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Abstract

In this paper, we introduce two general algorithms (one implicit and one explicit) for finding a common
element of the set of an equilibrium problem and the set of common fixed points of a nonexpansive semigroup
{T'(s)}s>0 in Hilbert spaces. We prove that both approaches converge strongly to a common element z* of
the set of the equilibrium points and the set of common fixed points of {7'(s)}s>0. Such common element z*
is the unique solution of some variational inequality, which is the optimality condition for some minimization
problem. As special cases of the above two algorithms, we obtain two schemes which both converge strongly
to the minimum norm element of the set of the equilibrium points and the set of common fixed points
of {T'(s)}s>0. The results obtained in the present paper improve and extend the corresponding results by
Cianciaruso et al. [F. Cianciaruso, G. Marino, L. Muglia, J. Optim. Theory. Appl., 146 (2010), 491-509]
and many others. (©2016 All rights reserved.
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1. Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, respectively. Let C' be a nonempty
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closed convex subset of H. Recall that a mapping f : C — H be a p-contraction; that is, there exists a
constant p € [0,1) such that | f(z) — f(y)|| < pllz — y|| for all z,y € C. A mapping T': C — C'is said to
be nonezpansive if |Tx — Ty|| < ||z — y|| for all z,y € C. Denote the set of fixed points of T by Fixz(T).
Let A be a strongly positive bounded linear operator on H, i.e., there exists a constant 7 > 0 such that
(Az,x) > 7||x||? for all x € H.

Iterative methods for nonexpansive mappings are widely used to solve convex minimization problems.
A typical problem is to minimize a function over the set of fixed points of a nonexpansive mapping T,

. 1
min —

L 2<Ax, x) — (x,b). (1.1)

In [20], Xu proved that the sequence {z,} defined by
Tyl = apb+ (1 — ayA) Tz, n >0,

strongly converges to the unique solution of (1.1) under certain conditions. Recently, Marino and Xu [11]
introduced the viscosity approximation method

Tnt1 = Y f(xn) + (1 —a,A)Tz,, n>0,
and proved that the sequence {z,} converges strongly to the unique solution of the variational inequality
(A=~f)z,x —2) >0, Vze Fiz(T),

which is the optimality condition for the minimization problem

. 1
min -

A —h
z€Fiz(T) 2< * $> (.13),

where h is a potential function for vf (i.e., B’ =~ f on H).
Recall also that a mapping B : C — H is called a-inverse-strongly monotone if there exists a positive
real number « such that
(Bx — By,x —vy) > o||Bx — By|?>, V,yecC.

It is clear that any a-inverse-strongly monotone mapping is monotone (that is, (Bx — By,z — y) is
non-negative) and é—Lipschitz continuous.

Let B : C' — H be a nonlinear mapping and F': C' x C' — R be a bifunction. We concerned equilibrium
problem is to find z € C such that

F(z,y)+ (Bz,y—2) >0, VyeC. (1.2)

The solution set of (|1.2]) is denoted by . If B = 0, then (|1.2]) reduces to the following equilibrium
problem of finding z € C' such that
F(z,y) >0, YyeC. (1.3)

The equilibrium problem and the variational inequality problem have been investigated by many au-
thors. To see related works, we refer the reader to [IH5] [7HI5L 17, T9-28] and the references therein. The
problem is very general in the sense that it includes, as special cases, optimization problems, variational
inequalities, minimax problems, Nash equilibrium problem in noncooperative games and others.

For solving equilibrium problem , Moudafi [12] introduced an iterative algorithm and proved a weak
convergence theorem. Further, Takahashi and Takahashi [I9] introduced another iterative algorithm for
finding an element of 2 N Fiz(S) and they obtained a strong convergence result. Recently, Plubtieng and
Punpaeng [15] introduced the following iterative method to find an equilibrium point of F', which is also a
fixed point of a nonexpansive mapping T': H — H,

Tn

Tpy1 = anf(an) + (I — anA)Tunp, n > 0. '
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They proved that, with suitable conditions, both the sequences {x,} and {u,} defined by are
strongly convergent to the unique solution z € Fiz(T) NS of the variational inequality ((A—~f)z,z—z) >0
for all x € Fix(T) N Q, which is the optimality condition for the minimization problem
Milge pig(T)NO %(Ax, x) — h(x), where h is a potential function for ~f.

In this paper, we focus on nonexpansive semigroup {7'(s)}s>0. Recall that a family S := {T'(s)}s>0
of mappings of C' into itself is called a nonexpansive semigroup on C' if it satisfies the following conditions:

S1) T(0)z = x for all z € C;

)

S2) T(s+t)=T(s)T(t) for all s,t > 0;
) 1T(s)z = T(s)yll < |lz —yl| for all z,y € C and s > 0;
)

(
(
(S3
(S4) for all z € H, s — T'(s)x is continuous.

