Let C be a nonempty subset of a Hilbert space H and T : C → C be a uniformly
continuous asymptotically κ-strict pseudocontractive mapping in the intermediate sense with sequence {γn}.
Let {xn} be a sequence in C such that ‖xn − xn+1‖ → 0 and ‖xn − Tnxn‖ → 0 as n → ∞. Then
‖xn − Txn‖ → 0 as n→∞.

Lemma 2.8 ([15]). (Demiclosedness principle) Let C be a nonempty closed convex subset of a Hilbert space
H and T : C → C be a continuous asymptotically κ-strict pseudocontractive mapping in the intermediate
sense with sequence {γn}. Then I − T is demiclosed at zero in the sense that if {xn} is a sequence in C
such that xn ⇀ x ∈ C and lim sup

m→∞
lim sup
n→∞

‖xn − Tmxn‖ = 0, then (I − T )x = 0.

Lemma 2.9 ([15]). Let C be a nonempty closed convex subset of a Hilbert space H and T : C → C be a
continuous asymptotically κ-strict pseudocontractive mapping in the intermediate sense with sequence {γn}.
Then the set of fixed points of T is closed and convex.

Lemma 2.10. Let H be a real Hilbert space, C be a nonempty closed convex subset of H, Ai, Bj(i =
1, 2, . . . , k; j = 1, 2, . . . , l) : C → C be two families of finite maximal monotone mappings such that

(∩ki=1A
−1
i 0) ∩ (∩lj=1B

−1
j 0) is nonempty. Suppose that S

AkAk−1···A1
rn = JAk

rn J
Ak−1
rn · · · JA1

rn , G
BlBl−1···B1
rn = a0I +

a1J
B1
rn + a2J

B2
rn + · · ·+ alJ

Bl
rn with JAi

rn = (I + rnAi)
−1, J

Bj
rn = (I + rnBj)

−1, am ∈ (0, 1), Σl
m=0am = 1, m =

0, 1, 2, . . . , l and rn > 0. Then

(i) S
AkAk−1···A1
rn , G

BlBl−1···B1
rn and S

AkAk−1···A1
rn G

BlBl−1···B1
rn : C → C are all nonexpansive.

(ii) F (S
AkAk−1···A1
rn ) = ∩ki=1A

−1
i 0 and F (G

BlBl−1···B1
rn ) = ∩lj=1B

−1
j 0.

(iii) F (S
AkAk−1···A1
rn G

BlBl−1···B1
rn ) = F (S

AkAk−1···A1
rn ) ∩ F (G

BlBl−1···B1
rn ).

Proof. It is easy to get the result.

3. Iterative algorithm and strong convergence theorem

We construct the following new iterative algorithm and then get the main result.

Theorem 3.1. Let H be a real Hilbert space, C be a nonempty closed convex subset of H, A : C → H be a
monotone and ρ-Lipschitz continuous mapping, f : H → H be a contraction with the coefficient η ∈ (0, 1),
T : C → C be a uniformly continuous asymptotically κ-strict pseudocontractive mapping in the intermediate
sense with sequence {γn} and cn be defined as in (1.1). Let V : H → H be a γ-strongly positive linear
bounded operator, Ai, Bj(i = 1, 2, . . . , k; j = 1, 2, . . . , l) : C → C be two families of finite maximal monotone
mappings such that Ω = (∩ki=1A

−1
i 0)∩(∩lj=1B

−1
j 0)∩V I(C,A)∩F (T ) is nonempty and bounded. Suppose that
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S
AkAk−1···A1
rn = JAk

rn J
Ak−1
rn · · · JA1

rn , G
BlBl−1···B1
rn = a0I + a1J

B1
rn + a2J

B2
rn + · · ·+ alJ

Bl
rn with JAi

rn = (I + rnAi)
−1,

J
Bj
rn = (I + rnBj)

−1, am ∈ (0, 1), Σl
m=0am = 1, m = 0, 1, 2, . . . , l and rn > 0. The sequences {xn}, {yn},

{un} and {zn} are generated by:

x0 = x ∈ C,
yn = PC(xn − λnAxn),

un = αnxn + (1− αn)S
AkAk−1···A1
rn G

BlBl−1···B1
rn PC(xn − λnAyn),

zn = βnun + σnµf(un) + ((1− βn)I − σnV )Tnun,

Cn = {z ∈ C : ‖zn − z‖2 ≤ ‖xn − z‖2 + θn},
Qn = {z ∈ C : 〈xn − z, x− xn〉 ≥ 0},
xn+1 = PCn∩Qnx,

