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Abstract

In the paper, the authors establish some new integral inequalities for log-convex functions on co-ordinates.
These newly-established inequalities are connected with integral inequalities of the Hermite-Hadamard type
for log-convex functions on co-ordinates. (©2016 All rights reserved.
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1. Introduction
Let f: I CR — R be a convex function on an interval I and let a,b € I such that a < b. Then the

double inequality b
f<a;b) - bia/ fla)dz < W

holds. This double inequality is known in the literature as the Hermite-Hadamard integral inequality.

Definition 1.1. If a positive function f: I C R — Ry = (0, 00) satisfies

FOa+ (1= Ny) < [F@)P )

for all z,y € I and X\ € [0, 1], then we say that f is a logarithmically convex (or simply, log-convex) function
on I. If the above inequality is reversed, then we say that f is a log-concave function.
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Equivalently, a function f is log-convex on [ if and only if f is positive and its logarithm In f is convex
on I. Moreover, if the second derivative f” exists on I, then f is log-convex if and only if ff” — (f)? > 0.

A corresponding version of the Hermite-Hadamard integral inequality for log-convex functions was given
in [5] as follows.

Theorem 1.2 ([5]). Suppose that f : [a,b] CR — Ry is a log-convex function on |a,b]. Then

f(“jb) < bia/abfmdxsL<f<a>,f<b>>,

where L(z,y) is the logarithmic mean

&7 x4y,
L(z,y) = Iny —Inzx
T, r=y.

In [3, 4], the so-called convex functions on co-ordinates were introduced as follows.

Definition 1.3 ([3, 4]). A function f: A = [a,b] x [c,d] € R? — R is said to be convex on co-ordinates on
A with a < b and ¢ < d if the partial mappings

fyila, bl = R, fy(u) = fy(u,y) and fp:[ce,d] =R, f(v)= fa(z,v)
are convex for all z € (a,b) and y € (¢, d).

Definition 1.4 ([3,4]). A function f: A = [a,b] x [c,d] € R? — R is said to be convex on co-ordinates on
A with a < b and ¢ < d if the inequality

fz+ (1 —=t)z, \y+ (1 = Nw) < tAf(z,y) +t(1 = N)f(z,w) + (1 = t)Af(z,y) + (1 =t)(1 = M) f(z,w)
holds for all ¢, A € [0,1] and (z,y), (z,w) € A.

An inequality of the Hermite-Hadamard type for convex function on co-ordinates on a rectangle from
the plane R? was established in [3] 4] as follows.

Theorem 1.5 ([3, 4, Theorem 2.2]). Let f : A = [a,b] x [¢,d] C R? — R be convex on co-ordinates on A
with a < b and ¢ < d. Then one has

T T ey o
1 b d
< Gau=a ), | fenavis
o [eassealans 7 [ + o]
[f(a,c) + f(b,c) + f(a,d) —l—f(b,d)].

|
—_

N Y

<

In [I], Alomari and Darus introduced a class of log-convex functions on co-ordinates as follows.

Definition 1.6 ([1]). A function f : A = [a,b] x [c,d] C R? — R, is called log-convex on co-ordinates on
A with a < b and c < d if

Fltz + (1= 1)z, 2+ (1= Nw) < [F )] @ w)] )] 0O f (2, 0)) 0700

holds for all ¢, A € [0,1] and (x,y), (z,w) € A.
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Remark 1.7. If f and g are both log-convex on co-ordinates on A, then their composite fog is also log-convex
on co-ordinates on A.

An inequality of the Hermite-Hadamard type for log-convex functions on co-ordinates on a rectangle
from the plane R? was established by Alomari and Darus in [I] as follows.

Theorem 1.8 ([I, Theorem 3.3]). Suppose that f : A = [a,b] x [c,d] C R? — Ry is log-conver on co-
ordinates on A for a < b and ¢ < d. Let

f(a,c) f(b,d) f(a,d) f(b,c)
A , B= , and C=
f(b.¢)f(a,d) f(b,d) f(b,d)
Then the inequality
1, A=B=C=1,
B-1C-1
mB InC’ A=1
H(C), B=1,
H(B), C=1,
Cc-1
= A=B=1
InC "’ ’
B-1
1 d b A=C=1
I=—— dxdy < f(b,d ’ ’
(b_a)(d_c)/c /a flz,y)dedy < f(b,d) x ¢ InB
'y—l—ln(—lnA)—l—Ei(l,—lnA), B—C=1,
InA
1/B—-1 AB-1
2[11113 T m@An) ) 4,B,C>0,
/lcﬁAB_ldﬁ therwi
L, m(an) 47 otherwise
holds, where v is the Fuler constant,
FEi(l,—InA)+Inlnz — Fi(1, — In(Ax)) — Inln(Ax) 21n1nA—ln(—lnA)7 -1< Iz <0,
H(z) = A + InA In A
n 0, otherwise;
and
oo ,—t

—X
1s the exponential integral function.
For more and detailed information on this topic, please refer to the newly published papers [2] [6H25] and
plenty of references therein.
2. Some new integral inequalities of the Hermite—-Hadamard type

In this section, we prove some new inequalities of the Hermite-Hadamard type for log-convex functions
on co-ordinates.
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Theorem 2.1. Let f : A = [a,b] X [¢,d] CR? — Ry for a < b and ¢ < d be log-convex on co-ordinates on
A. Then one has

\
\
&H
H
<
A
8
A
<

—CL —C

IN
—

/cd L(f(a,y), f(b,y)) dy]

{

b d
it [ swa)ass 2 [ + s0.)a]
[L(f(a,0), £(6,0)) + L( (@, d), F0.) + L(F(a,0), f(ard)) + L(F(b. ) £(b, )]
£(,6) + 7(0.€) + flad) + £ (b)),

where L(u,v) is the logarithmic mean.