We denote by Fiiz(T'(s)) the set of fixed points of T'(s) and by Fiz(S) the set of all common fixed points
of S, i.e., Fiz(S) = 5o Fix(T(s)). It is known that Fiiz(S) is closed and convex.

Very recently, Cianciaruso et al. [5] introduced the following implicit and explicit schemes for finding a
common element of the set of an equilibrium problem and the set of common fixed points of a nonexpansive
semigroup in Hilbert spaces:

G Ly — —z) >0, VYyeH
Tplicit algorithm: 4 C“Y) ¥ —unw ) 20, Yy e M, (1.5)
xp =ty f(z) + (L — tA)/\—t fo T(s)uds,
and
F 7"y L - Uny Un — > 0 V H
Explicit algorithm: (tn, ) + 7 {y =ty > y © (1.6)
Tpyl = anfyf(a:n) + (I —anA fo "T(s)upds, n > 0.

They proved that the above both approaches ((1.5) and (| . have strong convergence. (Note that the
integral mentloned in the present paper is the usual 1ntegral for example, we can compute fo s)xds as
Hmp o0 D05 5 (iz)x)

The following interesting problem arises: can one construct some more general algorithms which unify
the above algorithms?

On the other hand, we also notice that it is quite often to seek a particular solution of a given nonlinear
problem, in particular, the minimum-norm solution. For instance, given a closed convex subset C of a
Hilbert space H; and a bounded linear operator R : Hy — H,, where Hy is another Hilbert space. The
C-constrained pseudoinverse of R, RTC, is then defined as the minimum-norm solution of the constrained
minimization problem

I — ; —
R (b) := arg min | Rz — b]|,
which is equivalent to the fixed point problem
x = Po(x — AR*(Rx — b)),

where P is the metric projection from H; onto C, R* is the adjoint of R, A > 0 is a constant, and b € Hy
is such that PR(C)(b) € R(C).

It is therefore another interesting problem to invent some algorithms that can generate schemes which
converge strongly to the minimum-norm solution of a given problem.

In this paper, we introduce two general algorithms (one implicit and one explicit) for finding a common
element of the set of an equilibrium problem and the set of common fixed points of a nonexpansive semigroup
{T'(s)}s>0 in Hilbert spaces. We prove that both approaches converge strongly to a common element z* of
the set of the equilibrium points and the set of common fixed points of {T'(s)}s>0. Such common element x*
is the unique solution of some variational inequality, which is the optimality condition for some minimization
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problem. As special cases of the above two algorithms, we obtain two schemes which both converge strongly
to the minimum norm element of the set of the equilibrium points and the set of common fixed points of

{T'(s)}s>0-
The results contained in the present paper improve and extend the corresponding results by Cianciaruso
et al. [5] and many others.

2. Preliminaries

Let C be a nonempty closed convex subset of a real Hilbert space H. Throughout this paper, we assume
that a bifunction F': C' x C' — R satisfies the following conditions:
(H1) F(z,z) =0 for all z € C;
(H2) F is monotone, i.e., F(z,y) + F(y,x) <0 for all z,y € C,
(H3) for each z,y,z € C, limy o F(tz + (1 — t)z,y) < F(x,y);
(H4) for each z € C, y — F(z,y) is convex and lower semicontinuous.

The metric (or nearest point) projection from H onto C' is the mapping Po : H — C which assigns to
each point € C the unique point Pox € C satisfying the property

— Pez| = inf ||z — y| =: d(z,C).
|z — Poxll = inf |lz - y|| =: d(=, C)

It is well known that Pc is a nonexpansive mapping and satisfies
(x —y, Pox — Pey) > |Pox — Peyl?, Vz,y € H.
Moreover, Po is characterized by the following properties:
(x — Pox,y — Pox) <0, (2.1)

and
|z —y|* > ||z — Poz|® + ||y — Poz|?

forallz € H and y € C.
We need the following lemmas to prove our main results.

Lemma 2.1 ([§]). Let C' be a nonempty closed convex subset of a real Hilbert space H. Let F: C x C' — R
be a bifunction which satisfies conditions (H1)~(H4). Let r > 0 and x € C. Then, there exists z € C' such

that )
F(Z,y)+;<y—z,2—l'>20, vyec

Further, if Sp(x) ={z € C : F(z,y) + %(y —z,z—x) > 0,Yy € C}, then the following hold:

(i) S, is single-valued and S, is firmly nonexpansive, i.e., for any x,y € H, ||Syx — Syy||* < (Syx —
Sry, T = y);

(i) Sp (as the set of all z € C holding (1.3)) is closed and convex and Sp = Fix(S,).

Lemma 2.2 ([13]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let the mapping
B : C — H be a-inverse strongly monotone and r > 0 be a constant. Then, we have

I(Z = rB)z — (I —rB)y| < | -yl + r(r — 20) | Bx — By|?, Va,y e C.

