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Abstract

In this paper, Cohen-Grossberg shunting inhibitory cellular neural networks(CGSICNNs) on time scales
are investigated. Some sufficient conditions which ensure the existence and global exponential stability of
anti-periodic solutions for a class of CGSICNNs on time scales are established. Numerical simulations are
carried out to illustrate the theoretical findings. The results obtained in this paper are of great significance
in designs and applications of globally stable anti-periodic Cohen-Grossberg shunting inhibitory cellular
neural networks. (©2016 All rights reserved.
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1. Introduction

It is well known that since the work of Bouzerdout and Pinter [4] in 1993, shunting inhibitory cellular
neural networks (CGSICNNs) have been extensively applied in psychophysics, perception, robotics, adaptive
pattern recognition, vision and image processing, etc. The applicability and efficiency of such networks hinge
upon their dynamics, and therefore the investigation of dynamical behaviors is a preliminary step for any
practical design and application of the networks. Recently, considerable effort has been devoted to the study
of dynamic behaviors on the existence and stability of the equilibrium point, periodic and almost periodic
solutions of SICNNs with time-varying delays and continuously distributed delays (see [5], 14, 19 27, B5]).
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We know that the signal transmission process of neural networks can often be described as an anti-periodic
solution process. Thus the existence and stability of anti-periodic solutions are an important topic in
characterizing the behavior of nonlinear differential equations [7, [8, [0} [I5] [16], 17, 18, 211, 22| 23, 24, 25| 26,
29, 130, 3T, 32, B33, [34]. Therefore it is worth while to investigate the existence and stability of anti-periodic
solutions for BAM neural networks. In this paper, we consider the following Cohen-Grossberg shunting
inhibitory cellular neural networks on time scales

25(t) = —aij(zi (1) |bij(zi )+ Y. CH@) flan(t — ()i () — Li(t) | (1.1)
CkleN,(i,7)

wheret € T, T is a periodic time scale, i = 1,2,...,m, j = 1,2,...,n. C;; denotes the call at the (4, j) position
of the lattice, the r-neighborhood N;(i, j) of Cj; is given by N, (i, j) = {C; : max{|k—il,|[l—j|} <71 <k <
m,1 <1 <n}. z;; acts as the activity of the cell Cj;, L;;(t) is the external input to Cjj, a;j(z;(t)) > 0 and
bij(x;j(t)) represent an amplification function at time t and an appropriately behaved function at time t,
respectively; C’fjl(t) > 0 is the connection or coupling strength of postsynaptic activity of the cell transmitted
to the cell Cj;, and the activity function f(.) is a continuous function representing the output or firing rate
of the cell C¥, 71;(t) > 0 corresponds to the time delay required in processing and transmitting a signal
from the [-th cell to the k-th cell at time t.

The main aim of this article is to establish some sufficient conditions for the existence and exponential
stability of anti-periodic solutions of . Some other models, such as bidirectional associative memory
(BAM) networks, cellular neural networks and Hopfield-type neural networks, are special cases of the network
model . To the best of our knowledge, it is the first time to focus on the stability and existence of
anti-periodic solutions of on time scales.

The remainder of the paper is organized as follows. In Section [2], we introduce some notations and
definitions, and state some preliminary results which are needed in later sections. In Section [3], we establish
our main results for the existence and exponential stability of anti-periodic solutions of (1.1)). In Section
[, we present an example to illustrate the feasibility and effectiveness of our results obtained in previous
sections.

2. Preliminaries on time scales

In order to make an easy and convenient reading of this paper, we present some definitions and notations
on time scales which can be found in the literatures [T}, 2, [3], 6, [O) 111 12} 13, 20} 28§].

Definition 2.1 ([2]). A time scale is an arbitrary nonempty closed subset T of R, the real numbers. The
set T inherits the standard topology of R.

Definition 2.2 ([2]). The forward jump operator o : T — T, the backward jump operator o : T — T, and
the graininess p: T — R* = [0, 00) are defined, respectively, by

o(t):=inf{s € T:s>t}, p(t) :=sup{seT:s<t}, ult)=o(t)—tforteT.