(3.1)

where θn = (1− σn(1 + µ− γ))−1(cn + (σn(1 + µ− γ) + γn)∆n),

∆n = sup

{
‖xn − p‖2 +

1

1− η
‖f(p)− p‖2 + ‖µp− V p‖2 : p ∈ Ω

}
<∞

for every n = 0, 1, 2, · · · . If {αn}, {βn}, {σn}, {λn} and µ satisfy the following conditions:

(i) 0 ≤ αn ≤ a < 1;

(ii) 0 ≤ βn ≤ 1;

(iii) σn ∈ [0, 1] and limn→∞σn = 0;

(iv) βn + σnµ ≤ 1;

(v) 0 ≤ κ ≤ b < βn(1− βn − σnµ);

(vi) γ < µ < γ
η ;

(vii) 0 < p ≤ λn ≤ q < 1
ρ ;

where a, b, p and q are constants, then the following statements hold:

(1) {xn} converges strongly to p0 = PΩx;

(2) {xn} converges strongly to p0 = PΩx, which is the unique solution in Ω of the following variational
inequality:

〈(V − µf)p0, p− p0〉 ≥ 0, ∀p ∈ Ω,

provided that ‖xn − zn‖ = ◦(σn) and γn + cn + ‖un − Tnun‖2 = ◦(σn). Equivalently,

p0 = PΩ(I − V + µf)p0.

Proof. We shall split the proof into six steps.

Step 1. Ω ⊂ Cn ∩Qn and {xn} is well-defined.
First, we will show Ω ⊂ Cn. Put tn = PC(xn − λnAyn), for all p ∈ Ω, we have

‖tn − p‖2 ≤ ‖xn − λnAyn − p‖2 − ‖xn − λnAyn − tn‖2

= ‖xn − p‖2 − ‖xn − tn‖2 + 2λn〈Ayn, p− tn〉
= ‖xn − p‖2 − ‖xn − tn‖2 + 2λn(〈Ayn −Ap, p− yn〉
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+ 〈Ap, p− yn〉+ 〈Ayn, yn − tn〉)
≤ ‖xn − p‖2 − ‖xn − tn‖2 + 2λn〈Ayn, yn − tn〉
= ‖xn − p‖2 −

(
‖xn − yn‖2 + 2〈xn − yn, yn − tn〉+ ‖yn − tn‖2

)
+ 2λn〈Ayn, yn − tn〉 (3.2)

= ‖xn − p‖2 − ‖xn − yn‖2 − ‖yn − tn‖2 + 2〈xn − λnAyn − yn, tn − yn〉.

Since yn = PC(xn − λnAxn) ∈ C and A is ρ-Lipschitz continuous, we have

〈xn − λnAyn − yn, tn − yn〉 = 〈xn − λnAxn − yn, tn − yn〉+ 〈λnAxn − λnAyn, tn − yn〉
≤ 〈λnAxn − λnAyn, tn − yn〉
≤ λnρ‖xn − yn‖‖tn − yn‖.

(3.3)

Submitting (3.3) into (3.2) and by condition (vii) we have

‖tn − p‖2 ≤ ‖xn − p‖2 − ‖xn − yn‖2 − ‖yn − tn‖2 + 2λnρ‖xn − yn‖‖tn − yn‖
≤ ‖xn − p‖2 − ‖xn − yn‖2 − ‖yn − tn‖2 + λnρ

(
‖xn − yn‖2 + ‖tn − yn‖2

)
= ‖xn − p‖2 + (λnρ− 1)

(
‖xn − yn‖2 + ‖tn − yn‖2

)
≤ ‖xn − p‖2.

(3.4)

From (3.1), (3.4), Lemma 2.10 and the convexity of ‖ · ‖2, and since p ∈ (∩ki=1A
−1
i 0) ∩ (∩lj=1B

−1
j 0), we

have
‖un − p‖2 = ‖αnxn + (1− αn)S

AkAk−1···A1
rn G

BlBl−1···B1
rn tn − p‖2

≤ αn‖xn − p‖2 + (1− αn)‖SAkAk−1···A1
rn G

BlBl−1···B1
rn tn − p‖2

≤ αn‖xn − p‖2 + (1− αn)‖tn − p‖2

≤ ‖xn − p‖2 + (1− αn)(λnρ− 1)
(
‖xn − yn‖2 + ‖tn − yn‖2

)
≤ ‖xn − p‖2.

