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Abstract

In this paper, we study the existence of solutions for a class of rational systems of difference equations
of order four in four-dimensional case
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with the initial conditions are real numbers. Also, we study some behavior such as the periodicity and
boundedness of solutions for such systems. Finally, some numerical examples are given to confirm our
theoretical results and graphed by Matlab. (©2016 All rights reserved.
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1. Introduction

The theory of discrete dynamical systems and difference equations developed greatly during the last
twenty-five years of the twentieth century. Applications of discrete dynamical systems and difference equa-
tions have experienced enormous growth in many areas. Many applications of discrete dynamical systems
and difference equations have appeared recently in the areas of biology, economics, physics, resource man-
agement and others. The theory of difference equations occupies a central position in applicable analysis.
There is no suspicion that the theory of difference equations will continue to play an important role in math-
ematics as a whole. Nonlinear difference equations of order greater than one are of paramount importance
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in applications. Such equations also appear naturally as discrete analogues and as numerical solutions of
differential and delay differential equations which model various diverse phenomena in biology, ecology, psy-
chology, engineering, physics, probability theory, economics, genetics, physiology and resource management.
It is very interesting to investigate the behavior of solutions of a system of higher-order rational difference
equations and to discuss the local asymptotic stability of their equilibrium points. There are many papers
deal with the difference equations system [IH33]. For example, the dynamical behavior of positive solution

for the system
Tn—m+1 Yn—m+1

) Yn+1 = )
A+ UnYn—1---Yn—m+1 " A+ TnTp—1---Tp—m+1
has been studied by Sroysang in [24].
In [12], El-Metwally presented solutions of the following sixteen systems of difference equations

Tn41 =

2, = Tn—2Yn—1 ’ Yn = Yn—2Tn-1
+Tp-2 + Yn-3 tYn—2+ Tp-3
In [26], Stevi¢ et al. studied the solutions of rational difference equations
Tn—kYn—I _ Yn—kTn—1
bnn—k + AnYn—i-k~ I Ak + Cnttnie

Tp —

In [4], Din has investigated the dynamics of a system of fourth-order rational difference equations
A1Tp—3 A2Yn—3
) Yn+1 = .
B1 + MYnYn—1Tn—2Tn—3 B2 + V2TnTn—1Yn—2Yn—3

Tn+1 =

Yalginkaya and Cinar [29] got the periodicity of the positive solutions of the nonlinear difference equations

system
1 Un 1
Tn+l = — Yn+1 = ——— Zn+l = :
Zn Tn—1Yn—1 LTn—1

El-Dessoky et al. [11] obtained the solutions of the difference equation systems

T _ Tn—1 y _ Yn—1 . _ RAn—m
1= 1= ) 1— .
" 1+ ynen— ’ n+ 1+ zpyn— n+ InYn
Ozkan et al. [23] investigated the periodical solutions of the third order rational difference equations
Yn—2 Tn—2 Tp—2 + Yn—2
Tntl = Yn+1 = Zn41 =

-1+ yn—an—lyn’ -1+ xn—2yn—lxn7 -1+ Tp—2Yn—1Tn .
Yazlik et al. [31] studied the behaviour of solutions of the systems of difference equations
Yn—2Tn—3Yn—1a Tn—2Yn—3Tn—4

) Yn+1 = .
ynxnfl(:l:l + ynf2mn73yn74) nr Zvnynfl(il + xn72yn73$n74)

Tnt+1 =

El-Dessoky et al. [9] investigated the form of the solution of the systems of difference equations
Tn—2 Yl = Yn—2 g = Zn—2
+1 4 Zp_22n_1Yn T 4 ypomn1zn T 4 2y oyn1an

Tp41 =

Also, in [19] , Kurbanli studied a three-dimensional system of rational difference equations

Tn—1 Yn—1 Tn

In+l = 7> Yn+1 = ) ntl = —— -
Tpn—1Yn — 1 Yn—1Tn — 1 Zn-1Yn — 1

To be motivated by the above studies, our aim in this paper is to obtain the existence of solutions for
the rational systems of difference equations of order four in four-dimensional case

T _ Tn—3 y _ Yn—3
n+1l — ) n+1l — )
1 £ tn2n—1Yn—2%n—3 +1 £ xptn—12n—2Yn—3
Zn—3 tn—3
Zntl = lnt1 =

1+ ypen—1tn-—22n-3 ’ 1+ 2pYn—12Tn—2tn-3 ’

where n € Ny and the initial conditions x;, y;, z;, t; fori = =3, —2, —1, 0 are arbitrary real numbers. We
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study the dynamics of theses solutions such as the periodicity and boundedness and give some numerical
examples for the systems.

2. Systems and the expressions of their solutions

Here we interest to investigate the following system of some rational difference equations

Tn—3 Yn—3
Tn+1 = ) Yn+1 = )
—1 —tnzn-1Yn—2%Tn-3 —1 —Zptn-12n—2Yn-3
Zn—3 th—3
Zn+1 = 5 t +1 = s (21)
" 1+ ynTn—1tn—22n-3 " I+ zpyYn—12n—2tn—3
where n € Ny and the initial conditions z;, y;, z;, t; for i = =3, —2, — 1, 0 are arbitrary real numbers.

Theorem 2.1. Assume that {zy, Yn, zn, tn} are solutions of system (2.1)), then for n =0,1,2, ..., we obtain

n (14 (2i)z_3y-—22-1to)
Tan—3 = (—1)"x_ ’
an—3 = (-1)"z3 i—0 (14+ (2i 4+ 1)z_3y_2z_1to)
—1 (14 (2i + 2)z_3t_oz_1300)
im0 (14 (20 +3)z_3t_2z_1y0)’

n—l —14 (2¢)y_3z_9t_1x0
s = (1) T L) )
i

L1+ (20 4 1)t_32_2y—120)
Tan—z = (=1)"7-2 H o (14 (20 +2)t_3x_2y_120)
1 (=14 (2i 4+ 1)y_32_ot_120)

0 (=14 (20 +2)y_sz_ot_120)
(1 ( )

)

Tap—1 = (—1)"z_1 Tap = (—1)"330

)