If o(t) = t, then t is called right-dense (otherwise: right-scattered), and if p(t) = ¢, then ¢ is called left-
dense (otherwise: left-scattered). If T has a left-scattered maximum m, then we defined T to be T \ {m};
otherwise T¥ = T. If T has a right-scattered minimum m, then we defined T}, to be T \ {m}; otherwise,
Tk =T.

Remark 2.3. We denote the T-interval [a,b]r as [a,b]r := {t € T|a < t < b}.
Definition 2.4. A function f : T — R is said to be rd-continuous if it is continuous at right-dense points

in T and its left-sides limits exists(finite) at left-dense points in T. The set rd-continuous functions is shown
by Cr,}d = Crd(’]m = Crd(Tv R)



C. Xu, Y. Pang, P. Li, J. Nonlinear Sci. Appl. 9 (2016), 23762388 2378

Definition 2.5. For f : T — R and t € R, we define f2(t), the delta-derivative of f at t, to be the
number (provided it exists) with the property that, given any € > 0, there is a neighborhood U of ¢ in T
such that

1F(o(t) = £(s)] = FAB)o(t) = s]| < elo(t) = s| for all s € U.
Thus f is said to be delta-differentiable if its delta-derivative exists. The set of functions f : T — R that are

delta-differentiable and whose delta-derivative are rd-continuous functions is denoted by C,q = C!,(T) =
C!,(T,R).

Definition 2.6. A function F : T — R is called a delta-antiderivative of f : T — R provided F2(t) = f(t),
for all ¢ € T. Then we write [” f(t)At := F(s) — F(r) for all s,t € T.

Definition 2.7 ([13]). We say that a time scale T is periodic if there exists p > 0 such that if ¢ € T, then
t+peT. For T # R, the smallest positive p is called the period of the time scale.

Definition 2.8 ([I1]). Let T # R be a periodic time scale with period p. We say that the function f : T — R
is periodic with period w if there exists a natural number n such that w = np, f(t + w) = f(¢t) for all t € T
and w is the smallest number such that f(t +w) = f(t).

If T = R, we say that f is periodic with period w > 0, if w is the smallest positive number such that

ft+w) = f(¢t) for all t € T.
A function r : T — R is called regressive if 1 + u(t)r(t) # 0 for all t € T*.
If r is regressive function, then the generalized exponential function e, is defined by

t
er(t,s) = exp {/ {u(f)(r(r))AT},for s,t e,
with the cylindrical transformation

10g(1+hz Jif R ?é 0,
§h(z)—{ z, if h=0.

Let p,q : T — R be two regressive functions, we define

pPBq=p+q+upg, Sp = — PO q:=pa ().

p
1+ pp
Then the generalized exponential function has the following properties.
Lemma 2.9 ([2]). Assume that p,q: T # R are two regressive functions, then

(1) eo(t,s) =1 and ey(t,t) = 1;

(ii) ep((t),5) = (1+ p(E)p(H)ep(t, );
(i) eplt,5) =
(iv) ep(t, s)ep(s,r) = ep(t,7);
(t,s)

(v) ep(t,s)eq(t, s) = epaq(t, s);

ep(s t) e@p(s’t)"

. oep(t,s)
(V) coes)

Lemma 2.10 ([2]). Assume that f,g: T # R are delta differentiable at t € T, then

= epoy(t, s).

(i) (v1f +109)™ = 1 f2 + 1ag®, for any constants vy, vs.

(ii) (f9)2(t) = f2(t)g(t) + f(a(t)g™(t) = F(t)g™(t) + F2(B)g(o(t));



C. Xu, Y. Pang, P. Li, J. Nonlinear Sci. Appl. 9 (2016), 23762388 2379

(iii) if f& >0, then f is nondecreasing.
Lemma 2.11 ([28]). Assume that p(t) > 0 fort > s, then ey(t,s) > 1.
Lemma 2.12 ([28]). Assume that p € R is w-periodic, then ey(t + nw, s) = e,(t +w,s)", forn € N.
Definition 2.13 ([6]). A function f from T to R is positively regressive if 1+ p(t)f(t) > 0 for all t € T.
Denote R™ is the set of positively regressive functions from T to R, and denote T™ = R, NT.

