Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. 9 (2016), 3611-3621

Research Article

ncar Sciences
4 s Asemcasens

-(aEnyy Journal of Nonlinear Science and Applications
oo Ly

Print: ISSN 2008-1898 Online: ISSN 2008-1901

An extension of Caputo fractional derivative
operator and its applications

I. Onur Kiymaz?, Aysegiil Cetinkaya®*, Praveen Agarwal®

?Ahi Evran Univ., Dept. of Mathematics, 40100 Kirsehir, Turkey.
bAnand International College of Eng., Dept. of Mathematics, 303012 Jaipur, India.

Communicated by X.-J. Yang

Abstract

In this paper, an extension of Caputo fractional derivative operator is introduced, and the extended
fractional derivatives of some elementary functions are calculated. At the same time, extensions of some
hypergeometric functions and their integral representations are presented by using the extended fractional
derivative operator, linear and bilinear generating relations for extended hypergeometric functions are ob-
tained, and Mellin transforms of some extended fractional derivatives are also determined. (©)2016 All rights
reserved.
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1. Introduction

Special functions are used in the application of mathematics to physical and engineering problems.
In recent years, many authors considered the several extensions of well known special functions (see, for
example, [2 B 9, 12, 13]; see also the very recent work [8, 10]). In 1994, Chaudhry and Zubair [4],
introduced the generalized representation of gamma function. In 1997, Chaudhry et al. [2] presented the
following extension of Euler’s beta function

Lt 1e(wt)
By(z,y) ::/0 U1 — b)Y e\t 0D/ dt,
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where  Re(p) >0, Re(x) >0, Re(y)>0
Recently, Chaudhry et al. [3] used By(x,y) to extend the hypergeometric functions as

o n B s —_— n
Fyla, Bsv;2) =) ((Z)' pﬁaﬁ(;zjﬁ)ﬁ)z ’

n=0
where p > 0, Re(y) > Re(f) > 0 and | z |[< 1. The symbol («),, denotes the Pochhammer’s symbol defined
by
I'(a+n)

= )

, () :=1.

Afterwards, in [I] Ozarslan and Ozergin obtained linear and bilinear generating relations for extended
hypergeometric functions by defining the extension of the Riemann-Liouville fractional derivative operator
as

DIPf(2) = L DE(2)
_ 1 o carmet (7D
—dzm{r<_a+m)/o o —poem1(75) g >dt}

where Re(p) > 0 and m—1 < Re(a) < m, m € N. It is obvious that, these extensions given above, coincide
with original ones when p = 0.

The above-mentioned works have largely motivated our present study. The principle aim of the paper
is to present extension of the Caputo fractional derivative operator and calculating the extended fractional
derivatives of some elementary functions. In the sequel, extensions of some hypergeometric functions and
their integral representations are presented by using the extended fractional derivative operator, linear and
bilinear generating relations for extended hypergeometric functions are obtained, and Mellin transforms of
some extended fractional derivatives are also determined.

2. Extended hypergeometric functions

In this section, we introduce the extensions of Gauss hypergeometric function o F7, the Appell hypergeo-
metric functions Fi, F» and the Lauricella hypergeometric function F g o Throughout this paper we assume
that Re(p) > 0 and m € N.

Definition 2.1. The extended Gauss hypergeometric function is

o0

Z By(b—m+n,c—b+m) 2"
B(b—m,c—b+m) nl

oFi(a,b;c;z;p)

(2.1)

nO

for all | z |< 1 where m < Re(b) < Re(c).

Definition 2.2. The extended Appell hypergeometric function Fj is

o

Z n+k )kBp(a*mﬁLnJrk,d*a%“m)ﬁﬁ
(a —m)ptk B(a—m,d—a+m) n! k!

Fi(a,b,c;d;x,y;p) : (2.2)

n,k=0

for all | z |< 1,]| y |[< 1 where m < Re(a) < Re(d).