21 + 1)x,3y,2z71t0

Yan—2 = (—1)"y_2

—o (=14 (2i — 1)y_32_2t_120)’ =0 (14 (20)z_3y—22-1t0)
n=1 (14 (20 4+ 2)t_37_92y_12 n—l (1 + (2 + 3)z_3gt_ox_
Yan—1 = (—1)713/71 ( ( : ) 3L—-2Y—-1 0)’ Yan = (_1)ny0 H ( ( : ) 302 lyO),
i=o (14 (2i + 1)t_32_2y-120) i=0 (14 (2i +2)2_3t_22_1y0)
n—1 (1 + (2i)z_3t_2m_1yo) ( 1

ZAn—3 = Z— B 9
n=3 3 i—0 (1 =+ (22 =+ 1)z_3t_2x_1y0) -0 (— =+ (2z)y 32_9ot_ 11’0)

-t (14 (2i)r_3y 22 1to) 2i + 1)t_32_2y-120)

+
+
+ (2t —1 32_ot_1x0
oo ] CLEC D )
+
+

1+ (
1= H 0 (14 (20 + 1)z _3y 22 1to)’ - H 0 (14 (204 2)t_3x_2y_120)’
and
fans =t S”ﬁl (1 + (Qi)t 3T_2Y—_ 120) R 2”_1 (1 + (Qi + 1)2 3t_ox 1y0)
" o (14 (20 4+ 1)t 32 2y 120)’ " im0 (14 (20 +2)z-3t 2w _190)’
. n—1 (—1 + (22)y732,2t,1$0) . n—1 (1 + (21 + 1)1‘,3y,2271t0)
tan—1 =1t-1 [] : ; tan = to . ,
i—o (=1 + (20 + 1)y—32-2t_170) i—0 (1+ (20 + 2)r_3y—22-110)

—1
where [] A; = 1.
i=0

Proof. For n = 0 the result holds. Now let n > 1 and that our assumption holds for n — 1, that is,

=2 (14 (20)2_sy_nz_1t

Lap7= (_1)77, IIE,3 (1(+ (2( )1 3Y—22-1 0) ’
. i+ 1)z_3y_2z_1to)

2 (14 (2 +2)z_3t_27_1Y0)

Tan—s = (—1)""1o_

4n—5 ( ) 1 H (1+(21—|—3)Z 3t_ox_ 1y0)
n=2 (=14 (2i)y_3z_at_120)

_ _ n—
yan—7 = (=1)""1y- 3ZH (—1+ (20 — 1)y_32_ot_120)’
n=2 (14 (2 + 2)t_32_2y_120)
=0 (14 (20 + 1)t_3z_2y_120)’

s 3n1:[2 (1 + (2i)z_3t_2z_1Y0) s = 7 2 (-1+ (22 —1)y_3z_9t_120)
" (1 + (ZZ + 1)Z 3t_ow_ lyO) " B i=0 (—1 + (Qi)yfnggtfl.fo)

( (22 + 1)t_3$_2y_120)
0 (14 (20 +2)t_32_2y-120)’

1+ 27,+1 y 3292t 110)
Lo H 1+ 27,+2)y 3z_ot_ 1$0)

Tan—6 = (—1)"" T2 H

Ton—4 = (_ )n

n—
_ -1 (14(2i+1)z_3y—_22_1t0)
Yin—6 = (_l)n Y-2 1;[0 (1_,_(21'):0_3;_222_1;0)0 )

Yana :( )n %o H +(2i4+3)z_3t_22_1%0)

_ n—1
Yan—5 *( 1) Y-1 +(2i42)2_3t_2z_1y0)’
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P 1"1—[2 (1 + (29)2_3y—22-110) . 4_Zonﬁ2 (1+ (20 + 1)t_32_2y-120)
" o (1+(2i + 1)z _3y—22-1t0)’ " i—0 (1+ (20 4+ 2)t_32_2y-120)’
banm =t 3”1_[2 (1+(2’L>t 3T _9Y— 12’0) P 2n72 (1+(2i+1)z 3t_ox_ 1y0)
" o (1+ (20 +1)t_3z_2y-120) " im0 (L4(2i +2)2-3t22130)’
tors =ty "H2 (=1 + (2i)y—32-2t_170) — 2 (1+ (2 4+ Da_gy—22-1to)
" im0 (F1 4+ (20 + 1)y—sz—at_170)’ " i=o0 (14 (2i +2)z_3y-22-1t0)
From system ([2.1)), we deduce that
Tan—7
Tyn—3 =
—1 —t4n—azan—5Yan—6Tan—7
(1+(20)z_3y—22_1t0)
(_ )n r-3 H (1+ 21+1 x33y22z1 10t0)
(1+ 2i4+1)z_3y_2z_ 1t0 1+ QZI 3Y—22_ 1t0)
1 tO H (1+(21+2)1‘ 3Y—22_ 1t0 Z—1 H 1+(22+1 T_3Y_22_ 1t0)
B -2
(14+(2i+1)x_3y—22—1t0) —1 [ (14 (29)z_3y—22—_1t0)
(=)™ s H (1+(21 z_ 3; 222 17510)0 (=1)" o Zl;[ (1+(2i+1)xi3yi2zi10to)
(14+(28)z_3y_22_1t0) (14+(28)z_3y_22_1t0)
( ) r-3 H 1+ 2i+1 x35y2221 10t()) (_ )n r-3 H 1+ 2i+1 x33y2221 10t())
- - 1 r_3y—22—1to
-1 - [CE 3Y—22_1tg H 1i+21%i)2€x3y3y2z221t10t)0):| 1 (1+(2n—2)z_3y—_22_1t0)
(—1 )n T H (14-(29)x_3y—22_1t0)
3 1+(22+1 T_3Y_22_ 1t0)
- o (271 1)1‘_3y_22_1t0
(1+(2n—2):c_3y_22_1t0)
n—1 14 (20)x_3y—22_1ty
R e )
(1 + (22 + 1)$ 3Yy—22— 1t0)
Yan—17
Yan—-3 =
—1 — T4n—atan—524n—6Yan—7
(=14(24)y—32—2t_1x0)
(* ) 1;[ —1+(2i—1)y_32—_2t_170)
- 2
1 —1+(2i+1)y—32_2t_170) " (—1+(28)y—3z—2t_120)
) (=1)" "o H T+ (2i12)y_37 2t 120) 1 11:10( TH2i+1)y_32_2t_120)
1+2z 1)y_3z_2t_120) —14(20)y_32z_2t_120)
-2 H 1+(21)y 35 2t2 1920)0 (= )n Y=3 H (- 1+ 2i—1 y33222t11330)
(=1+(2¢)y—3z_2t_120) (—1+(2¢)y—3z_2t_120)
(_ )n Y-3 H —1+(2i— 1)y33z22t1 1(5)50) (_ )n Y-3 H —1+(2i— 1)y53z22t1 1(5)80)
- - _ y—3z—2l_1%9
1= vt T | 1 e