(3.5)

By virtue of (1.2), (3.1), Lemma 2.1, conditions iv–vii and the definition of T , and since p = Tp, we
obtain

‖zn − p‖2 = ‖βnun + σnµf(un) + ((1− βn)I − σnV )Tnun − p‖2

= ‖βnun + σnµf(un) + (1− βn − σnµ)Tnun + ((1− βn)I − σnV )Tnun

− (1− βn − σnµ)Tnun − p‖2

≤ ‖βnun + σnµf(un) + (1− βn − σnµ)Tnun − p‖2

+ 2〈((1− βn)I − σnV )Tnun − (1− βn − σnµ)Tnun, zn − p〉
≤ βn‖un − p‖2 + σnµ‖f(un)− p‖2 + (1− βn − σnµ)‖Tnun − p‖2

− βn(1− βn − σnµ)‖un − Tnun‖2 + 2σn〈(µI − V )(Tnun − p) + (µI − V )p, zn − p〉
≤ βn‖un − p‖2 + σnµ(‖f(un)− f(p)‖+ ‖f(p)− p‖)2 + (1− βn − σnµ)‖Tnun − p‖2

− βn(1− βn − σnµ)‖un − Tnun‖2 + 2σn[‖µI − V ‖‖Tnun − p‖‖zn − p‖
+ ‖µp− V p‖‖zn − p‖]

≤ βn‖un − p‖2 + σnµ
(
η‖un − p‖+ (1− η)

1

1− η
‖f(p)− p‖

)2
+ (1− βn − σnµ)‖Tnun − p‖2 − βn(1− βn − σnµ)‖un − Tnun‖2

+ σn[(µ− γ)
(
‖Tnun − p‖2 + ‖zn − p‖2

)
+ ‖µp− V p‖2 + ‖zn − p‖2]

≤ βn‖un − p‖2 + σnµ
(
η‖un − p‖2 + (1− η)

1

(1− η)2
‖f(p)− p‖2

)
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+ (1− βn − σnµ)‖Tnun − p‖2 − βn(1− βn − σnµ)‖un − Tnun‖2

+ σn[(µ− γ)
(
‖Tnun − p‖2 + ‖zn − p‖2

)
+ ‖µp− V p‖2 + ‖zn − p‖2]

= (βn + σnµη)‖un − p‖2 +
σnµ

1− η
‖f(p)− p‖2 + [1− βn − σnµ+ σn(µ− γ)]‖Tnun − p‖2

− βn(1− βn − σnµ)‖un − Tnun‖2 + σn(1 + µ− γ)‖zn − p‖2 + σn‖µp− V p‖2

≤ (βn + σnµη)‖un − p‖2 +
σnµ

1− η
‖f(p)− p‖2 − βn(1− βn − σnµ)‖un − Tnun‖2

+ [1− βn − σnµ+ σn(µ− γ)]((1 + γn)‖un − p‖2 + κ‖un − Tnun‖2 + cn)

+ σn(1 + µ− γ)‖zn − p‖2 + σn‖µp− V p‖2

≤ [βn + σnγ + (1− βn − σnγ)(1 + γn)]‖un − p‖2 +
σnµ

1− η
‖f(p)− p‖2

+ (1− βn − σnγ)
(
κ− βn

1− βn − σnµ
1− βn − σnγ

)
‖un − Tnun‖2

+ (1− βn − σnγ)cn + σn(1 + µ− γ)‖zn − p‖2 + σn‖µp− V p‖2

≤ (1 + γn)‖un − p‖2 +
σnµ

1− η
‖f(p)− p‖2

+ (1− βn − σnγ)(κ− βn(1− βn − σnµ))‖un − Tnun‖2 (3.6)

+ (1− βn − σnγ)cn + σn(1 + µ− γ)‖zn − p‖2 + σn‖µp− V p‖2

≤ (1 + γn)‖un − p‖2 +
σnµ

1− η
‖f(p)− p‖2

+ (1− βn − σnγ)(κ− βn(1− βn − σnµ))‖un − Tnun‖2

+ cn + σn(1 + µ− γ)‖zn − p‖2 + σn‖µp− V p‖2

≤ (1 + γn)‖un − p‖2 +
σnµ

1− η
‖f(p)− p‖2

+ (1− βn − σnγ)(κ− βn(1− βn − σnµ))‖un − Tnun‖2

+ cn + σn(1 + µ− γ)‖zn − p‖2 + σn‖µp− V p‖2

≤ (1 + γn)(‖xn − p‖2 + (1− αn)(λnρ− 1)(‖xn − yn‖2 + ‖tn − yn‖2))

+
σnµ

1− η
‖f(p)− p‖2 + (1− βn − σnγ)(κ− βn(1− βn − σnµ))‖un − Tnun‖2

+ cn + σn(1 + µ− γ)‖zn − p‖2 + σn‖µp− V p‖2

≤ (1 + γn)‖xn − p‖2 +
σnµ

1− η
‖f(p)− p‖2 + cn + σn(1 + µ− γ)‖zn − p‖2 + σn‖µp− V p‖2.