Definition 2.3. The extended Appell hypergeometric function Fs is
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F2(a7 ba (& d: €; w?.yap)

= i (a)n+k(b)n(c)k Bp(b —m-+n,d—b+ m) " yk

= 2.
22 b—mu(©),  Bl-md—btm) nlk (23)
_ o (@)nik(D)n(c) By( —m—i—k,e—c%—m)ﬁﬁ (2.4)
it (d)p(c=m)r B(c—mye—c+m) n!k! )
B i (@)nak () Bp(b—m~+n,d—b+m)By(c—m+k,e—c+m)z"y" (25)
_nk:O (b—m)p(c—=m)r B(b—m,d—b+m) B(c—=m,e—c+m) nlk! '
for all |z | + |y |< 1 where m < Re(b) < Re(d) and m < Re(c) < Re(e).
Definition 2.4. The extended Lauricella hypergeometric function ng is
> W)n(c)p(d)r Bpla—m+n+k+re—a+m)z"y* 2"
3 b.c.d:e: ) = (@)ntrotr( p ) Y 96
D,p(a’a e aevxayazap) nglo (a_m)n+k+7‘ B(a—m,e—a—l—m) n! k! ! ( )

for all \/|x| + v/|y| + v/|2] < 1 where m < Re(a) < Re(e).

Note that when p = 0, these functions reduces to well known Gauss hypergeometric function o F}, Appell
functions Fy, F5 and Lauricella function F' g, respectively.

3. Extended Caputo fractional derivative operator

The fractional derivative operators has gained considerable popularity and importance during the past
few years. In literature point of view many fractional derivative operators already proved their importance.
Very recently, fractional operator, whose derivative has singular kernel introduced by Yang et al. [I4].
Motivated by above work many researchers applied new derivative in certain real world problems (see, e.g.,
[5, 7, I5HIT]). In the sequel, we aim to extend the definition of the classical Caputo fractional derivative
operator.

The classical Caputo fractional derivative is defined by

D! f(e) = g [ =

where m—1 < Re(u) < m, m € N. We refer [6] to the reader for more information about fractional calculus.
Inspired by the same idea in [I], we introduce the Ezxtended Caputo Fractional Derivative as

DEPF(z) = r(ml—m /Oz(z _ t)m“le(t(fft)) i%f(t)dt, (3.1)

where Re(p) > 0 and m — 1 < Re(pu) < m, m € N. In the case p = 0, extended Caputo fractional derivative
reduces to classical Caputo Fractional derivative, and also when p = m € Ny and p = 0,

DIOf(2) = fU(2).

Now, we begin our investigation by calculating the extended fractional derivatives of some elementary
functions.

Theorem 3.1. Let m — 1 < Re(p) < m and Re(p) < Re(\) then

D {z’\}— F'A+1)By(A—m+1,m — p) A

ST TA—p+1D)BA—m+1,m—p)
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Proof. With direct calculation, we get

{2 = i -0 )

2

L TOHD [ e (75)
= — ¢)ymmh—lpA-m dt
F(m—u)F(A—m+1)/0(z ) ¢

2 T(A+1) [ (i)
— 1 — )Ly A=moai—w
F(m—u)I‘()\—m—i—l)/o( u) “oe du
F'A+1)By(A—m+1,m— p)

T TOA—p+DBOA—m+Lm—p)

ATH O

Remark 3.2. Note that, D7 {z*} =0 for A =0,1,...,m — 1.

The next theorem expresses the extended Caputo fractional derivative of an analytic function.

Theorem 3.3. If f(z) is an analytic function on the disk | z |< p and has a power series expansion
f(z) =307 ganz", then

DEP{f(2)} = a,DL? {z"}
n=0

where m — 1 < Re(u) < m.