1+ 2’L y 3z_9ot_ 1I0)
1+(21 1)y—3z—at—_10)

(=t

Yy-3 H
B 1+(2n 3)y—_3z_o2t_1x0
—1+(2n—2)y,3272t,1x0
(—1)"y_s ”1:[1 (=1 + (20)y—32-—2t_120)
i=0 (=1 + (2i — 1)y—3z—2t_120)
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Also, from system ([2.1]), we see that

ZAn—7
1+ yan—aTan—s5tan—624n—7

Z4n—3 =

(1+(2i)z—3t_2z_1y0)
-3 H (1+(2i+1)z—st—22_1y0)

_1\n— (14+(2i+3)z_3t_22_1y0) n— (14(2i+2)z_3t_2x_1Y0)
(1) ZJO H (14+(2i+2)z—3t 27— 1y0)( 1) oy H (1+(2i+3)z—3t—2x—1y0)
1+ -
2 —2
nl—[ (14+(2i+1)z_3t_oz_ 1yo)z nH (1+(21)z_3t_2w_1y0)
1+(22+2 z_3t_ox_ 1y0) - -0 (1+(2i+1)z,3t,2m,1y0)

(1+(2i)z—3t_22_1y0) (1+(28)z—3t_2x_1y0)
Z-3 H 1+ 2'L+1 Z 3t_ox_ 1y0) -3 H (1+(21+1 Z_3t_2x_1Y0)

z—3t_2%_1Y0
1 + 1+(2n—2)z_3t_22_1yo

(1+(24)z—3t_2x_1y0)
1+ 2z_3t_2x_1%0 H (1+ 2142)z_3t_2x_1Y0)

5 H (14(29)z—3t_2x_1Y0)
3 (1+ 21+1)Z 3t_22_1Y0) n—1 (1+ (21')27375723371?;0)

=2z_3 : )
1+(2n 1)z_3t_oz_1Y 1] S
T (227 sl o1 1y o (L+ (20 +1)z_3t—22_1y0)

Finally, from system ([2.1]), we see that

ty 5 = t4n—7
"1+ ZapaYan—5Tan—gtan—7
(14(24)t_3z_2y—120)
t 3 H 1+ 2’L+1 t_3T_2y_ 120)
+(2i+1)t_3x_2y_120) (14(234+2)t_37_2y_120)
1+ 1;[ 2Z+2t 3T_2Y— 120)( )n Y-1 H 1+(27,+1 t 3T _2Y— 120)
( ) H (1+ 27,+1)t 3T_2Y— 120) nﬁ2 (1+(21)t,31',2y,120)
(].-i- 2’L+2)t 3T_2Y— 1Z0) - -0 (1+(2i+1)t_3z_2y_1z0)
1+ 27,t 3T_2Y— 1Z0) 1+ 27,t 3T_2Y— 1Z0)
i 3 H (1+ 2@+1t 3T_2Y— 120) t 3 H 1+ 2’L+1t 3T_2Y— 120)
= t_3x_2y—120
(1+(2¢)t_3x_2y—_120) 1+ - ;
I+ |t 3L -2Y-120 H (1 (2i+2)t_37_2y_120) 1+(2i+2)t_37—2y—120
t s H (14+(29)t_3x_2y_120)
(1+(2z+1)t 3T—2Y-120) _, n=l (14 (20)t_32_2y_120)
=t_3 : .
1183,5313323:123 =0 (14 @i+ Dt—sz—2y-120)
Similarly, we can prove the other relations. This completes the proof. O
Lemma 2.2. If x;, yi, zi, t; fori= —3,—2,—1,0 be arbitrary real numbers and let {xy, Yn, zn, tn} are

solutions of system , then the following conditions hold:

(i) If x_3 = 0, then we have x4y—3 =0 and ysp—o = (—1)"y—2, 2Z4n—1 = 2-1, tan = to.
(ii) If x_9 = 0, then we have x4p_92 =0 and Ygn—1 = (—1)"y_1, 2an = 20, tan—3 = t_3.
(11i) If x_1 = 0, then we have x4,—1 =0 and ygn = (—1)"yo, 24n—3 = 2—3, tan—2 = t_o.
(iv) If xy = 0, then we have x4y, =0 and yan—3 = (—1)"y_3, 2an—2 = 2—2, tan—1 =t_1.
(v) If y_s = 0, then we have ysn—3 =0 and x4y, = (—1)"x0, 2an—2 = 2—2, tan—1 =1_1 .
(vi) If y_o = 0, then we have ygn—2 =0 and x4y_3 = (—1)"x_3, 24n—1 = 2_1, tan = to.
(vii) If y_1 = 0, then we have Ysp—1 = 0 and 4p—o0 = (—1)"x_2, 24n = 20, tan—3 =t_3.
(viii) If yo = 0, then we have ya, =0 and z4p—1 = (—1)"x_1, 2an—3 = 2_3, tan—2 = t_o.
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(iz) If z_3 = 0, then we have z4n—3 =0 and x4n—1 = (—1)"z_1, Yan = (—1)"y0, tan—2 =t_o.
(x) If z_o = 0, then we have z4,—2 = 0 and x4, = (—1)"x0, Yan—3 = (—1)"y_3, tan—1 =t_1.
(xi) If z—1 = 0, then we have z4n—1 =0 and x4n—3 = (—1)"x_3, Yan—2 = (—1)"y_2, tan = to.
(xii) If zg = 0, then we have z4, = 0 and T4p—2 = (—1)"x_2, Yan—1 = (—1)"y_1,t4n—3 = t_3.
(xiii) If t_3 = 0, then we have tyn—3 =0 and x4n—2 = (—1)"x_2,Yan—1 = (—1)"y_1, 24n = 20.
(ziv) If t_o = 0, then we have tyn_9 =0 and x4p—1 = (—1)"x_1, Yan = (—1)"y0, 2zan—3 = z_3.
(xzv) If t—1 = 0, then we have ty,—1 =0 and x4y, = (—1)"x0, Yan—3 = (—1)"y—_3, Z4n-2 = 2_2.
(zvi) If tg = 0, then we have tg, =0 and z4p—3 = (—1)"x_3, Yan—2 = (—1)"y_2, Zan—1 = 2_1.