This implies

(1− σn(1 + µ− γ))‖zn − p‖2 ≤ (1 + γn)‖xn − p‖2 +
σnµ

1− η
‖f(p)− p‖2 + cn + σn‖µp− V p‖2.

By virtue of conditions (iii) and (vi), we conclude

‖zn − p‖2 ≤ ‖xn − p‖2 +
1

1− σn(1 + µ− γ)

[
(σn(1 + µ− γ) + γn)‖xn − p‖2

+
σnµ

1− η
‖f(p)− p‖2 + cn + σn‖µp− V p‖2

]
≤ ‖xn − p‖2 +

1

1− σn(1 + µ− γ)

[
(σn(1 + µ− γ) + γn)

(
‖xn − p‖2 (3.7)

+
1

1− η
‖f(p)− p‖2 + ‖µp− V p‖2

)
+ cn

]
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≤ ‖xn − p‖2 +
1

1− σn(1 + µ− γ)
[(σn(1 + µ− γ) + γn)∆n + cn]

= ‖xn − p‖2 + θn,

where θn = (1− σn(1 + µ− γ))−1(cn + (σn(1 + µ− γ) + γn)∆n),

∆n = sup

{
‖xn − p‖2 +

1

1− η
‖f(p)− p‖2 + ‖µp− V p‖2 : p ∈ Ω

}
<∞.

By virtue of (3.7) and the definition of Cn, we have p ∈ Cn. So, Ω ⊂ Cn, for every n = 0, 1, 2, · · · .
Next, through the mathematical induction method, we shall prove that {xn} is well-defined and Ω ⊂

Cn ∩ Qn, for all n = 0, 1, 2, · · · . For n = 0, Q0 = {z ∈ C : 〈x0 − z, x − x0〉 ≥ 0} = C, hence Ω ⊂ C0 ∩ Q0.
Suppose that xk is given and Ω ⊂ Ck ∩ Qk for some k ∈ N . Because Ω is nonempty, we have Ck ∩ Qk is
nonempty. It is obvious that Cn is closed and Qn is closed and convex. Since

Cn = {z ∈ C : ‖zn − xn‖2 + 2〈zn − xn, xn − z〉+ θn ≤ 0} = {z ∈ C : 2〈xn − zn, z〉 ≤ ‖xn‖2 − ‖zn‖2 + θn},

by Lemma 2.3, we also have Cn is convex. Thus, Ck ∩Qk is a nonempty closed convex subset of C, so
there exists a unique element xk+1 ∈ Ck ∩Qk such that xk+1 = PCk∩Qk

x. It is obvious that

〈xk+1 − z, x− xk+1〉 ≥ 0, ∀z ∈ Ck ∩Qk.

Since Ω ⊂ Ck ∩Qk, we have

〈xk+1 − z, x− xk+1〉 ≥ 0, ∀z ∈ Ω.

That is, z ∈ Qk+1. Hence Ω ⊂ Qk+1. Therefore, we get Ω ⊂ Ck+1 ∩Qk+1., and then Ω ⊂ Cn ∩Qn, for
every n = 0, 1, 2, · · · . Therefore, {xn} is well-defined.

Step 2. {xn}, {yn}, {un}, {zn}, {tn}, {f(un)} and {Tnun} are all bounded.
Let p0 = PΩx, from Step 1, we have p0 ∈ Ω ⊂ Cn ∩Qn. From xn+1 = PCn∩Qnx and the definition of the

metric projection, we have
‖xn+1 − x‖ ≤ ‖p0 − x‖ (3.8)

for every n = 0, 1, 2, · · · . Therefore, {xn} is bounded. By virtue of (3.4), (3.5) and (3.7), we also obtain
{tn}, {un} and {zn} are also bounded, respectively.

Again from (3.4), condition (vii) and the boundedness of {xn} and {tn}, we have

‖xn − yn‖2 ≤ ‖xn − yn‖2 + ‖tn − yn‖2

≤ 1

1− λnρ
(
‖xn − p‖2 − ‖tn − p‖2

)
≤ 1

1− λnρ
(‖xn − p‖+ ‖tn − p‖)(‖xn − p‖ − ‖tn − p‖)

≤ 1

1− λnρ
(‖xn − p‖+ ‖tn − p‖)‖xn − tn‖

≤ 1

1− qρ
(‖xn − p‖+ ‖tn − p‖)‖xn − tn‖.

So, {yn} is bounded. Because

‖f(un)‖ ≤ ‖f(un)− f(p)‖+ ‖f(p)‖ ≤ η‖un − p‖+ ‖f(p)‖,

we have {f(un)} is bounded. By (3.1), we have

‖zn − p‖2 = ‖βnun + σnµf(un) + ((1− βn)I − σnV )Tnun − p‖2.