Lemma 2.14 ([6]). Suppose that p € RT, then

(1) ep(t,s) >0, for allt,s € T;

(11) if p(t) < q(t) for allt > s, t,s € T, then ey(t,s) < eq(t,s) for allt > s.

Definition 2.15. Let 2*(t) = (2%, (t), 25, (t), ..., 2%, (), 25, (1), 255(t), . . ., 25, ()T be an w-anti-periodic

rrmn

solution of (1.1]) with initial value ¢*(t) = (¢31(t), ©51(t), s @5 (), @31 (1), O30 (1), . . s ol ()T If there
exists a positive constant A with —\ € RT such that for § € [—7,00)T, there exists N > 1, such that

the solution z(t) = (211(t),211(t), ..., T1m(t), z21(t), T22(t), . . ., Zimn ()T of (1.1)) with initial value o(t) =
(05, (1), 011(1), - o, 1m(t), 021 (1), 22(t), . . ., Omn (t)T satisfies

|35 (t) — 275 ()| < Nl — ¢*[l1e-a(t,6),t € [-7,0)1,t > 6,

where i = 1,2,...,m,j = 1,2,...,n. and [|p — ¢*[[1 = sup_ < <o maxi<i<m,1<j<n |9ij(s) — ¢;;(s)|. Then
x*(t) is said to be exponentially stable.

Definition 2.16 ([13]). For each t € T, let N be a neighborhood of t. Then we define the generalized
derivative (or Dini derivative), Dtu®(t), to mean that, given € > 0, there exists a right neighborhood
N C N of t such that
u(o(t)) —ul(s
t

(8) _ e A
D t
a(ts) <D uS(t)+e
for s € Ny, s > t, where u(t,s) = o(t) — s.

Definition 2.17 ([12]). For each t € T, let N be a neighborhood of t. Then, for V € C,.4[T,R™ R*], define
DTVA(t,z(t)) to mean that, given € > 0, there exists a right neighborhood N. C N of ¢ such that

V(o (t),2(a(t)) = V(s,x(o(t))) — p(t.s) f(t.2(t))] < DTVA(t,z(t) + ¢

for each s € N.,s > t, where u(t,s) = (t)o(t) — s and z(t) is any solution of (1.1)). If ¢ is right-dense and
V(t,x(t)) is continuous at ¢, this reduces

DVt st = VIE:2(00) = Valo()

Lemma 2.18. Let T be an w-periodic time scale. Then u(t) is an w-periodic function.

Let z;; € C(T,R), x;;(t) is said to be w-anti-periodic, if z;;(t + w) = —wx;;(t) for all t € T, w > 0 is a
constant. Denote Ry = [0,1). Throughout this article, we assume that

(H1) CF, Lij € C(T,R),CE(t + w) = CE(t), Lij(t + w) = —Lij(t) and 7y € C(T,R), 7 (t + w) = Ta(t),

17
Wherew>Olsaconstant,i—1,2,.. ym, i =1,2,....n,1<k<m,1<I<n.

H2) a;; € C(T,Ry),a;;(—u) = a;;(u), and there exist positive constants a,
J + J J p

;; and @;; such that a;; < a;j(u) <
a;jforallu e R,i=1,2,...,m,j=1,2,...,n
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(H3) bi; € C(T,R), b;j(—u) = b;j(u), and there exist a positive constant b;; such that b;;|u| < sign(u)b;;(u)
foralueR,i=1,2,...,m,7=1,2,... n.

(H4) f € C(R,R), f(—u) = —f(u), f(0) = 0, and there exist positive constants L > 0 and My such that
|f(u) — f(v)| < Llu —vl,|f(u)] < Mp for all u,v e Rii=1,2,...,m,j=1,2,...,n.

For convenience, we introduce some notations as follows.

—kl kl =
T = max max |myl,C,;; = max |C(t)],L;; = max |L;;(t)|.
1§k§m,1§l§nt€[0,w]qr’ ul O te[O,w]T| 5 (0 Ly tE[O,w]T| 5 (0l

For z(t) = (x11(t), ..., 21m(t), 221 (t), w22(t), . .., Tmn(t)T € C(T,R™), we define the norm

el = 1<i<137lmai)éj<n i (£)]-

It i R

The initial value of (1.1 is as follows

where ¢;;(s) € C([-7,0]7,R),i =1,2,...,m,j=1,2,...,n.
3. Main results

In this section, we will state and prove our main results of this paper. In order to obtain our main
results, we make the following assumptions.