Proof. The proof follows directly from the expressions of the solutions of system ([2.1). O

Theorem 2.3. Assume that {xn, Yn, 2n, tn} are solutions of the system

£l = In—3 Y1 = Yn—3
+1 — ; +1 — )
" 1+ thzn-1Yn—2Tn-3 " 1 —zptn-12n—2yn—3
Zn—3 th—3
Zn+1 = L tn+1 i (22)

1 — YnTn—1tn—22n—3 1+ 2 Yn_1Tp_otn_3

with x_gy_sz_1ty # £1, t_3z_9y_120 # —1, t_3x_2y_120 # —3, 2-3t_2x_1yo # 1, y_3z_ot_120 # 1,
Y_3z_ot_1x0 # %, takes the form

ean s = T_3 oy = T g (14 t_gz_oy_120)"
A GRS " (14 2t_gz_9y_120)"
Tr_q n
Tan—1 = , Tan = 20 (1 —y—3z_ot_120)" ,
O R T pra—— an = 20 (1 — y_32_ot_170)
Yin—3 = y=s ; Yan—2 = Y—2 (1 + z_3y_22_1t0)",

(1 —y_3z_ot_1z0)"

1 (1 +2t_32_9y_120)"
_ Yy ( Y ) Yan = Yo (1 + Zf3t72$71y0)n 3

Yan=1 (1+t_32_2y_120)"
; _ Z-3 ; _ #2 (=1 +y_3z_at_120)"
T = 2 gt w o)™ in? (=14 2y_gz_ot_120)" '

Z_1

Z4n—1 = (=2 3y 27 1t0)" zan = 20 (1 +t-32-2y-120)",
t_3

tan—3 = (1t 522y 170)" tan—2 =t (1 — 23t _2x_190)",

t_1(—1+2y_3z_ot_1x0 "
tan—1 = ( Y ) ) tan =to (1 — x_3y_2z_1to)" .

(=14 y_3z_ot_120)"

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1, that is,

. B r_3 ear g = T_o (141t 32 oy 120)" "
dn—7 = — n—6 = —
(1 + 1’_3y_22:_1t0)n ! (1 + 2t_3$_2y_12’0)n !
Tr—_q _

Ton—5 = (1+ 2 st 071y )n_p Tan—q = To (1 — y—32—2t_120)" ! )

—3t_2T_1Y0

_3 _

Yan—7 = Y Yan—6 = y—o (1 +2_3y_2z_1t0)" ",

(1 —y 32 ot qa0)" "

Y1 (142t 32 9y 120)" "

; Yan—a = yo (1 + z_st _ox_130)"

Yan—5 = —
" (14t 32 9y 120)" "
, Z3 e z_9 (=1 + y—32—2t—11’0)n_1
An—T — — n—6 — — ’
(1 — z_gt_gz_1y0)" " (=14 2y_32_at_120)" "
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Z_1 —
Zin—5 = — Zap—a = 20 (1 +t_32_2y_120)" ",
(1 — .1‘_3y_22’_1t0)
i3
lan—7 = (1t 572y 120 " tan—6 =t—2 (1 — z_3t_ow_1y0)" ,
—3T_2Y—120
to1 (=14 2y_sz_ot_q20)" " _1
lan—5 = (( 1 4y sz ot 12 )n)l 5 tan—a = to (1 — z_3y—22_1t9)"
— —3221_1%¢
It follows that, from system (2.2)), we have
- . Ton—7
dn—3 =
" 1+ tan—azan—5Yan—6Tan—17
T_3
_ (14+z_sy_oz_1t0)" "
[1 + zoito(l—z—3y—2z_1t0)" ' w_sy_2(1+z_3y_22_1t0)" "
(1—z_3y_22_1t0)" ' (1+z_3y_2z_1t0)" !
T_3
_ (1+a_3y_oz_1t0)" " _ Tr-3
1+ 2_3y_2z_1to] (—1+z_3y—22z_1ty)"
_ Yan—6
Yan—2 =
1 — Zan—3tan—a24n—5Yan—6
B y_o (1 + z_3y_sz_1tp)" "
1— z_sto(1—T_3y_2z_1t0)" " Z—ly—2(1+x—3y—22—1t0)n71}
(1+x—3y—22—1t0)" (l—Ifgyfnglto)n_l
_ -1
_y-2(1+x_3y 92 1t0)" ! _ Y2 (L+z 3y 22-1t)"
1— r_3Yy—22—1l0 1
(14+z_3y—22_1t0) (14+z_3y—22_1t0)
=y o (1 4+ 23y 22-1t0)" .
Z4n—5
Z4n—1 =
1 — yan—2%Tan—3tan—a24n—s
Z_1
_ (1-z_3y_2z_1t0)" "
1— x_zy_2(14x_3y_22_110)" z_1to(1—z_3y_2z_1t0)" !
(1+ﬂc73y—2271t0)" (1—x_3y_gz_1t0)n71
Z1
_ (1—z_gy_oz_1to)" " _ Z-1
1 —x_3y_oz_1te) (—1+2z_3y_2z_1ty)"
- tan—4
"1+ Zan—1Yan—2Tan—stan—a
t() (1 — l'_3y_22_1t0)n_1
1+ z_1y—2(l4+z_3y—2z_1to)" 1—3150(1*90—31/—22—1750)”_1}
(1—z_3y—22z—1t0)" (1+z_3y—2z_1t0)"
Cto(1— x_gy_gz_lto)nfl _to (1-— x_gy_gz_ltg)nfl
Tr_3Yy—22_1to 1
[1 + (1*9673y72271t0)] [1—90—3?#2/2—1150}
Zto (1 — x_gy_gz_lto)" .
Also, we can prove the other relations similarly. The proof is complete. O
p Y
Theorem 2.4. Let {y,Yn, 2n,tn} are solutions of the system
Tpiq = Tp—3 Ynal = Yn—3
= =
mr -1+ tnZn—1Yn—2Tn—3 ’ " -1 Tnbn—12n—2Yn—3 ’
Zn—3 tn—3
Zn+1 = n tn+1 == n (23)