Combining with the boundedness of {un}, {zn} and {f(un)}, we obtain that {Tnun} is bounded.
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Step 3. lim
n→∞

‖xn − yn‖ = 0, lim
n→∞

‖xn − un‖ = 0, lim
n→∞

‖xn − zn‖ = 0 and lim
n→∞

‖xn − Txn‖ = 0.

As Qn = {z ∈ C : 〈xn − z, x − xn〉 ≥ 0}, we have 〈xn − z, x − xn〉 ≥ 0 for all z ∈ Qn. And by the
definition of the metric projection, we obtain xn = PQnx. Because xn+1 = PCn∩Qnx ∈ Cn ∩ Qn ⊂ Qn and
by (3.8), we have

‖xn − x‖ ≤ ‖xn+1 − x‖ ≤ ‖p0 − x‖

for every n = 0, 1, 2, · · · . Therefore, lim
n→∞

‖xn − x‖ exists. We have

‖xn+1 − xn‖2 ≤ ‖xn+1 − x‖2 − ‖xn − x‖2,

which implies that
lim
n→∞

‖xn+1 − xn‖ = 0. (3.9)

By xn+1 ∈ Cn and the definition of Cn, we have

‖zn − xn+1‖2 ≤ ‖xn − xn+1‖2 + θn ≤
(
‖xn − xn+1‖+

√
θn

)2
,

which yields that
‖zn − xn+1‖ ≤ ‖xn − xn+1‖+

√
θn.

Hence
‖zn − xn‖ ≤ ‖zn − xn+1‖+ ‖xn+1 − xn‖ ≤ 2‖xn − xn+1‖+

√
θn. (3.10)

By virtue of condition (iii), we have θn → 0. Again from (3.9) and (3.10), we conclude

lim
n→∞

‖xn − zn‖ = 0. (3.11)

From (3.6), we obtain

‖zn − p‖2 ≤(1 + γn)(‖xn − p‖2 + (1− αn)(λnρ− 1)(‖xn − yn‖2 + ‖tn − yn‖2))

+
σnµ

1− η
‖f(p)− p‖2 + cn + σn(1 + µ− γ)‖zn − p‖2 + σn‖µp− V p‖2.

Therefore, we have

‖xn − yn‖2 + ‖tn − yn‖2 ≤
1

(1 + γn)(1− αn)(1− λnρ)

[
(1 + γn)‖xn − p‖2

− (1− σn(1 + µ− γ))‖zn − p‖2

+
σnµ

1− η
‖f(p)− p‖2 + cn + σn‖µp− V p‖2

]
=

1

(1 + γn)(1− αn)(1− λnρ)

[
(1 + γn)(‖xn − p‖2 − ‖zn − p‖2)

+ (1 + σnµ+ γn − (1− σn(1 + µ− γ)))‖zn − p‖2

+
σnµ

1− η
‖f(p)− p‖2 + cn + σn‖µp− V p‖2

]
(3.12)

=
1

(1 + γn)(1− αn)(1− λnρ)

[
(1 + γn)(‖xn − p‖

+ ‖zn − p‖)(‖xn − p‖ − ‖zn − p‖)
+ (σn(1 + 2µ− γ) + γn)‖zn − p‖2

+
σnµ

1− η
‖f(p)− p‖2 + cn + σn‖µp− V p‖2

]
≤ 1

(1 + γn)(1− αn)(1− λnρ)

[
(1 + γn)(‖xn − p‖
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+ ‖zn − p‖)‖xn − zn‖+ (σn(1 + 2µ− γ) + γn)‖zn − p‖2

+
σnµ

1− η
‖f(p)− p‖2 + cn + σn‖µp− V p‖2

]
.

From (3.11), (3.12), condition (i), (iii), (vii) and the boundedness of {xn} and {zn}, we have

lim
n→∞

‖xn − yn‖ = 0, (3.13)

and
lim
n→∞

‖yn − tn‖ = 0. (3.14)

By ‖xn − tn‖ ≤ ‖xn − yn‖+ ‖yn − tn‖, (3.13) and (3.14), we get

lim
n→∞

‖xn − tn‖ = 0. (3.15)

In view of (3.6), we obtain

‖zn − p‖2 ≤ (1 + γn)‖xn − p‖2 +
σnµ

1− η
‖f(p)− p‖2

+ (1− βn − σnγ)(κ− βn(1− βn − σnµ))‖un − Tnun‖2

+ cn + σn(1 + µ− γ)‖zn − p‖2 + σn‖µp− V p‖2.