In particular, if 0 < r < 2a, then I — rB is nonexpansive.
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Lemma 2.3 ([18]). Let C be a nonempty bounded closed convex subset of a Hilbert space H and let {T'(s)}s>0
be a nonexpansive semigroup on C. Then, for every h > 0,

=0.

lim sup
t—o0 zeC

L[ 1 [t
t/o T(S)a:ds—T(h)t/O T(s)xds

Lemma 2.4 ([9]). Let C be a closed convex subset of a real Hilbert space H and let S : C — C be a
nonexpansive mapping. Then, the mapping I — S is demiclosed. That is, if {z,} is a sequence in C' such
that x, — x* weakly and (I — S)x,, — y strongly, then (I —S)z* = y.

Lemma 2.5 ([20]). Assume {a,} is a sequence of nonnegative real numbers such that

n+1 < (1 - 'Yn)an + 571'7717

where {vn} is a sequence in (0,1) and {5, } is a sequence such that

(1) 22021 Y = 095
(2) limsup,,_,o 0n <0 or 2720:1 |0nyn| < o0.

Then lim,,_ o anp = 0.

3. Main results

In this section we will show our main results.

Theorem 3.1. Let C' be a nonempty closed convex subset of a real Hilbert space H. Let S = {T'(s)}s>0 be
a nonezpansive semigroup on C. Let f: C — H be a p-contraction (possibly non-self) with p € [0,1). Let
A be a strongly positive linear bounded self-adjoint operator on H with coefficient ¥ > 0. Let B : C — H be
an a-inverse strongly monotone mapping. Let {ri}o<i<1 be a continuous net of positive real numbers such
that r¢ € [a,b] C (0,2a). Let {\t}o<t<1 be a continuous net of positive real numbers such that limy_,o Ay =
+oo. Let v and [ be two real numbers such that 0 < v < 7/p and 8 € [0,1). Suppose that the function
F : C x C — R satisfies (H1)-(H4) and Fiz(S)NQ # 0. Let the nets {x;} and {us} be defined by the
following implicit scheme:

Tt

F(ug,y) + (B, y — w) + 2y — g, ug —24) >0, VyeC, (3.1)
w = Poltyf(ze) + By + (1 — )T — tA) L [ T(s)urds]. '

Then the nets {x:} and {u:} defined by (3.1) strongly converge to x* € Fix(S)NQ ast — 0 and x* is the
unique solution of the following variational inequality:

¥ e Fizx(S)NQ, ((vf—A)z",z—2%) >0, Vae Fiz(S)NQ. (3.2)
In particular, if we take f =0 and A = 1, then the nets {x;} and {u;} defined by (3.1) reduces to

Tt

F(utay)+<th7y_ut>+l<y_ut7ut_xt> 207 vyecv (3 3)
o= Polfr+ (1 — B — )& [ T(s)uds].

In this case, the nets {x;} and {u;} defined by (3.3 converge in norm to the minimum norm element x* of
Fiz(S) N, namely, the point =* is the unique solution to the minimization problem:

¥ =arg min | z.
z€Fiz(S)NQ
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Proof. First, we note that the nets {x;} and {u;} defined by (3.1) are well-defined. As a matter of fact,
from Lemma we have u; = Sy, (zy — ryBz;). Now we define a mapping

At
G = Pe [mf(az) +pr+ (=91 =45 [ T8, - an)ds] -

t

Since Sy, and (I — rB) are nonexpansive, we have

|Gz — Gyl < Hm(f(z) Fw) + B —y)

I
+ (1 =PI —tA)— /0 T(s)[Sy,(x — r Bx) — Sy, (y — rBy)]ds

At
<tyllf(z) = f)l + Bllz —
I
+ H((1 — I - t4)y /0 T(8)[Su (z — 7 Ba) — Sy (y — 11 By)]ds

<typllz —yl| + Bllz —yl| + (1 = B — t7)||x — ]
=1 =@ =y0)t)llz =yl

This implies that the mapping G is a contraction and so it has a unique fixed point. Hence, the nets {x;}
and {u;} defined by (3.1) are well-defined.

Let p € Fiz(S) N €. It is clear that p = Sy, (p — 7 Bp) for all t € (0,1). From Lemma [2.2] we have

lus = pl* = ||Sr, (x — r¢Bat) — Sy, (p — ¢ Bp)||?

< ||z — riBxzy — (p — rBp)||® (3.4)
< ||z — plf* + re(re — 20)|| Bz, — Bpl|® '
< |lz: — plI*.

So, we have
lur = pl| < [l — pl|.

Then, we obtain

Pe|tvfan) + ot (- 91 - ea)y [ ) (s)unds| - pH

o=l = N

< Ht(vf(a:t) — Ap) + Blay — p) + (1 — B)I — tA) <A1t /OM T(s)ueds = p) H

Lo

< tlvf (@) — Apll + Bllee —pl + (1 = B - Vt))\t/o 1T (s)ur — T(s)pllds

<t f(ze) = fF + v f () — Apll + Bllze = pll + (1 = 8 = 3t)[lus — p|

< typllee — pll + tvf(p) — Apll + Bllze — pll + (1 = B —=t)[lze — p|l-
Hence 1

|ze — pl| < ———Il7vf(p) — Apl|,
Y—P

which implies that the net {z;} is bounded and so is the net {u;}.