(H5) There exists a positive constant v > 0 such that
_ —kl _ =
—a;;b;57 + aij Z i Ly* + a;jLi; <0.
CkleN,(4,5)
(H6) There exists a positive constant L{; such that
’CLU(’U,) - a’l](v)| < L%‘U - 'U|,i =12,....mj=12...,n
for all u,v € R.
(H7) There exists a positive constant rfjb such that for all u,v € R
laij(u)bij(u) — aij(v)bij(v)| > r%b\u —vl,i=1,2,...,m,j=1,2,...,n.
(H8) The following condition holds.
—kl = _ —kl
—T?Jb + L?j Z Cij’)/ + ngfij + a4 Z CijL < 0,
CrEN,(1,5) CHEeN, (i,5)
where i =1,2,...,m,j=1,2,...,n.

Lemma 3.1. Let the conditions (H1)-(H5) hold. Suppose that Z(t) = (£11(t), Z11(t), - - ., T1m(t), T21(t),

Zi'QQ(t), Ceey .fmn(t)T Of " with initial value @(t) = (@11(?5), (,2711(t), v ,¢1m(t), le(t), @22@), ey (ﬁmn(t)T
satisfies

[I}U(s) = 852](8)7 ’@U<S>‘ < Y, S & [—T, O]'ﬂ‘,i = 1727 . ,m,j = 1,2,. .., n. (31)
Then
Zij(t)] <y, teTHi=1,2,...,m,j=1,2,...,n. (3.2)
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Proof. By way of contradiction, assume that does not hold. Then, there exist
ij € {11,12,1m,21,22,...,mn}
and the first time ¢t; € TT such that
|Zij (o) | = 7, %3 ()| <.t € [=7 o),

‘i’hl(t)’ <7, te [—7‘, t(])qr,for hl 7& ij,
where h =1,2,...,m,l =1,2,...,n. Let

Wii(t) = |z (t)],i=1,2,...,m,j=1,2,...,n.
It follows from (H1)-(H5) that
0 < DYW (to)

~ _ —kl - )
< —agbylEy(to)l +ay Y CijLlap(to — mi(to)|| 4 (to)| + @i Lij
CHEN, (i)

_ —kl _ 7
< _Qijbij’y + Qij Z C,L-jL’Y2 + CLZ'jLZ’j < O,

CHKLEeN,(,5)
which is a contradiction and hence (3.2)) holds. The proof of Lemma is complete. O

Remark 3.2. In view of the boundedness of this solution, it follows that Z;;(t) can be defined on [—7, c0)T
provided that the initial value is bounded.

Lemma 3.3. Suppose that (H1)—(H5) hold. Let x* ()= (2%, (1), 2%o(t), ..., 2%, (), x5, (1), 2o (1), . . ., 2, (1) T

ey bmn

be the solution of with initial value 9* = (¢}, (t), @io(t), -, 9T (), @51 (), D5 (1), -, Pl (8)T, and
z(t) = (z11(t), 212(t), - .., 21m(t), 21(2), 222(t), . . ., Ty (t))T be the solution of with initial value @ =
(011(), 012(1), . ., P1m (1), 021 (1), @22(t), . . ., @mn(t))T. Then there exists constant X\ > 1 such that for every
d € [—1,0|r, there exists N = N(§) > 1 such that x(t) satisfies

‘xij(t) —1‘;}-(75)‘ < NH()D_ 90*\’169/\(@5):75 € [O7OO)T7i = 1727"' 7m7j = 1727"'777“

Proof. Let z(t) = z(t) — 2*(t). Then

75 (1) = —ai(zi;(1) |bij(zg () + > CH@) flwm(t — ma(t))i(t) — Lij(t)

CkleN,(i,7)

+ay () (bl (0)+ Y CH @)@kt = ma(t)))ai;(t) — Lij(t)

CHeNy(i,5)
= — [ag (@i (t))bij (i (1)) — aij(xf;()bij (x7;(t))]

Qi (l’ij (t)) Z Cikjl(t)f(xkl(t — Tkl (t)))mw (t)