By conditions (iv) and (vi), we have βn + σnγ < βn + σnµ ≤ 1. Therefore, repeating the similar method
in (3.12), we have

‖un − Tnun‖2 ≤
1

(1− βn − σnγ)(βn(1− βn − σnµ)− κ)

[
(1 + γn)‖xn − p‖2

− (1− σn(1 + µ− γ))‖zn − p‖2 +
σnµ

1− η
‖f(p)− p‖2 + cn + σn‖µp− V p‖2

]
≤ 1

(1− βn − σnγ)(βn(1− βn − σnµ)− κ)

[
(1 + γn)(‖xn − p‖+ ‖zn − p‖)‖xn − zn‖

+ (σn(1 + µ− γ) + γn)‖zn − p‖2 +
σnµ

1− η
‖f(p)− p‖2 + cn + σn‖µp− V p‖2

]
.

(3.16)

Again from (3.11), (3.16), condition (iii) and the boundedness of {xn} and {zn}, we have

lim
n→∞

‖un − Tnun‖ = 0. (3.17)

By (3.1), we have

‖zn − un‖ =‖βnun + σnµf(un) + ((1− βn)I − σnV )Tnun − un‖
=‖(1− βn)(Tnun − un) + σn(µf(un)− V Tnun)‖
≤(1− βn)‖Tnun − un‖+ σn‖µf(un)− V Tnun‖.

(3.18)

From (3.17), (3.18), condition (iii) and the boundedness of V , {f(un)} and {Tnun}, we have

lim
n→∞

‖zn − un‖ = 0. (3.19)

By ‖xn − un‖ ≤ ‖xn − zn‖+ ‖zn − un‖, (3.11) and (3.19), we get

lim
n→∞

‖xn − un‖ = 0. (3.20)
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Furthermore, by Lemma 2.6, we have

‖xn − Tnxn‖ ≤‖xn − un‖+ ‖un − Tnun‖+ ‖Tnun − Tnxn‖

≤‖xn − un‖+ ‖un − Tnun‖+
1

1− κ
(
κ‖xn − un‖

+
√

(1 + (1− κ)γn)‖xn − un‖2 + (1− κ)cn
)
.

(3.21)

From (3.17), (3.20) and (3.21), we get

lim
n→∞

‖xn − Tnxn‖ = 0.

Since ‖xn+1 − xn‖ → 0, ‖xn − Tnxn‖ → 0 as n→∞ and T is uniformly continuous, by Lemma 2.7, we
obtain

lim
n→∞

‖xn − Txn‖ = 0.

Step 4. W (xn) ⊂ Ω, where W (xn) denotes the set of all the weak limit points of {xn}.
Indeed, since {xn} is bounded, we know that W (xn) is nonempty. Take u ∈ W (xn) arbitrarily. Then

there exists a subsequence of {xn}, for simplicity, we still denote it by {xn}, such that xn ⇀ u as n → ∞.
In the following, we shall prove u ∈ Ω. First, we show u ∈ (∩ki=1A

−1
i 0) ∩ (∩lj=1B

−1
j 0). From (3.4), for all

p ∈ Ω, we have

‖un − xn‖ =‖αnxn + (1− αn)S
AkAk−1···A1
rn G

BlBl−1···B1
rn tn − xn‖

=(1− αn)‖SAkAk−1···A1
rn G

BlBl−1···B1
rn tn − xn‖.

This implies that

‖SAkAk−1···A1
rn G

BlBl−1···B1
rn tn − xn‖ =

1

1− αn
‖xn − un‖. (3.22)

From (3.20), (3.22) and condition (i), we have

S
AkAk−1···A1
rn G

BlBl−1···B1
rn tn − xn → 0, (n→∞). (3.23)

By ‖SAkAk−1···A1
rn G

BlBl−1···B1
rn tn − tn‖ ≤ ‖S

AkAk−1···A1
rn G

BlBl−1···B1
rn tn − xn‖+ ‖tn − xn‖, (3.15) and (3.23),

we get S
AkAk−1···A1
rn G

BlBl−1···B1
rn tn − tn → 0. Since tn ⇀ u, S

AkAk−1···A1
rn G

BlBl−1···B1
rn is nonexpansive and by

Lemma 2.4, we have S
AkAk−1···A1
rn G

BlBl−1···B1
rn is demiclosed at zero, i.e., u ∈ F (S

AkAk−1···A1
rn G

BlBl−1···B1
rn ).