Set R := ﬁ”’yf(p) — Ap||. It is clear that {z;} C B(p, R) and {u;} C B(p, R). Notice that

1

At
5 [ s = o < - o) < ool < R
0
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Moreover, we observe that if x € B(p, R) then
[T (s)z —pll = [T (s)x = T(s)pll < ||z — pll < R,

i.e., B(p, R) is T'(s)-invariant for all s.
Set y = tyf(z) + Py + (1 — B) — tA)%t OA’S T(s)uids. Tt follows that 2y = Po[y]. By using the
property of the metric projection ([2.1)), we have

s — pl|? = (x — ye, 20 — P) + (Yr — p, 2 — D)
(yt — P, Tt — p>
¢

<
IR
(=1 -ty5 [T - s -p)
¢ Jo
<ty f () — Apllllze — pll + Bllae — pll* + (1 = B — t9)|lur — plll|z: — pll.
This implies that
t
|ze — pl| < m”vf(ﬂﬁt) — Ap|| + [lu — pl|-
Hence,
2 2 t 2 1
¢ = pl|” < flue — p[” + 1 m“’ﬁ(l’t) — Ap[I” + QQH’YJC(%) — Apl||[luz — pl]
< flus — plf? + M (3.6)
<l = pll* + ro(re = 200)[| Bae — Bpl|* + tM,
where 5
t
M= _t P — Ap|llue — pll, 2rellze — el b.
sup o) = AplP 4 2 (e = Apll — pl 2wl
It follows that
r¢(2a — 7¢)||Bzy — Bpl||? < tM — 0.
Since limy_,o 7 = r € (0, 2a), we derive
lim || By — Bpl| = 0. (3.7)
From Lemmas and (3.1), we obtain
lue = plI* = 1S, (2 — reBxs) = Sy, (p — 7 Bp) >
< ((z¢ — r¢Bxy) — (p — reBp), e — p)
1
= i(H(l’t —r¢Bay) = (p = 1eBp)||* + |[ug — plI* = (21 — p) — (B — Bp) — (ue — p)||?)

1
< i(th =l + llue — p|I* = |(z¢ — us) — re(Bay — Bp)||?)
1
= g(Hwt —plI” + llue — pII* = [l — wel|® + 2r¢(xs — ug, Bay — Bp) — r}|| By — Bp||?),
which implies that

g — pl* < lze — pl|* = l|we — wel|® + 2r4(x — we, Bxy — Bp) — r7|| Bz, — Bp||®
< |lwy — plI? = [lze — wel|® + 2r¢||w¢ — we||| Bz, — Bp| (3.8)
< |lae — p||* = llor — wel|® + M|| Bz, — Bpl|.
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By (3.6) and (3.8]), we have

lze = plI* < llwe = plI* = lwe — wel® + (| Bxe — Bpl| + )M

It follows that
¢ — we||® < (|| By — Bp|| +t)M

This together with (3.7]) implies that
lim ||z — w|| = 0.
t—0
From (3.1)), we deduce
[T(7)ae — @l| = [[Po[T'(7)xd] — Polydl|

< T(7)ae — e
1 I 1
< HT(T)xt—T(T)/ T(s)uds|| + ”T(T)/ T(s)utds—/ T(s)uds
)\t 0 )\t 0 )‘t 0
1o
+ ‘ / T(s)uds — yq
At Jo
IR IR I
< |lxg — — T(s)uds|| + HT(T)/ T(s)utds—/ T(s)uids
At At 0 At 0
1 "
—i—‘/ T(s)urds — yt||-
At Jo
Note that
IR A [N I
yt/ T(s)uids <tH’yf xy) / T(s)uds|| + B|xs — / T (s)uds||.
)\t 0 )\t >\t
Since
I I
Ty — )\/ T(s)uds|| < Hmf(fﬁt)—h@%t (,BI+tA))\ / T(s)uids
tJo t
A (M 1 [
gthmt) 4 / T(suds|| + 8l — = [ T(s)uads])
At Jo At
we obtain
1 [ A [N
T — — T(s)urds|| < ’yf / T(s)urdsl|].
)\t )\t
Therefore,
A [N 1 1
T(Tx: — x| < — Tsuds—l—TT/ Tsuds—/ T(s)uidsl||.
7y~ il < 1/3H V-3 [ remad + |reg [ s - L[ w6

From Lemma we deduce for all 0 < 7 < c©

}g% | T (T)zs — x¢|| = 0. (3.9)
From (3.5)), we have

lze — pl|* < (ye — p, xt — p)
= t{vf(x¢) — Ap, x¢ — p) + Bl — pl|?