Proof. Using the power series expansion of f, we get

i 1 2 S (7,;553)) N
n=0

Since the power series converges uniformly and the integral converges absolutely, then the order of the
integration and the summation can be changed. So we get,

D’z“p{f(Z)} = nf;an (P(ml_ m /Oz(z -~ t)m‘“‘le(%> ;ZZt”dt)

=Y a,DEP{z"}. =
n=0

The proof of the following theorem is obvious from Theorem [3.1] and

Theorem 3.4. If f(z) is an analytic function on the disk | z |< p and has a power series erpansion

f(z) =300 panz", then

DiP {z)‘*lf(z)} = i an DEP {z’wn*l}
n=0
AL E Nn By A—m+n,m—pu) ,
- (A —n) nzoa”(k—u)n BP(A—ern,m—u) :

TN E Nn Bpy(A—m+n,m—pu) ,
TTO0-w Z 0 —m. BO—mm—p)

where m — 1 < Re(pu) < m < Re(\).

The following theorems will be useful for finding the generating function relations.
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Theorem 3.5. Let m — 1 < Re(A — p) < m < Re()), then

A—p,p Z)\—l — )@ ()‘)Z'LL 'w ( )n()\)n BP()‘ —m—+n,p— A+ m) ﬁ
b2 { (1=2) }_ T'(p) O()\—m)n BA—m,p—A+m) nl
)

n= (3.2)
(>‘ pn—1
F
F(,u)z oF1 (o, As s 25 p)
for| z|< 1.
Proof. 1f we use the power series expansion of (1 — z)~% and ( ., we get
D/\f,u,p A—1 1— %)) — D)\fu,p A—1 ni
dRA(1 - 2) ) = DY ] ,;)(a)n!
— Z (Ck)n D;\—u,p {Z/\-l-n—l}
n!
n=0
:i (a)nr( + ) p(/\_m"i'nam_)‘"i_lu’)zu—i-n—l
n! T(u+n) BA—m+n,m— A+ u)
) m) " 12 (V)a(Na Byr = m+n,m = A+ o) 2
I(p (u)n BA—m+n,m—A+p) n
F Z a)n()\ p(A—m+n,pu—X+m) 2"
(u ) Yo BA—m,pu—XA+m) n!
F( ) p—1
2o Fr (o s s 25 p). O
T )
Theorem 3.6. Let m — 1 < Re(A — p) < m < Re(X), then
Di‘“’p{z’\l(l —az) “(1— bz)ﬁ}
F()\) i Jn(B)k Bp(A —m +n+k,u—X+m) (az)" (bz)* 23
T 2y Ommaw BO-mu—A+m)  ow B
F()‘) SH 1
i\ a, B pu;az;bz;p
“rgy” )
for|az|<1 and | bz |< 1.
Proof. Using the power series expansion of (1 —az)~%, (1 —bz)~# and (2.2)), we get
A—u, A—1 —a Bl _ pA—p, — ()0 Bk nyk Afntk—1
D3 ’”’{z (1 —az) (1 —b2) }—DZ MP{ZZ R a™b"z
n=0 k=0
o (@) (B gk DA mp { A nthol
N Z n! k! e ﬂp{z }
n,k=0
_ i (@)n (B)k nbkr()\+"+k)3 ()\—m—l—n—l—k,m—)\—i-,u)zwrn%,l
oy n! k! F'A=—m+n+k)I'(m—XA+p)
_ T, i n(B)k Bp(A —m +n+k,m— X+ pu) (az)” (b2)*
(,u) a2 M) nak BA—m,m— X+ p) n! k!
FEA;z“ YEL (N a, B s az; bz p). O

I'(p
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Theorem 3.7. Let m — 1 < Re(A — p) < m < Re(X), then

_ Y um i Mttt (@n(B)i(V)r By(A —m +n+k+ 1,0 — A+ m) (a2)" (b2)* (c2)"