Again By Lemma 2.10, we get u ∈ (∩ki=1A
−1
i 0) ∩ (∩lj=1B

−1
j 0). Secondly, we show u ∈ V I(C,A). Let

Tv =

{
Av +NCv, if v ∈ C,
∅, if v /∈ C,

where NCv is the normal cone to C at v ∈ C, G(T ) is the graph of T and (v, ω) ∈ G(T ). So, we have
ω ∈ Tv = Av +NCv and hence ω −Av ∈ NCv (see [13]). From the definition of the normal cone and since
tn = PC(xn − λnAyn) ∈ C, we have

〈v − tn, ω −Av〉 ≥ 0. (3.24)

From the property of PC , we have

〈xn − λnAyn − tn, tn − v〉 ≥ 0, ∀v ∈ C,

and hence

〈v − tn,
tn − xn
λn

+Ayn〉 ≥ 0. (3.25)
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For simplicity, we assume that {yn} and {tn} are also subsequences of {yn} and {tn}, respectively.
Because of xn − yn → 0, xn − tn → 0 and xn ⇀ u, we have yn ⇀ u and tn ⇀ u. By the monotonicity of A,
(3.24) and (3.25), we obtain

〈v − tn, ω〉 ≥ 〈v − tn,Av〉

≥ 〈v − tn,Av〉 − 〈v − tn,
tn − xn
λn

+Ayn〉

= 〈v − tn,Av −Atn〉+ 〈v − tn,Atn −Ayn〉 − 〈v − tn,
tn − xn
λn

〉

≥ 〈v − tn,Atn −Ayn〉 − 〈v − tn,
tn − xn
λn

〉.

Hence, we obtain 〈v − u, ω − 0〉 ≥ 0 as n → ∞. Since T is maximal monotone, we have 0 ∈ Tu and
hence u ∈ V I(C,A).

Thirdly, we show u ∈ F (T ). We observe that T is uniformly continuous and limn→∞ ‖xn − Txn‖ = 0.
Hence it is easy to get that limn→∞ ‖xn − Tmxn‖ = 0 for all m ≥ 1, m ∈ N. From Lemma 2.8, we have
u ∈ F (T ). So u ∈ Ω and we get W (xn) ⊂ Ω.

Step 5. xn → PΩx as n→∞.
Suppose xn ⇀ u as n→∞, where {xn} is looked as a subsequence of {xn} for simplicity, from Step 4, we

have u ∈ Ω. Let p0 = PΩx, from the definition of the metric projection and the weak lower semi-continuity
of ‖ · ‖, we have

‖p0 − x‖ ≤ ‖u− x‖ ≤ lim inf
n→∞

‖xn − x‖ ≤ lim sup
n→∞

‖xn − x‖ ≤ ‖p0 − x‖.

So, we obtain
lim
n→∞

‖xn − x‖ = ‖u− x‖.

Again from xn − x ⇀ u− x and the Kadec-Klee property (see [12]), we have xn − x→ u− x and hence
xn → u. Since xn = PQnx and p0 ∈ Ω ⊂ Cn ∩Qn ⊂ Qn, we have

−‖p0 − xn‖2 = 〈p0 − xn, xn − x〉+ 〈p0 − xn, x− p0〉 ≥ 〈p0 − xn, x− p0〉.

Let n→∞ in both sides of the above inequality, we get −‖p0−u‖2 ≥ 〈p0−u, x−p0〉 ≥ 0. Hence u = p0.
This implies that xn → p0 = PΩx as n→∞.

Step 6. Let p0 = PΩx, assume additionally that ‖xn − zn‖ = ◦(σn) and γn + cn + ‖un − Tnun‖2 = ◦(σn),
we will show p0 is the unique solution in Ω to solve the following variational inequality:

〈(V − µf)p0, p− p0〉 ≥ 0, ∀p ∈ Ω. (3.26)

Equivalently, p0 = PΩ(I − V + µf)p0. Indeed, by the definition of V and f , we have

〈(V − µf)x− (V − µf)y, x− y〉 = 〈V x− V y, x− y〉 − µ〈f(x)− f(y), x− y〉 ≥ (γ − µη)‖x− y‖2.

This implies that V − µf is (γ − µη)-strongly monotone. In the meantime, we obtain

‖(V − µf)x− (V − µf)y‖ ≤ ‖V x− V y‖+ µ‖f(x)− f(y)‖ ≤ (‖V ‖+ µη)‖x− y‖.

That is, V −µf is (‖V ‖+µη)-Lipschitz continuous. Thus, there exists a unique solution p̂ ∈ Ω to satisfy
the following variational inequality:

〈(V − µf)p̂, p− p̂〉 ≥ 0, ∀p ∈ Ω.