+ <((1 — BV —tA) (Alt /At T(s)uyds —p),xt _ p>

< Bllze —p|)* + (1 = B —7t)|lur — p| |z — p||
+ty(f(xt) — f(p), we — p) + t(vf(p) — Ap,x¢ — p)
<1 =& =p)tlllze — plI” + t{vf(p) — Ap, x: — p).
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Therefore,

1 _
Hwt—szﬁfy w(vf(p)—Ap,xt—p), Vp € Fiz(S)NQ.

From this inequality, we have immediately that wy,(x¢) = ws(z:), where wy,(z¢) and wg(x;) denote the set of
weak and strong cluster points of {z;}, respectively.

Let {t,} C (0,1) be a sequence such that ¢, — 0 as n — co. Put =, 1= x4, up 1= wy,, mn 1= 14, and
Ap = A, . Since {z,} is bounded, without loss of generality, we may assume that {z,} converges weakly to
a point z* € C. Also y,, — =* weakly. Noticing (3.9) we can use Lemma to get x* € Fiz(S).

Now we show z* € Q. Since u,, = S, (z,, — rn,Bxy,), for any y € C' we have

1
F(upn,y) + r—(y — Up, Uy, — (T — T Bxy)) > 0.

n
From the monotonicity of F', we have

1
T7<y — Un, Up — (m'fl - rann)) > F(y7un)7 Vy eC.
n

Hence,
Up, — Tn,
<y—un“1rl+B:cm> > F(y,uy,;), YyeC. (3.10)
Put zx =ty + (1 — t)z* for all t € (0,1] and y € C. Then, we have z; € C. So, from (3.10) we have

Uy, — T,
(zt — Un,;, Bzt) > (z¢ — up,, Bzt) — <zt — Up,;, % + me> + F (2, un;)
ni

= (2t — Up,, Bzt — Buy,) + (2t — Un,, Bu,, — Bxy,) (3.11)

Uy, — T
— <zt—uni,l 1>+F(zt,uni).
Tn,

Note that ||Buy, — Brp,|| < L||up; — zn,|| — 0. Further, from monotonicity of B, we have (2; — up,, Bz —
Buy,,) > 0. Letting ¢ — oo in (3.11]), we have

(z¢ —x*,Bz) > F(z,2%). (3.12)
From (H1), (H4) and (3.12)), we also have

0= F(zt,2t) <tF(z,y) + (1 —t)F (2, x%)
< tF(z,y) + (1= 0) (2 — 2", Bzt)
=tF(z,y) + (1 — t)t(y — ¥, Bz)

and hence
0 < F(zt,y) + (1 —t)(Bz,y — z*). (3.13)
Letting ¢t — 0 in , we have, for each y € C,
0 < F(z*,y)+ (y — a2, Bx™).

This implies that z* € 2. We can rewrite (3.1 as

At
(A== (=BT = )= [ T(puds| + G-
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Therefore,

1

At
(A—=~f)ze, 2 —p) = T |:>\t/0 (I =T(s)Sr,(I —meB))xe — (I —T(s)Sy, (I — 1 B))p, vt — p)ds

1 At 1
+ >\t<A/ [z — T(s)ut)ds, z¢ — P> + ;<3?t — Yt Tt — D).
0

Noting that I —T(s)Sy,(I — r¢B) is monotone and (x; — y¢, 2t — p) < 0, so

(Ubdﬁﬁn%—pkéi<AAMWr4N$WM&%—p>

A [N
= <Axt — / T(s)urds, x4 —p>
At Jo

IR
| A||||z: — )\/ T(s)uids
tJo

IN

[l = pll

t 1
gl - as [T T

[z = pl|-
Taking the limit through ¢ :=¢,, — 0, we have
<(A - ’Yf)w*7 T — p> - .hm <(A - Vf)xni7 Tn; — p> < 0.
1—00

Since the solution of the variational inequality is unique, hence wy,(x¢) = ws(zy) is singleton. Therefore,
Ty — .

In particular, if we take f = 0 and A = I, then it follows that x; — 2" = Ppjy(s)na(0), which implies
that z* is the minimum norm fixed point of T. As a matter of fact, by , we deduce

(¥ 2" —x) <0, Vze Fiz(S)NQ,

that is,
[a*]1* < (2, 2) < [l2*|[[l2]l, Va € Fiz(S)NQ.

Therefore, the point x* is the unique solution to the minimization problem

¥ =arg min | z.
z€Fiz(S)NQ

This completes the proof. O

Next we introduce an explicit algorithm to find a solution of minimization problem ([I.1]). This scheme
is obtained by discretizing the implicit scheme (3.1)). We will show the strong convergence of this algorithm.