T A, M B -mp—A+m)  al B Y
F(A) LH 1
Fp (N o, B,y w;az; bz cz;p
=T )
for|az|<1,|bz|<1and]|cz|<1.
Proof. Using the power series expansion of (1 —az)~®, (1 —bz)7?, (1 — cz)™7 and (2.6), we get
Di‘_’“’{z)‘_l(l —az) (1 —b2)P(1 - cz)_v}
_ PA—u, e (@)n (B)k (7)r npk r A nt+k+r—1
=D: “p{zzz ST
n=0 k=0 r=0
_ Z (Oé‘n (B)k (7)7" anbkCrD;\—,u,p {Zk+n+k+r—1}
n! kI 7!
n,k,r=0
_ i (a)n (B)k (’7)7" nbk r (>‘ +n+k+ T)BP(A —m+n+k+ r,m— A+ M) Z/H—n—i—k—i—r—l
it n! k! 7l F'A=—m+n+k+r)I'(m—X+p)
()\) i Intktr (@ (B)k(V)r BpA —m+n+k+r,m — X+ pu) (az)" (b2)k (cz)"
F(M) i (A= M)t ktr BA—m,m— X+ p) n! kI 7l
INCY R
FEM; FELED A o, B, s s az; bz ez p). O
Theorem 3.8. Let m —1 < Re(A — ) < m < Re(\) and m < Re(B) < Re(7), then
Di_“’p{z/\_l(l —2) "2kl 67 - )}
—z
i1 n+k )n(Nk
>3 [t

p(ﬂ—m+n,’y—6+m)Bp()\—m+k,u—)\+m)x”zk
B(B—m,y—B+m) BA—m,p—X+m) nlk!

_ 'Y
- I(w)
for|z|+|z|< 1.

Ry, B, A, s @, 25 p)

Proof. Using the power series expansion of (1 — z)™%, F}, and ({2.5]), we get
D?“’p{z)‘l(l —2) %2 Fi(a, B;7; 196)}
—z

 PA—p, A— _aoo (an(ﬁ)n B(B*mﬁLnﬁ*Ber) £ "
=P M{Z =D Gl B -y~ ) (1—z>}

— DA A— _ focfnoo (a)n B)nB(,B—m-i-n,")/—ﬁ—km)ﬁ
= D} #P{z 11 -2) Z(ﬁ—m)n pB(/B_m”y_B+m) n!}
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- (a N(B)NB(B m+n,y — /8+m) A—u, A—1 —a—n
Z B —m)y ’ B(B—m,y—F+m) n!DZ up{z (1-2) }

— (

n=0

F(A)Zu 122 n+k JnNk Bp(B—m+n,v— B+m) By(A—m+k,pu—\+m)a"z*
[(p) == nA=m)g  B(B—m,y—B+m) BA—m,u—XA+m) nlk!
?EI)\JBZ“ 1F2(Oé /87 Y, 5 T Zp) O

4. Generating functions

In this section, we use the equalities (3.2), (3.3) and (3.5 for obtaining linear and bilinear generating
relations for the extended hypergeometric function o Fj.

Theorem 4.1. Let m — 1 < Re(A — p) < m < Re(X), then

TLZ:%( )' oF (a4 mn, \;p; z;p)t" = (1 — )" %2 by <a,)\;u,1it,p> (4.1)

where |z| < min{l, |1 —t|}.

Proof. Taking the identity

(1—2)—t]“=(1—t)" <1_ 5 )a

1-1¢
in [I1] and expanding the left hand side, we get

i_o: a<1iz>n:(1_t)_a<1_1it)_a’

when [t| < |1 — z|. If we multiply the both sides with 2*~! and apply the extended Caputo fractional

derivative operator D , we get
o0 (a) mn . —a
A—p,p nt” A-1/1 _ N—a-n | _ pr—pp _ o A1 .
p: {z o S BT S (BRI (R

Since |t| < |1 — z| and Re(\) > Re(u) > 0, it is possible to change the order of the summation and the
derivative as

i (n)‘ D) h {zk_l(l _ Z)—a—n} "= (1 —t) D) HP {Z/\—l <1 -1 i t)‘“} :