Y.-Q. Qiu, J.-Z. Chen, L.-C. Ceng, J. Nonlinear Sci. Appl. 9 (2016), 5175–5188 5186

Equivalently, p̂ = PΩ(I−V +µf)p̂. Furthermore, by using another technique in (3.6), by virtue of (1.2),
(3.1), (3.5), Lemma 2.1 and condition (vi), we obtain

‖zn − p‖2 = ‖βn(un − p) + σnµ(f(un)− f(p))

+ ((1− βn)I − σnV )(Tnun − p) + σn(µf − V )p‖2

≤ ‖βn(un − p) + σnµ(f(un)− f(p))

+ ((1− βn)I − σnV )(Tnun − p)‖2

+ 2σn〈(µf − V )p, zn − p〉
≤ [βn‖un − p‖+ σnµ‖f(un)− f(p)‖

+ (1− βn − σnγ)‖Tnun − p‖]2 + 2σn〈(µf − V )p, zn − p〉
≤ [βn‖un − p‖+ σnµη‖un − p‖+ (1− βn − σnγ)‖Tnun − p‖]2

+ 2σn〈(µf − V )p, zn − p〉
≤ [(βn + σnγ)‖un − p‖+ (1− βn − σnγ)‖Tnun − p‖]2 + 2σn〈(µf − V )p, zn − p〉
≤ (βn + σnγ)‖un − p‖2 + (1− βn − σnγ)‖Tnun − p‖2 + 2σn〈(µf − V )p, zn − p〉
≤ (βn + σnγ)‖un − p‖2 + (1− βn − σnγ)((1 + γn)‖un − p‖2 + κ‖un − Tnun‖2 + cn)

+ 2σn〈(µf − V )p, zn − p〉
≤ ‖un − p‖2 + (1− βn − σnγ)(γn‖un − p‖2

+ κ‖un − Tnun‖2 + cn) + 2σn〈(µf − V )p, zn − p〉
≤ ‖xn − p‖2 + (1− βn − σnγ)

× (γn + ‖un − Tnun‖2 + cn)(‖un − p‖2 + κ+ 1)

+ 2σn〈(µf − V )p, zn − p〉,

(3.27)

which yields

〈(µf − V )p, p− zn〉 ≤
1

2σn
[‖xn − p‖2 − ‖zn − p‖2 + (1− βn − σnγ)

× (γn + ‖un − Tnun‖2 + cn)(‖un − p‖2 + κ+ 1)]

=
‖xn − p‖ − ‖zn − p‖

2σn
(‖xn − p‖+ ‖zn − p‖)

+
γn + ‖un − Tnun‖2 + cn

2σn
(1− βn − σnγ)

× (‖un − p‖2 + κ+ 1)

≤ ‖xn − zn‖
2σn

(‖xn − p‖+ ‖zn − p‖)

+
γn + cn + ‖un − Tnun‖2

2σn
(1− βn − σnγ)(‖un − p‖2 + κ+ 1).

(3.28)

By means of (3.11) and (3.17), i.e., limn→∞ ‖xn−zn‖ = 0 and limn→∞ ‖un−Tnun‖ = 0, and by condition
(iii), we can assume that ‖xn − zn‖ = ◦(σn) and γn + cn + ‖un − Tnun‖2 = ◦(σn). And since xn → p0 as
n→∞, {xn}, {un} and {zn} are bounded, we conclude from (3.28) that

〈(V − µf)p, p− p0〉 ≥ 0, ∀p ∈ Ω,

which together with Minty’s lemma (also see [4]) implies that

〈(V − µf)p0, p− p0〉 ≥ 0, ∀p ∈ Ω.

This shows that p0 is a solution in Ω to the variational inequality (3.26). By using the uniqueness of
solutions in Ω of the variational inequality (3.26), we obtain that p0 = p̂. This completes the proof.
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Remark 3.2.

(1) In Theorem 3.1, we consider the problem (∩ki=1A
−1
i 0)∩ (∩lj=1B

−1
j 0)∩V I(C,A)∩F (T ), which is more

general than Sahu et al. [15] and Qiu et al. [11].

(2) In Theorem 3.1, the strongly positive linear bounded operator is first put into the CQ algorithm, such
that Cn = {z ∈ C : ‖zn−z‖2 ≤ ‖xn−z‖2 +θn} holds, and θn is different from that of other literatures,
e.g. [2, 3, 15].

(3) The strongly positive linear bounded operator technique is first used to approximate the fixed point
of asymptotically κ-strict pseudocontractive mapping in the intermediate sense with sequence {γn}.

(4) The proof of Theorem 3.1 is interesting, e.g., in (3.6) and (3.27), by using two different techniques,
we transfer the nonconvex style into the convex style to complete it, respectively. In (3.4) and (3.12)
of the proof of Theorem 3.1, the method is different from that of Nadezhkina and Takahashi [9] and
Qiu et al. [11]. The proof of Theorem 3.1 is easier than that of Theorem 3.4 in [8] and Theorem 2.1
in [10], respectively, which need the implicit iteration.
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