Theorem 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let S = {T(s)}s>0 be
a nonezpansive semigroup on C. Let f: C — H be a p-contraction (possibly non-self) with p € [0,1). Let
A be a strongly positive linear bounded self-adjoint operator on H with coefficient ¥ > 0. Let B: C — H
be an a-inverse strongly monotone mapping. Let v and [ be two real numbers such that 0 < v < 5/p and
B € 10,1). Suppose that the function F : C x C — R satisfies (H1)-(H4) and Fix(S)NQ # 0. Let {x,}
and {u,} be defined by the following explicit algorithm:

{F(un,y)—l—(an,y—un)—i—é(y—un,un—xm >0, Yy e C, (3.14)

Zny1 = Polanyf(zn) + Ban + (1 = )T — anA)5= fO/\" T(s)upds], n >0,

where {an} is real number sequence in [0,1] and {\,}, {rn} are two sequences of positive real numbers.
Suppose that the following conditions are satisfied:
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(i) imy o0 @y =0, Y 07 ay =00 and >, | — ap—1| < o0;

(1) lim, o0 Ay = 00 and limy, o0 W/\i’;"n” = 0;
(iii) T € [a,b] C (0,20) and Zn 0 |Tnt1 — | < 00.

Then the sequences {x,} and {u,} defined by (3.14) strongly converge to z* € Fiz(S) N and z* is the
unique solution of the variational inequality (]:
In particular, if we take f =0 and A = I, then the sequences {x,} and {u,} defined by (3.14] - reduces

to

T

Tnt1 = PolBry, + (1 — fo S)upds], n > 0.

In this case, the sequences {x,} and {uy,} defined by converge in norm to the minimum norm element
x* of Fixz(S)NQ.

Proof. Take p € Fiz(S) N Q, we have

{F(un, y) + (B, y — un) + %L<y umun —an) 20,  Vyed, (3.15)

1 [
lznt1 = pll < anlvf(2n) = Apll + Bllzn —p + (1 =5 - W”)A/O I7'(s)un — T(s)pllds

(3.16)
< anypllen — pll + anllvf(p) — Apll + Bl — pll + (1 = B — an¥)||un — pl|-
From Lemma we have
|, _pH2 = ISy, (xn — rnBwy) — Sr, (p — ran)HQ
< Hxn —rpBxy, — (p - Tan)Hz (3 17)
< [lzn — plI* + ra(rn — 20)|| Bz, — Bpl|® '
< lzn — pll*.
So, we have
Hun _pH < Hxn _pH- (3.18)

By (3.16]) and (3.18]), we derive

|Znt1 —pll <1 — (G — py)an]llzn — pl| + anllvf(p) — Apl.

Using induction, it follows that

|vf(p) — Apll
5 - }

n%—mzmw@m .
P

Set y, = /\ fo " T(s)upds for all n > 0. From , we get

[Zn41 — zn|l < lanvf(zn) + Bzn + (1 = B) — anA)yn
—an17f(wn-1) = Brn—1 — (1 = B) — an—14)yn—1|
= [[van(f(@n) — f(@n-1)) +V(an — an—1) f(@n-1) + B(Tn — Tn-1)
+ (1 =B — anA)(Yn — Yn-1) + (-1 — an) Ayn_1||
< yan|| f(zn) = f(@n-1)| + [an — an—1[(1vf(@n-1) | + [[Ayn-1]])
+ Bllzn — zn-1ll + (1 = B — an¥) lyn — yn-1ll;

and

1 An 1 1 An—1
)‘TL/O [T(S)un - T(S)Unfl]d&’ + <)\n - )\n1> /0 T(s)un,lds

mwﬁnwz‘
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1 [
+ — T(s)up—1ds
>\’I’L An—l
1 [ 1 1 An-1
_ ‘ L / (1)t — T(5)tn_1]ds + < - ) / T(8)un_1 — T(s)plds
A'n 0 )\n )\n—l 0
1 [
ubw [T(s)un—1 — T(s)plds
)\n 1
<i / 75y = T(s)unrds+ 5| [ (2(5)uns = T(s)plds
n >\n—1
1 An—1
. / IT()un_1 — T(s)plds
)\n )\n—l 0
2|1 A, — Ap
N
n
Next, we estimate ||up+1 — uy||. From (3.14)), we have
1
F(up,y) + (Bxn,y — un) + T—(y — Up, Uy — Tp) >0, YyeCl, (3.19)
n
and
1
F(Un+1a y) + <an+17 Yy—= un+1> + _ <y — Un+1, Un+1 — l'n+1> >0, Vyedl. (3-20)
n-+
Putting y = u,41 in (3.19) and y = u,, in (3.20]), we have
1
F(una un+1) + <B$na Unp+1 — un> + 7<un+1 — Up, Up — $n> > 0,
n
and
1

F(un—i—la un) + <an+1a Up — un+1> + <un — Un+1, Un4+1 — $n+1> > 0.

T'n+1
From the monotonicity of F', we have

F(un,unt1) + F(upt1,un) <O0.