So we get the result after using Theorem on both sides. O

Theorem 4.2. Let m — 1 < Re(A — p) < m < Re()), then

= () o zt
Z(TL)' QFl(/B n/\,u,zp) (]‘_t) Fl (/Baa7)\7uvz71_t7p>7

n=0

where |t| < %lz\



I. O. Kiymaz, A. Cetinkaya, P. Agarwal, J. Nonlinear Sci. Appl. 9 (2016), 3611-3621 3618

Proof. Taking the identity

1-(1-2) ™ =1-t)" (1 + 12_tt>_a

in [I1] and expanding the left hand side, we get

when |t| < |1—z|. If we multiply the both sides with 2*~!(1—2)~# and apply the extended Caputo fractional
derivative operator Dg\fﬂ P we get

D;\_IMP {i (ji)'nz)\_l(l _ Z)_’B(l _ z)ntn} — Di\—w? {(1 — t)_azk—l(l - Z)_ﬁ <1 _ 1_jtt>_a} .

n=0

Since |zt] < |1 —t| and Re(\) > Re(u) > 0, it is possible to change the order of the summation and the
derivative as

I s I RN SRR (B I

n!
n=0

So we get the result after using Theorem and Theorem O

Theorem 4.3. Let m — 1 < Re(fS — ) < m < Re(f) and m < Re(\) < Re(u), then

[e.9]
« ut
> (n),”zFl(a + 1, A 5 25 p)e 1 (=, B v; uip) = Fo (a,k,ﬁm,v;z, T3 t;p> :

n=0

Proof. If we take t — (1 — u)t in (4.1)) and then multiply the both sides with u®~!, we get

— (@)n Y B | nyn _ . B—1 —a e Z .
;mgFl(a+n,)\,u,z,p)u (1 —w)"" =u’""[1—=(1—ut] "2k Oév)wﬂamap :

Applying the fractional derivative Dg_V to both sides and changing the order we find

> (Z),"zFl(a +n, A 23p) Dy {U[H(l - U)"} t
n=0 ’

= DP {u/“u — (1 —u)t] % Fy <a, X s 1_(12_u)t;p> }

when |z] < 1, <1 and + < 1. If we write the equality like

ut
1—t

1—u
1—Zt

_z_
1-t

i (@ 7y (a4, A s 23 p) DI {w =t —uyrfer

n!
_ _ —ut 17¢ z
=D {U'B ! [1 1 J 21 (aﬂ\; 15 _ut§p>}
B T 1t

and using Theorem [3.5] and Theorem [3.8 we get the desired result. O

n=0
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5. Further results and observations

In this section, we apply the extended Caputo fractional derivative operator (3.1)) to familiar functions
e® and oF}(a,b; c; z). We also obtain the Mellin transforms of some extended Caputo fractional derivatives
and we give the integral representations of extended hypergeometric functions.

Theorem 5.1. The extended Caputo fractional derivative of f(z) = e* is

LM p e on
DEP{ey = 3" T By (m - 1
z {6 } F(m_ﬂ) —~ n' p(m /.L,TL+ )

for all z.

Proof. Using the power series expansion of e* and Theorem [3.3] we get

o0
1
DHP{e*} = Z EDQLJ}{Z”}
n=0

_i I'n+1)Bp(n—m+1,m—p) 2"#
N 'mn—p+1)Bn—m+1,m—p) n!

n=m
_Z P(n+m+1)By(n+1,m—p) z"tm#
F'n+m—pu+1)Bn+1,m—p)(n+m)!

LM e P
:75 'B(m pwy,n+1). O
F(m—,u)n < nl

Theorem 5.2. The extended Caputo fractional derivative of o Fy(a,b;c; z) is

m—p

P . _ (@)m(b)m z = (a+m)u(b+m), Bp(m—pn+1) 2"
D# {QFl(a, b; c; z)}  (m TA—p+m) Z (c+m)p(l—p+m)n B(m—p,n+1)

n=0
for| z|< 1.