1+ ynl‘nfltnf2znf37 1+ zpYn—12Tn—2tn_3
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with the initial values are arbitrary real numbers satisfy r_sy_oz_1tg # 1, x_3y_oz_1tg # %, Z_st_ox_1yo #
=1, z_sgt_ox_1yp # —%, t_sr_oy 120 # *1 and y_s3z_ot_1x9 # *1. Then the solution is given by the
following formula forn=0,1,2, ...,

T3
—1+4z 3y 22 1t0)"’
(—l)n Tr_q (1 + 2z_3t_2x_1y0)"

Tin—3 = Tan—2 = (—1)"2_o (1 +t_32_2y_120)",

Tan—1 = (L + 2 st 27 130)" Tan = 20 (—1 + y—_32_2t_120)",

T G i = iy = D Y2 (L gy 22 1to)”

" (14 y_gz_ot_1mo)"’ " (=14 2x_3y_oz_1to)" ’
Y-1

Yan—1 1+t sz 2y 120)" Yan = (—1)"yo (1 + 23t —22-1%0)"
z_3

Z4n—3 :(1 T2 St ol lyo)na Z4n—2 = Z—2 (1 + y—3z—2t_1$0)na

-1 n Z—1 1— 2$_3 _22_1t0 "

Zan—1 _{ )(_1 Jr(x - QZylt())n ) 7 zan = (=1)" 20 (=1 + t 37 2y 120)",

for = t3 by = t_o(1+z_3t_ox_170)"

n=3 (1 + t_?,$_2y_120)n7 " (1 + 22_3t_2x_1y0)" ’

(71)n t_1 n n

tan—1 :(_1 +y_32_ot 1$0)n7 tan = (_1) to (_1 =+ $—3y—22—1t0) :

Proof. As the proof of Theorem O

Here for confirming the results of this section, we consider an interesting numerical examples of the systems

&) @2.

Example 2.5. We consider the system (2.1)) with the initial conditions z_3 = 0.6, z_9 = 3, x_; = 0.9,
rg = 13, y3 =2, yo =13, y-1 = —0.5, yo = 0.1, 23 = 1.1, z_o = 0.6, z_1 = —0.7, 29 = 1.5,
t3=—2,t9=0.9, t_1 = =3 and ¢y = 0.8, see Figure[]

Figure 1: Sketch the behavior of the solution of system (2.1))

Example 2.6. See Figure |2| for an example for the system ([2.2)) with the initial values z_3 = 0.46, z_9 =
0.23, x_1 =0.29, xg = 1.16, y_3=0.2, y_o =13, y_1 = —0.5, yo = 0.61, 2_3 =0.21, z2_2 =0.26, 21 =
0.27, 20 =1.85,t_3=10.2, t_o =0.09, t_1 = 0.28 and ty = 0.58.
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x(n),y(n),z(n),t(n)

-0.5
0 40

Figure 2: Draw the behavior of the solution of system ([2.2]).

3. Systems have a periodic solutions:

In this section, we study the solutions and periodic nature of the solutions of the following system of
four nonlinear difference equations

T Tn-3 y Yn—3
n+1 — n+1 —
-1 —tp2n_1Yn—2Tn_3 7 —1 =zt 12n—2Yn—3 7
Zn—3 tn—3
Zn+l1 = tn+1 = (31)

) )
—-1- ynxn—ltn—an—ii —-1- znyn—lxn—Qtn—S

where n € Ng and the initial conditions are arbitrary real numbers.

Theorem 3.1. Assume that x_sy_sz_1tg # —1, t_sx_oy_120 # —1, z_3t_ox_1yo # —1, y_3z_ot_1x0 # —1
and x_sy_oz_1tg # —2, t_3T_oy_120 # —2, z_3t_ox_1yo # —2 and y_sz_st_1x9 # —2, then all solutions of
the system (3.1)) are unbounded and given by the expressions

T3

an=s :(—1 — x_3y_9z_1to)"’ Zan-z = &2 (=1 = t-a5-ap-120)",
-1

Ton—1 :(—1 a1 Tan = 20 (—1 — y_32_2t_170)",
Yy-3

Yan—-3 = (_1 —y_32 Qt 1$0)n7 Yan—2 = Y—2 (_1 - x—3y—22—1t0)n ’
Y-1

Yan—1 :(—1 gt oy az0) Yan = Yo (—1 — z_gt_oz_1y0)",
Z_3

Z4n—3 =(_1 2 st_az_1y0)" Zan—2 = Z-3 (=1 — y_3z_at_170)" ,
Z_1

Zan—1 :(—1 sy et Zan = 20 (—1 — t_3x_2y_120)",
t_3

tan—3 Tl =tz oy ) tan—2 =1t-2 (=1 —2_gt_2z_130)",
(]

tan—1 1=y sz ot 1z tan = to (=1 — z_3y—22_1t0)" .

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1, that is,

_ Tr—3 _ 1t n—1
Tan—7 = —T Tan—6 = T2 (=1 —t_3z_2y-120)"
(=1 —z_3y—22_1t0)
Tr_1 n—1
Tan—p = pry Tan—4 = 2o (—1 —y_3z_ot 120)" ",
(=1 —2z_3t_2w_1Y0)
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_ Y-3 o n—1
Yan—7 = P Yan—6 = Y2 (=1 — x_3y—22-1t9)" ",
(—1 — y_gz_gt_ll'o)
- Y-1 _ n—1
Yan—5 = e Yan—a = Yo (=1 — z_3t 2w _1%0)" ",
(=1 —t_3x_2y_120)
zZ_3 n—1
Zan—7 = — Zan—6 = Z—2 (=1 —y_zz_ot_120)"" ",
(=1 — z_gt_2z_1%0)
Zan—5 = = 1 Zan—a4 = 20 (—1 — t_37_oy_120)" ",
(—1 — m_gy_gz_lto)
tan—7 = L3 — tan—6 =t_2 (—1 — 2_gt_ox_1y0)" ",
(=1 —t_3x_2y_120)
t_1 _
tan—s = —T tan—a = to (—1 — 2_gy_22_1t0)" .