/ L(f(x,c),f(a:,d)) dx + pi !

a — C

(wpl
=
S

IA
|
S

IN

A
N N e Y M

Proof. For all z,y > 0, it is known that L(z,y) < ‘%ry Setting y = Ac+ (1 — A\)d for all 0 < A < 1, using
the log-convexity of f, and by the arithmetic-geometric mean inequality, we obtain

//fmyd:r:dy—//frﬁ)\c+ (I1=XNd)dzdA
b—a d—c)

// (z,0)] mdlAd)\dx
b—a

= [ rUeo. s apas

1 b
< = [ e+ f@d)aa

Since f(z,¢) < [f(a,o)]t[f(b,e)]'~t and f(x,d) < [f(a,d)]![f(b,d)]' "t for each t € [0, 1], we have

b
s [ Vet e < § [ {1 Uo.0P= + e al .01 az

[L(f(a,c), £(b,0)) + L(f(a,d), £ (b,d))]
[f(a,¢) + f(b,c) + fla,d) + f(b, d)].

NG NN

<

By a similar argument, we can obtain

b—a) _C//fxyda:dy</ y))dy

<=3 / [Fla,) + F(b.p)]d

< S[E(f(a,). f(ad)) + L(F(b,), £0, )]

< 11F(@,e) + f(b,c) + Fla,d) + 70, )]
The proof of Theorem is thus complete. O
Example 2.2. The function f(x,y) = 22y + 1 is log-convex on co-ordinates on A = [—1,1]2. In Theo-

rem [I.8] since A = B = C =1, we have

d rb
(b_a)l(d_c)/c / f(w7y)dxdy:;—0<2=f(b,d).
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By Theorem we obtain

d rb
(ba)l(dc)/ fla,y)dady = = <
1 d

9
b
:1{ 1 /L(f(a:,c),f(:v,d))derC L(f(a,y),f(b,y))dy}<2.

b—a .

Theorem 2.3. Let f: A =[a,b] x [c,d] CR? = R, with a < b and ¢ < d be log-convex on co-ordinates on
o Ther betd\ _1f 1 [/ c+d c+d\]?

() s alema [l 5 ol )]
+dic/cd[f<a;b,y>f<a;b,c+d—y)]mdy}
i [ ()] ey

L e e d— )
< si—aa=s | | @nseera-y)
L) fatb— 2y} dady

Sa)—@b—c)/cd/abf“vy)d“y‘

Proof. Utilizing the log-convexity of f leads to
betd 1 1(c+d d

2
< [f<ta+(1—t)b, c;d>f<(1—t)a+tb,c;d>r/2

for all 0 < ¢t < 1. On using the change of the variable x = ta + (1 — )b for 0 < ¢t < 1, integrating the
inequality (2.2)) over ¢ on [0, 1], and by the arithmetic-geometric mean inequality, we procure

a c ' ‘ : h
f( 3 ;d>ﬁi/o {f<ta+(1—t>b7;d>f((1_t>a+tb’;dﬂ "

b 1/2
:bia/[f<x,cgd>f<a+bx,c_;d)] dx (2.3)

1 b c+d
< — .
S af<x, 5 >dx

IN

(2.2)

Using the log-convexity of f, we find

2

for all 0 < A <1 and z € [a,b)].
Integrating the inequality (2.4) with respect to (z, A) on [a,b] x [0, 1] and using the inequality (2.3) give

b 1 b
= f<w,cgd>dx§bla/ [ Te+ @ = M) (= Ve + 2]V dwd
- a - 0 Ja

f(:n, et d) < [f(z Ae+ (1= Nd)f(x, (1 = Ne + Ad)] (2.4)

d b
:(b_a)l(d_c)//[f(x,y)f(w,chd—y)]mdxdy (2.5)

gm/jl’m,wdxdy.
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Similarly, we obtain
a+b c+d 1 d a+b a-+b 1/2
< —_— —_— d— d
(550 s [P () (S5 her )]
1[4 (a+b
< d
ST f< > y> Yy

1 d rb 1/2
S(ba)(dc)/c /a [f(:z:,y)f(a—i—b—a:,y)] dzdy

A combination of ([2.3)), (2.5)), and the last inequality gives the desired inequality (2.1). Theorem [2.3|is thus
proved. O

Making use of Theorem we derive the following corollary.