Then,
<an — BTy, Unt1 — un> + <Un+1 — Unp, - >0,
Tn Tn41
and hence
Tn
Upt1 — Up,y Up — Uptl + Upt1 — Ty — , (unJrl - $n+1) + Tn<B$n - B$n+1> Unp+1 — un> > 0.
n+1

It follows that
Tn+1 — Tn (

Hun-‘rl - unH2 < <un+1 —Up, —— (Un+1 — xn-{—l) + XTpe1 — xn>
Tn+1
+ Tn<an — BTpy1, Unt1 — Un)
= (I —=rpB)xpy1 — (I — 1 B)Xp, Upy1 — Up)
T 1—T
+ <Un+1 — Un, M(un+l - xn+1)>
T'n+1
<N = ruB)zns1 — (I = raB)zn| [[unt1 — unl|

Tn+1 — Tn
T'n+1

+

ltns1 — un||||tns1 — Ty,
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that is,
T'n4+l — Tn
|tns1 — un|l < (I = rnB)zni1 — (I — 0 B)wy|| + 71 |Unt1 — Tpg |
n+
T 1—T
< znsr — zall + |[7—| ttng1 — Tp1|
Tn+1
T 1—T
< znt1 — ol + | [t 1 — Zppa |-
Therefore,
Tn — T'n—1 2|1 — A1
e N e R T
n
and hence

Zn+t1 — zoll < yanpllzn — zp—1l| + lan — an—1|(IIVf(@n-1)l| + | Ayn-1l])
Bl — ]+ (1= f— am(nxn -

Tn — Tn—-1

+

2| — A1
||un—:cn\|—l—7| — |||un—1—p||>
n

(3.21)
< [L = (7 = p)anllltn — 2] +M{ran ~ ani]

‘)\n - )\n—l‘
+ . ,

Tn —Tn-1
+

a

where M > 0 is a constant such that

sup{ (|7 (@n-1)|l + [[Ayn-1ll, 2rnllun — znll, 2[lun—1 — pll} < M.
n

From Lemma and (3.21)), we derive

nh_{go |Zn+1 — znl| = 0.
It follows that
1 [fungr — un = T [y — gl = 0.
Note that
[Zn = Ynll < |Tnt1 — 2l + 2041 — ynll
< Nn+1 — znll + any | f (@)l + Bllzn — ynll + anll Ayl
that is,

1
l#n = ynll < 75 l2ns1 = zall + anyllf(2n)l + ol Aynll)

—0 (asn — 00).

Set vy, = apyf(zn) + By + (1 — B)1 — anA)i fo)‘" T(s)upds. It follows that x,+1 = Polv,] for all n > 0.
By using the property of the metric projection (2.1)) and (3.14]), we have

|Znt1 — Pl = (Tnt1 — P, Tng1 — p)
- <xn+1 — Un, Tn+41 —P> + <Un — P, Tn+1 —]3)
< (Vn = Py Tpy1 — D)

= an(’)/f(xn) - Ap, Tp+1 — p> + B(xn — Dy Tp41 — p>
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+ <((1 - B)I — anA)(yn —D)s Tl —p)
< an|vf(zn) = Aplllznt1 — pll + Bllzn — plll|lzn+1 — pll

+ (1= B8 —Fan)|lyn — pllllzns1 — pll (3.22)
< anlvf(zn) — Aplllznt1 — pll + Bllzn — pllllZns1 — pll

+ (1= B)lyn — pllllzn+1 — Dl

B
< anllyf(zn) = Apllllznss — ol + 5 (lzn — Pl + llznsr — pl?)
1-p
+ == (llyn = pI* + Iz 1 = 2*),
which implies that

|zn41 =PI < 2007 f (2n) = Aplll|zns1 = pll + Bllzn — plI* + (1 = B)llyn — p|I?

An
)\ln/o [T(s)un, — T(s)p]ds

< 200 |7 f (2n) — Apll|#ns1 — pll + Bllzn — pI> + (1 = B)|lun — pl? (3.23)
< 20 |7 f (2n) — Aplllzns1 — pll + Bllzn — pl?
+ (1 = B)(||zn — p”2 + 70 (rn — 20)|| By, — BPHQ)-

2

= 20 |7 f (n) = Aplll|€ns1 = pll + Bllen — pl* + (1 - 5)’

Hence,
(20 = 1,)(1 = B)||Ban — Bp||* < 20|y f(2n) — Ap| 21 — pll

+ llen = pll* = &ns1 = pl?
< 20417 f(xn) — Apll[|zn1 — pll
+ lzn — zntall(lzn — pll + [[2n+1 = pl)-
It follows that
nlgrolo | Bxy, — Bp|| = 0.
From Lemmas and we obtain

| — p||2 = ISy, (xn — rnBxp) — Sp, (p — Tan)”Q
< <($n - Tann) - (p - Tan)’un _p>

1
= 5(”(5571 —rpBry) — (p— ran)HZ + [Jun _pH2

— [(@n = p) = T (Ban — Bp) — (un — p)HQ)

1
5 Uz = PI* + llun = pII* = [|(@n = un) = rn(Ban — Bp)|*)