(—1 — y_3z_2t_1$0)
It follows that, from system (3.1f), we have

o Lan—4
Tyn =
—1 —t4n—124n—2Yan—3Tan—4a
n—1
. Zo (—1 — y_3z_2t_1m0)
_1_ t_1z_o(—1—y_3z_at_120)" y—3z0(—1—y_32_ot_120)" "
(—1—y73272t,1£0)n (—l—yfnggtflmo)n
n—1 n—1
~wo(—1—y-3z ot 1m0)" "  wo(—1—y-320t170)" n
N y—3z—2t_1%0 N 1 o (_1 B y_3z_2t_1:c0) ’
[_1 —1—y—3Z—2t—1x0] [—1—y—32—2t—1x0}
_ Yan—7
Yan—-3 =
—1 — Zan—atan—524n—6Yan—71
Yy-3
. (—1—y_3z_ot_120)" "
[_1 . t_1xo(—1—y_3z_ot_120)" " y—32—2(—1—y—3z—2t—1x0)"71}
(—l—yfnggtfll'())n_l (—1—y,3272t,1x0)n_1
Yy-3
S R Yy-3
- - no
(=1 —y_3z_9t_1m9) (=1 —y_32z_9t_120)
. “4n—6
Z4n—2 =
—1 — Yan—3%an—atan—524n—6
n—1
. Z_9 (—1 — y_32_2t_11‘0)
_1_ y—swo(*lfy—sz—Qt—w%)"_l t_1z_a(—1-y_3z_st_1209)" "
(—1—y_3z_2t_1x0) (—1—y73z72t71m0)n71
n—1 n—1
_Z_2 (—1 — y_3z_2t_1a;0) . zZ_9 (—1 — y_3z_2t_1x0) . n
= RSP = . =2z_9(—1—y_32_9t_120)",
[_1 - —1—y73272t71$0} [—1—y—3272t71360}
ZL/4n—5
lan—1 =
—1 — z4n—2Yan—3Tan—atan—s
t_1
. (—1—y_3z_ot_120)" "
_1_ y—32—2(*1*y—3z—2t—17f0)n t_iwo(—1-y 32 ot_139)" "
(—=1—y—32_2t_1x0) (—l—y,3z72t71mo)"71
t_1
_ (—l-y_gz_ot_izo)" "t t_1
= = .
(-1 —y-3zat_12z0) (—1—y—_32_2t_170)
Also, we can prove the other relations similarly. The proof is complete. O

Theorem 3.2. If the sequences {xn, Yn, 2n, tn} are solutions of difference equation system (3.1]) such
that T_gy_oz_1tg = t_3T_oy_120 = z_3t_oT_ 1Yy = Y_32_ot_1xg = —2, then all solutions of the system are
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periodic with period four and takes the form

T4n—3 =T -3, T4pn—2 = T—-2, Tin—1 = T—-1, Tin = X0,
Yan—3 =Y-3, Y4n—2 = Y—2, Yin—1 = Y—1, Y4n = Y0,
Z4n—3 =R-3, Z4n—2 = Z-2, Z4n—1 = Z—1, R4n = 20,

tan—3 =t_3, tan—2 =t 9, tan—1 =1t_1, tan = 1o

or
{wn} ={r_3, T2, z_1, T0, T3, T_2,...},
{un} =1{y-3, y-2, y-1, Yo, Y3, Yy-2,---},
{zn} ={2-3, 222, 21, 20, 2-3, z-2,...},
{tn} ={t_s3, t_g, t_1, to, t_3, t_g,..}.
Proof. The proof follows from the previous theorem and will be omitted. O

Example 3.3. We put the initial conditions as follows x_3 = 0.6, x_9 =3, x_1 = 0.9, 2o = 1.3, y_3 = 0.22,
y—o = 1.3, y_1 = =05, y9 = 0.1, z_3 = 1.1, 2.9 = 0.6, z_1 = 0.7, 20 = 1.5, t_3 = 0.02, t_o = 0.09,
t_1 = —0.3 and to = 0.8 for the difference system (3.1)), see Figure

x(n)
y(n) 4
z(n)
tm) | |

X(n).y(n),z(n).t(n)

Figure 3: Draw of the behavior of the solution of system (3.1]).

Example 3.4. Figure @ shows the periodicity behavior of the solution of the difference system ({3.1)) with
the initial conditions z_3 =2, x_9 = —-0.5, r_1 =1, 20 =4,y_3 =5, y_o =10, y_1 =2, yo = 0.1, z2_3 =
15, 229 =06, 2.1 =—0.7, zo=1,t_3=2, t_9g=—-4/3, t_; =1/6 and ty = 1/7.

x(n).y(n),z(n).t(n)
o

Figure 4: Plot the periodicity of the solution of system (3.1)).

The following theorems can be proved similarly.
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4. Other systems
In this section, we investigate the solutions of the following systems of the difference equations
Tp—3 Yn—3
Ln+1 = ) Yn+1 = ’
1 —thzn-1Yn—2Tn—3 1 —wptn_12n—2yn—3
Zn—3 th—3
Zn+1 = 5 t +1 = . 4.1
" 1 = ynTn-1tn—22n-3 " 1 — znyn—1%n—2tn-3 (4.1)
Tiq = Tp—3 Ynal = Yn—3
+1 — +1 =
" —1+tp2n1Yn—2Tn_3 ’ " =1+ zptn_12n—2Yn—3 ’
Zn—3 th—3
Znd+l — s t 1= . 4.2
m —1 — ynTn—1tn—22n—3 m —1 = zZpYn—1Zn—2tn—3 (4.2)
e Tp—3 Yl = Yn—3
+1 — +1 =
" 1+ tnzn—lyn—an—i%’ " 1- l’ntn—lzn—ﬂ/n—{i7
Zn—3 th—3
Zn+1 = s t +1 = . 4.3
" I+ ynTn—1tn—22n—3 " 1 — znyn—1%n—2tn-3 (4.3)
e Tp—3 Yl = Yn—3
+1 — +1 =
" 1- tnzn—lyn—an—i%’ " 1+ l’ntn—lzn—ﬂ/n—ii7
Zn—3 th—3
Zn+1 = 5 t +1 = . 4.4
" 1+ ynTn—1tn—22n—3 " 1 — znyn—1%n—2tn-3 (4.4)
Tpiq = Tp—3 Ynal = Yn—3
+1 — +1 =
" —1+tp2n1Yn—2Tn_3 ’ " =1+ zptn_12n—2Yn—3 ’
Zn—3 tn—3
Zn+1 = n tn+1 == n (45)

1 — ynZn_1tn—22n_3’ 1+ 2pYn—1Tn—2tn_3’

where n € Ny and the initial conditions are arbitrary real numbers.