Corollary 2.4. Let f,g: A = [a,b] x [c,d] CR? = R, with a < b and ¢ < d be log-convex on co-ordinates
on A. Then

f a+b c+d a+b c+d

2 2 JI\ T2 T

1 1 b c+d c+d c+d c+d 1/2
< _ _
_Z{b—a/a[f<x’ 5 >g<:r, 5 >f<a+b x, 5 >g<a+b x, 5 ﬂ dz

1 [ [a+b a+b a+b a+b 1/2
to- /c[f< 5 ,y)g< 5 y>f< 5 ,c+d—y>g< 5 ,c+d—y>] dy}
b c+d c+d 1 d a-+b a+b

1 1
Z{b—
d rb
Sm I/ {[f(x,wg(x,y)f(w,cw—y)g(a:,c+d—y>11/2

1
+ [f(=x, y)g( fla+b—z,9)g(a+b— ]1/2}dwdy

b—a) _c//fa:ydxdy

Theorem 2.5. Let f: A =[a,b] x [c,d] CR? = Ry with a < b and ¢ < d be log-convex on co-ordinates on
A. Then

f<a—|—b c+d>

2 72

;{ O I
/ i3 >f<“§b )]l
=/

TUAL
_C//{ (@, 9)f (@, c+d=y)]'* + [f(z,9)fla+b—2z,y)]*}dedy
TR

7

(x,e+d— y)f(a+b—x,y)f(a—i—b—x,c+d—y)]1/4dxdy

| /\

(
1
)

| /\

flz,y)dzdy.

a
2(b—
a

= )(d—
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Proof. Since f is log-convex on co-ordinates on A, using the inequalities (2.3)), (2.5, and the arithmetic-
geometric inequality figures out

a+b c+d 1 b c+d c+d 1/2
(755 s [ (= 7)o o g) | ae
1 b
_b_a/ / Flzhe + (1— M), (1 - N+ Ad)
xf(a+b—x Ac+ (1 =XN)d)f(a+b—az,(1 =N+ Ad)]
e _C// (@,9) f(2,c+d—y) fa+b—x,y)
xf(a—i—b—x,c—i—d—y)]l/ dzdy
< 1/d/b{[f(x D)@ e+ d— g2 + [f(e,9)fa+b—z,y)]Y2} dzdy
_Q(b—a)(d—c) c a ' ’ ’ ’
1 d b
<Gaagl [ femaray
Similarly, we obtain
/
(505 < [ ()i heras)]
1 d b
< mi=a ] | Venserd—niero-ay)
><f(a+b—x,c+d—y)]1/4da:dy
< 1/d/b{[f(x D)@ e+ d— g2 + [f(r,9)fa+b—2,y)]Y2} dudy
_2(b_a)(d_c) c a 7 ’ ’ ’

gm/j/jm,y)dmy,

Hence, the proof of Theorem is complete. O

V4 dzda

Corollary 2.6. Let f,g: A = [a,b] x [c,d] CR? = R, with a < b and ¢ < d be log-convex on co-ordinates
on A. Then

f a+b c+d a+b c+d
2 2 )2 2
1[ 1 b c+d c+d c+d c+d\]"?
< Z - - _ _
_2{b—a/a[f<x’ 5 >g<x, 5 >f<a+b T, )g(a—i—b T, 5 )} dzx
1 (4 (a+b a+b a+b a+b 1/2
+f [f( ,y>g( 5 y)f( 5 ,c+d—y>g< ,c+d—y)] dy}
— _// F (@ 99 9) f (5, e+ d — Yg(a,c +d —p)
><f(a—l—b—a;,y)g(a+b—:r,y)f(a+b—x,c—l—d—y)g(a+b—x,c+d—y)}1/4dxdy

d b
§2(b_a1_c/ /{[f(ﬂc,y)g(ﬂc,y)f(ﬂrr,cﬂLOl—y)g(ﬂcafﬂrd—‘i/)]”2

+ [f (=, y)g( fla+b—mz,y)g9(a+b—z,v)] 1/g}dacdy

b—a) _c//f:cydacdy
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Theorems and can be improved as follows.
Corollary 2.7. Under the conditions of Theorems[2.1] and[2.3] if f(z,y) = f1(z)g1(y) for (z,y) € A, then

f1<a+b>91<c—i2_d> < ;Kbia/ab[fl(:v)fl(a—l—b—x)]1/2dx>gl<c—gd>
(o Pl a-apu)a(c39)

d b
<(b—a)1(d—c)/ / (i@ () frla+b—2)gi(c+d —y)]*dady

d b
< oo/ | hem@asay

<3l [ Hn@ne. awn@)as
bt [ M @005 0nw) ]
<G[Hara@ [ gyap s AOLAO %) a,)
< i[mfl(a), Ao (e) + (@] + [fala) + 5091 (), 1 ()]
< 11111 + ROl (©) + 91(d)]

3. Conclusions

By the arithmetic-geometric inequality and other techniques, we establish some new integral inequalities
for log-convex functions on co-ordinates. These newly-established inequalities are connected with integral
inequalities of the Hermite-Hadamard type for log-convex functions on co-ordinates.
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