Proof. Using the power series expansion of o F} (a, b; ¢; z) and making similar calculations, we get

DEP{sFy(a,b;c; z)} = DEP {i (a)"(b)”zn}

n=0 (C)n n'
Z D“ {z"}
n=0

o0

_Z Jn T'(n+1)By(m—p,n—m+1) e
B cnn' 'n—p+1)B(m—pu,n—m-+1)

n=m
o0

( )n—l—m(b)n—l—m F(n +m+ 1)B (m — U,n + 1)

Znerfu
(©)ntmm+m)T(n+m—p+1)B(m—p,n+1)

O

n=0
_ (@mO)m 2" i (a+m)p(b+m), Bp(m—p,n+1)z"
(©m T(l=p+m) =0 (c+m)n(l—p+m)n B(m—pn+1)

The following two theorems are about the Mellin transforms of extended Caputo fractional derivatives
of two functions.
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Theorem 5.3. Let Re(\) > m — 1 and Re(s) > 0, then

e e LA

Proof. Using the definition of Mellin transform we get

W[Dg’p {z)‘} : s} = /Oops_lD’Z"p {z)‘} dp
0

:/OO s—1 F()‘—i_l)Bp(m_:uv)‘_m"i'l)
0 F'A=p+1)B(m—pu,A—m+1)

A Hdp

INOE N Pt

> s—1
N By(m — p, A — m + 1)dp.
FM—M+1ﬁmn—MA_WH4)A p” Bp(m — p, A —m+ 1)dp

From the equality

/ b1 By(2,y)db = T(s)B(x + 5,y +5), Re(s) >0, Re(x + 5) > 0, Re(y + ) > 0
0

in [2, page 21] we get the result. O

Theorem 5.4. Let Re(s) >0 and | z |< 1, then

M[DEP {(1—2)"}is]= (1)nz".

[(s) 2" F S B(m—p+s,n+s+1)
I'(m —p) nzz;) I'(n+1)

Proof. With using the power series expansion of (1 — z)~“ and taking A = n in Theorem we get

M| DEP{(1—2)"} - s] =M [D’;’p {i (Z)'nz"} : s]

n=0

|
o
_ 11:(3) ZH i B(m—/lﬁ—k S,n—n’i—i-s—i- 1)(a)nz”
(m—p) = (n—m+1)
[(s) 2MH & () ntmz"
n=0
Theorem 5.5. The following integral representations are valid

F (a b:c: 2t ) — 1 /1 tb_m_l(l o t)c—b—l-m—le(t(l_ft))F (a b:b—m: Zt) dt (5 1)
24'1(a, b;C; 25 p B(b—m,c—b+m) 0 2 1\4, O, ; 5 .

Fl(a‘7 bv & d>337y7p)

1 ! i 2
— ta—m—l 1 _t d—a+m—1 (t(lft))F b . _ . t t dt 5‘2
B(a—m,d—a—i—m)/o { ( ) € 1(0‘3 , G a m,x,y) 3 ( )

FQ(aabvc;d7e;xay;p)
- 1
~ Blb—m,d—b+m

1 _
] / {tb_m_l(l - t)d_b+m_1e<t(1ft>>Fg(a, b,c;b — m,e; xt, y)}dt, (5.3)
0
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FQ(aa ba (& da €; x:yap)

= ! /1 tem=l — t)e_c+m_le<t(1_ft>)F2(a b,c;d,b—m;x,yt) pdt, (5.4)
B(C—m’e—c—‘—m) 0 )Y Y Y Y 9 *

FZ(CL7 bv & da €; xvyap)

1

~ Bb-—

1 rl
tb—m—l c—m—1 1—t¢ d—b+m—1 1— e—c+m—1
m,e—b—|—m)B(c—m’e_C+m)/0 /0 { U ( ) ( u)

e<_t(1p—t) _“(117—“)>F2(a, b,c;b—m,c—m;xt,yT) }dtdu. (5.5)

Proof. The integral representations (5.1])-(5.5) can be obtained directly by replacing the function B, with

its integral representation in (2.1)-(2.5]), respectively. O
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