Theorem 4.1. If {xn, yn, 2n, tn} are solutions of difference equation system m then forn=0,1,2,...,

n—1

1+ (4d)x— z_1t
$4n3_$31—[(( (49)x_3y_22_1t0)

1+ (42 + 1)x 3Y—272— 1t0) ( 1+ (42 + 2)t 3T 21— 120) ’
( 1+ (42 + 2)Z st_ox_ 1y0) ( 1+ (42 + S)y 32 ot _ 1%0)
T =x_ Tap = X ,
n—1 ! H ( 1+ (42 + 3)2 st_ox_ 1y0) an 0 1;[ ( 1+ (42 =+ 4) _32_9ot_ 1.%'0)
n-1 14 (4d Z_ot_1T 1+ (4i+ 1)z z_1t
Yan—s =y-3 11 ¢ (1 ¥ (45 —l—)glJ); 35 Qtl 103:0) Yin-2 = y‘2 E 1+ E4z + 23:5 iz iz itzg
_ (=14 (4i +2)t_37_2y120) (=1 + (404 3)z_3t 22 _10)
Yan—1 =Y-1 H ; ) Yan = yo )
i—o (=14 (4i + 3)t_32_2y—_120) —o (=14 (4i+4)z_3t_ox_170)
n—1 1 43 t 1 4 1 t_
s =73 H . (1 +‘(|'4( j_)flz) 3 tz:L" 1%0) 3 g — 2_2 E 1 :t E4z i Q;y 32 275 19603,
? Z2-31-2Z-1Y0 ? Y-32-20-170
— (=14 (4i + 2)z_3y-22-1t0) —H (=1 + (48 + 3)t_32_2y-120)
Z4n—1 :Zfl . s Z4n = ZO s
i—0 (=1 + (4i + 3)r_3y—22-1t0) =0 (=1 + (4i+4)t 37 2y 120)
—1 -1 43)t _sx_ovy_ 1 47+ 1 t_
tyn—3 = H (21 + (0)t_sz—y-120) ) tapn—o =12 H (A (0 Dt ge- 1y0>7
( 1+ (4’L + 1)t_3x_2y_1z0) i—0 ( 1+ (42 + 2)2 st_ox_ 1y0)
( (42 -+ Q)y_g,z_gt_lxo) ( 1+ (42 + S)CC 3Y_922_ 1t0)
tan—1 =t_ , tan =t )
e =t T T s sy aeataa) =0 I T s D sy ae )

—1
where [[ A; = 1.

1=0
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Lemma 4.2. Ifz;,y;, i, t; fori = —3,—2,—1,0 arbitrary real numbers and let {xy, yn, zn, tn} are solutions

of system , then the following conditions hold:
(i) If x_3 = 0, then we have x4y—3 =0 and Ygn—2 = Y—2, Zan—1 = 2—1, tan = to.
(i) If x_9 = 0, then we have x4p_9 =0 and Yap—1 = Y—1, Zan = 20, tan—3 = t_3.
(i5i) If x_1 = 0, then we have x4,—1 =0 and Yan = Yo, Z4n—3 = 2—3, tan—2 = t_o.
() If xg = 0, then we have x4, =0 and Yan—3 = Y—3, 24n-2 = 22, tap—1 =t_1.
(v) If y_3 = 0, then we have ysn—3 =0 and T4y, = To, Zan—2 = 2—2, tan—1 =1t_1 .
(vi) If y_o = 0, then we have yan—2 =0 and x4p—3 = x_3, 2an—1 = 2—1, tan = to.
(vii) If y_1 = 0, then we have ysyp—1 =0 and T4p—92 = T_2, Z4n = 20, tan—3 = t_3.
(Uiii) If Yo = 0, then we have Yan = 0 and Tognp—1 = T—_1, Z4n—3 = Z—3, tapn—2 = T_9.
(ix) If z_3 = 0, then we have z4p—3 =0 and Tan—1 = T_1, Yan = Yo, tan—2 = t_2.
(z) If z_9 = 0, then we have z4p—o = 0 and T4y = To, Yan—3 = Y—3, tan—1 = t_1.
(xi) If z_1 = 0, then we have z4pn—1 =0 and Tan—3 = T3, Yan—2 = Y—2, tan = to.
(xii) If z9 = 0, then we have z4, =0 and T4p—o2 = T—92, Yan—1 = Y—1,tan—3 = t_3.
(xiii) If t_3 = 0, then we have tyn—3 =0 and Tapn—2 = T2, Yan—1 = Y—1, Z4n = 20-
(xiv) If t_o = 0, then we have tyy—o =0 and T4p—1 = T_1, Yan = Y0, Z4n—3 = Z—3.
(zv) If t_1 = 0, then we have tyn,—1 =0 and T4y = To, Yan—3 = Y—3, Zdn—-2 = Z—2.
(xvi) If tg = 0, then we have tyy, =0 and Tan—3 = T3, Yan—2 = Y—2, Zdn—1 = Z—1-

Theorem 4.3. The form of the solutions of system (4.2) are given by the following formula:

S rarg — Vo (o oy )"
s (_1 + 95—33/—22—1750)”’ dn=2 (1 + 2t_3$_2y_120)n ’
Ton—1 = Tl s Tan = o (—1 + y_32z_9t_120)",
(=1 + z_3t_2x_1y0)
Yy-3 n
= o=y o (—1+ a3y _2z_1to)",
Yan—3 (_1 T y,gz,gt,lxo)”’ Yan—2 = Y-2 ( +T_3y-221 0)
(=D)"y—1 (1 +2t_32_2y-120)" n
1 = y - _1 — t, - 3
Yan—1 (1t 57 2y 170)" Yan = Yo (=1 + z_3t 2z _1Y0)
. _ (—1)”2’_3 . _ (—1)”2’_2 (—1 + y_3z_2t_1ac0)"
s (14 z—gt_gz_1y0)"’ i (=14 2y_3z_ot_120)" ’
Zon—1 = (=11 , Zan = (—1)"20 (1 +t_32_2y_120)",
(1 +z-3y-22-1t9)"
—1)"t_
tyn—3 = (=) T tan—2 = (—=1)"t_a (=1 + z_gt_2z_1y0)" ,

(1+t_32_2y-1%0)

—1)™_1 (=1 +2y_32_9t_120)"
tan—1 :( ) (_i (‘i‘ Ty y2t3 133?))”1 0) ) tap, = (_1)nt0 (1 + $—3y—22_1t0>n7

where ©_3y_oz 1t # £1, z_gt_ox_1yo # 1, t_3x_oy_120 # —1, t_3x_2y 120 # —%, Y-32_2t_120 # 1 and
Y_32_ot_1T0 # %