IN

= 2 (e = I + i = pI? ~ lln —
+ 2ry{xy — upn, Bx, — Bp) — r721||an — BpHQ),
which implies that
lun = plI* < 2w = plI* = 20 — wnl|* + 270 (0 — un, Bxy — Bp) — r3|| Bz, — Bp||?
< llen = pl* = llzn = unl® + 2rallen — un ||| Bzn — Bpl| (3.24)
< lan = pl* = |0 — ual® + M|| Bz, — Bpl|.
From and , we have

ln1 = plI* < 20017 f (2n) — Aplll2nss — pll + Bllan — pl?
+ (1= B)(llzn = pl* — llzn — unl® + M|| Bz, — Bpl)).
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It follows that

(1= B)llzn — unl® < 20n|l7f (2n) = Apl|l|zns1 = pll + 20 — pl®
— l|Zn+1 —pH2 + M|/ Bx,, — Bp|
< 2007 f(zn) — Aplll|lzn+1 — pll + llzn — zna || (Jzn — pl|
+ [[#n+1 = pl) + M| By — Bp|.

Therefore,
lim |z, — uy|| = 0.
n—oo

Note that {z,} is a bounded sequence. Let  be a weak limit of {z,,}. Putting 2* = Pp;g)no(l — A +7f).
Then there exists R such that B(z*, R) contains {z,}. Moreover, B(z*, R) is T'(s)-invariant for every s > 0;
therefore, without loss of generality, we can assume that {T'(s)}s>0 is a nonexpansive semigroup on B(z*, R).
We notice that, from Theorem T € wyw(Yn) = ws(yn). Then, from Lemma it follows that, for every
h >0, lim, 00 [|yn — T (h)yn|| = 0 and from the demiclosedness principle, we have & € Fiz(S). By the same
argument as that of Theorem [3.1] we can deduce that z € 2. Hence, € Fiz(S) N Q. Therefore,

limsup(yf(z*) — Az*, xpy1 — ") = lim (yf(z*) — Az™, & — 2¥) < 0.
n—oo

n—oo

Finally, we prove that x,, — x*. From (3.22)), we have

01 = 2*(1* < any(f(2n) = f(2), 2pa1 — &%) + an{yf(2*) — Ax*, 2pp1 — 2¥)
+ Bllen = @*([llenta — 2 + (1 = 8 = Yom)lyn — *[|[|ent1 — ]|
< anpyllon — 2| |2na1 — 27| + an(vf(2") — Az™, 21 — 2¥)

+ Bllzn — 2*([[lznt1 — 2" + (1 = B — Fow) |2 — 2 || |2n41 — 27|
1— (¥ —p)an
2
+an(yf(z") — Az™, znyy — 27),

IN

(lzn = 2| + llzna — 2*]%)

that is,
Jnss — 2% 2 < [T (7 = 1p)anlln — 2*[2 + 200 (vf (2) — A2, Tpps — ).
Hence, all conditions of Lemma [2.5| are satisfied. Therefore, we immediately deduce that x,, — x*.

In particular, if we take f = 0 and A = I, then it is clear that ™ = Ppj;(5)nn(0) is the unique solution
to the minimization problem x* = arg min,c piz(s)nq [|z(|- This completes the proof. O

Remark 3.3. We observe that our algorithms presented in this paper include some algorithms in the literature
as special cases:

(1) If we take B = 0 and § = 0 and let S = {T'(s)}s>0 be a nonexpansive semigroup on a real Hilbert
space H, then our algorithms (3.1)) and (3.14]) reduce to the algorithms (1.5) and (1.6 which were

considered by Cianciaruso et al. [5].

(2) If we take B =0, 8 =0,y =1 and let S = T be a nonexpansive mapping on a real Hilbert space
H, then our algorithm (3.14]) reduces to the algorithm (|1.4]) which was considered by Plubtieng and
Punpaeng [15].

(3) If wetake A=1,B=0,5=0,y=1, F =0, and let S = {T'(s)}s>0 be a nonexpansive semigroup on
a real Hilbert space H, then our algorithm (3.1)) reduces to the following algorithm

1

At
x =tf(xy) + (1 — t)A—t /0 T(s)xds,

which was considered by Plubtieng and Punpaeng [16].
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(4) If we take A =I,B=0,f =u, 8 =0,y =1, F =0, and let S = {T(s)}s>0 be a nonexpansive
semigroup on a real Hilbert space H, then our algorithm (3.14)) reduces to the following algorithm

1 A
Tp+l = Qpu + (1 — Odn))\/ T(s)xnds, n >0,
n J0

which was considered by Shimizu and Takahashi [I§].

(5) If we take B=0, 8 =0, F =0 and let S =T be a nonexpansive mapping on a real Hilbert space H,
then our algorithms (3.1) and (3.14)) reduce to the following algorithms

and

xp =ty f(ay) + (I — tA)Tay,

Tnt1 = apVf(zn) + (1 — aA)Ta,, n >0,

which were considered by Marino and Xu [11].

Remark 3.4. From Remark it is clear that our results contain the corresponding results in [6, 111 15
16), [18] as special cases.
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