Theorem 4.4. Let {xy, Yn, 2n, tn} are solutions of difference equation system (4.3|) with x_3y_oz_1tg # —1,
Yy_3z_ot_1xg #£ 1, t_3x_oy 120 %1 and z_st_sx_1yo # —1, then forn=0,1,2,...,

T_3
Tgn—3 = , Tgn—o = (—1)"x_o (=1 +t_30_2y_120)",
O R R an—2 = (—1)"z_o( 3T_2Y_120)
r_q
1= =(-1)" —1 _32_9ot_ "
Tan—1 L Zan = (—1)"x0 (=1 + y—gz_ot_120)",
(=1)"y—s3

Yan—2 = y—2 (1 + x_3y_2z_1t0)" ,

Yan—-3 = )
" (=14 y_3z_gt_1z0)"
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Yan—1 =5 +(;ilni;_lzo)n, Yan = Yo (1 + z—st—22_130)" ,
Z4n—3 0T ngjfjl‘qyo)n’ Zan—2 = (—=1)"2_2 (=1 4+ y_3z_ot_120)",
Z4n—1 =(1 m a;_gzy__lgz_lto)"’ zan = (=1)"20 (=1 +t_32_2y-120)"
tan—s =( 7 +(t_—if)1:1_;—12'o)n’ tan—2 =tz (1 + z_st—22_10)" ,
ban—1 = (-1 +<y__13)zn_tz_tl_1xo)m tan = to (1 + -3y-22-1t0)".

Theorem 4.5. Suppose that the initial conditions of the system (4.4) are arbitrary real numbers satis-
fies x_gy_oz_1ty # £1, y_sz_ot_1x0 # —1, y_sz_ot_170 # —3, t_sx_oy_120 # 1, t_3T_ oy 120 # 3,
z_gt_ox_1yo # 1, and if {xn, Yn, 2n, tn} are solutions of system (4.4), then for n =0,1,2,...,

s = (—1)"x_3 tay gy = T2 (=1+t 32 9y 12)"
" (=14 z_3y_—2z_1to)"’ " (=14 2t_3z_2y_120)"

(*1)"33,1 n

1 = y — 1 + — — t_ 9
Tl =75 5 ot 9z 190)" Tap = 20 (1 + y—32-21-120)

y—-?) n n

_3 = , 2= (—1)"y—2(—1+2z_3y—22_1t0) ",
Yan—3 (0T y 37 st 120)" Yan—2 = (—1)"y—2 ( 3y—22-1lo)

y—1 (=14 2t_3z_oy_120)"

1= = (=1)"yo (=1 + z_3t_ox_130)",
Yan—1 (—1 + t_32—2y—120)" Yan = (=1)"yo ( st—22-1Y0)

B _ Z_3 van g = 222 (14 y—3z_ot_120)"

n=3 (1 + 2_375_233_121())”’ " (1 + 2y_3z_2t_1x0)” ’

Z-1 n n

1= , Zan = (—1)"20 (=1 +1t_32_2y_120) ,
Z4n—1 0+ 23y 27 110)" an = (—1)"20 (=1 + t_32_2y_120)
(—1)"t_3 n

tan—3 = , tan—o2 =1t 2 (1 + 2_3t_ox_ ,
=3 =0T 1 a0y 120)” dn—2 2 ( 3t—22_1Y0)

t_1(1+2y_3z_ot_120)"
tan_1 =— ( = ) ; tan = to (1 + 2_3y—22_1t0)" .

(1 + y_3z_2t_1x0)”

Theorem 4.6. Assume that {zy,yn, zn,tn} are solutions of the system (4.5), with x_3y_osz_1ty # 1,

zo3l—ox_1y0 # 1, Y320t 100 # 1, t_3x_2y—120 # —1, x_3y—22-1t0 # 2, 2-3t 20 1Yo # 2,y—32—2l120 #
2 and t_3x_oy_129 # —2, then form =0,1,2, ...

Tan-3 =73 x—i;iQZ—ltO)n’ Tan—2 = T2 (=1 — t_32_2y_120)",
Tan1 =7 z,z;jgm,lyo)”’ Tan = 2o (—1 + y-gz_ot_120)",
Yan—3 = i y_zzzt_wo)n’ Yan—2 = Y—2 (=1 + x_3y_2z_1t0)",
Yan—1 = i Lfﬁigy,lzo)”’ Yan = Yo (—1+ z_st_oz_190)",
Z4n—3 = Z—;:ZJT—WO)”’ Zan—2 = Z—2 (1 —y_3z 9t _130)",
Sl = x,gzyile,lto)”’ zan = 20 (1 +t_32_2y-120)",
tan—3 s tgi:?;ylzo)”’ tan—o =t-o (1 —2z_3t_2x_1y0)",
tan1 = = y_gi__lgt_lxo)”’ tan = to (1 — 2_3y_oz_1t0)" .
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Theorem 4.7. If the sequences {Tn,Yn, 2n,tn} are solutions of difference equation system (4.5) such that
T_3Yy—9z_1tg = z_st_ox_1Yp = Yy_3z—ot_1x0 = 2, t_3x_2Yy_120 = —2, then {xy,, yn} are periodic with period
four and {zy, tn} are periodic with period eight and take the form

Lan—3 =T -3, Tyn—2 = T-2, Ton—1 = T-1, Tan = To,
Y4n—3 =Y-3, Yan—2 = Y-2, Yan—1 = Y-1, Yan = Yo,
Zan—3 = (—1)" z_3, Zan—2 = (—1)" 2_9, 2gn—1 = (—1)" 2_q, 24n = (—1)" 20,
tan—3 = (_1)n t_3, tan—o = (—1)” t_o, tan—1 = (_1)n t_1, tan = (—1)” to.

Example 4.8. Figure [5[ shows the periodicity behavior of the solution of the difference system (4.5)) with
the initial conditions z_3 =2, x_ 9 = —-0.5, z_1 =1, 20 =4, y_3 = -5, y2=3, y_1 = 2,9 =0.1, z_3 =
5, Z_9 = 0.6, Z-1 = —0.1, 20 = 1, t_3 = —2, t_og = 4, t_1 = —1/6 and to = —10/3.

Figure 5: Plot the periodicity of the solution of system (4.5)).
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