CkleN,(i,5)

—ae®) Y CHOf it - na®))2®)

CkleN,(i,5)
+ [aij (25 (1)) — aij(z5(t)]Lij (1),



C. Xu, Y. Pang, P. Li, J. Nonlinear Sci. Appl. 9 (2016), 23762388 2382

where ¢ = 1,2,...,n. Next, define a Lyapunov functional as
Vz<t) = e)\(t, (5)’21]@)‘,5 S [—T, O]T,t eT,i=1,2,...,m,j=1,2,...,n. (3.4)
It follows from (3.3)) and (3.4]) that

D* (V5 (1) <Aea(t,0)|2i5(t) + ex(o(t), 0)sign(zi5)

X { — [aij (@i (8))bij (i (t)) — aij(xf;(8))bij (25 (t))]

aij(@ig (1) Y CH@Of (= ma(t)wi (1)

CkleN,(i,5)

—ag(ai() Y CHOf(h(t —ma()zh(¢)

CkleN,(i,5)

+ [aij(zi; (1) — aij(ﬂffj(t))]f?ij(t)}

a a a 3.5
<ex(o(t), 5){ — (rf) = Nlzig| + L2451 + L Moy 2351 (8:5)

+ a;j Z C_’ikleo|Zij| + Z C_'ijlMO'Y‘Zkl(t - Tkl(t))’
CHEN,(i,5) CHEN, (i.5)

<[1+ (u(t))\]{ = (1} = \)Vi () + LE;Vis (1)

+ L& Moy Vi (t) + a > CHMVi(t)
CkleN,(i,5)

+ Z C’fleo’ye)\(t, t— Tkl(t))vkl(t — Tkl(t))‘ s
CkleN,(i,5)

where 1 =1,2,....,m,j=1,2,...,n. Set

le —@*|l1 = max [p;j(s) —¢i;(s)| >0,i=1,2,...,m,j=1,2,...,n.

1§i§%i}%j§" s€[-7,0lr
From (3.4)), for every § € [—7,0]r, we can choose a constant N = N(6) > 1 such that
Vii(t) = ex(t,9)|zi;] < Nllo — ¢*[l1,t € [-7,0r,i =1,2,...,m,j =1,2,...,n.
We claim that for every ¢ € [—,0]r,
Vii(t) = ex(t,8)|zij| < Nllp — ¢*||1,t € [0, 400]r,i=1,2,...,m,j =1,2,...,n.
Otherwise, there must exist some ij € {11,12,...,1m,21,22,...,mn} and the first time ¢; > 0 such that
Vig(t) = Nlp — ¢, Vigt) < Nl — "1, € [-r,00),i = 1,2, myj = 1,2, ..o,

Vi (t) < Nl — @*||1, bl #ij,t € [-7,t1),h =1,2,...,m,l=1,2,...,n.
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By Lemma we have e)(t1,t1 — kow) = ex(0, —kow). It follows from (3.5 that

DY (VA (t)) <1+ (u(tl)k]{ — (r¥ = MVij(t1) + L Vi (t)

+ LEMoYVii(t) + @i | Y G MoVis(t)
CklENr(iJ)

+ > O Moyyea(t ty — i (t)) Via(ts — Tra(tr))]
CkleN,(4,5)

< [+ (u(t)AIN e — @!Il{ (r) = A) + L + L Moy (3.6)

+ ajj Z CMMO + Z CklMo’ye)\(tl, t1 — kow)
CkLEN,(1,5) CHLEN,(i,5)

< [+ (u(t)AIN e — s@lll{ (r) = A) + L + L Moy

+ag | Y, CHMo+ Y CHMyyer(0, —kow)
CKLEN,(1,5) Ckle Ny (i,5)

[1+ (u(t)AIBi; (M Nle — [y

<
<0,:=1,2,....m,5=1,2,...,n

From the above inequality, we get 0 < D*(Vif(tl)) < 0, which is a contradiction. Then
Vij(t) < Nll¢ — ¢*||1,t € [0,400]1,0 € (—7,0]7,i =1,2,...,m,j =1,2,...,n,
which implies
|2i(8)] < Nlle — ¢"[lieax(t, ).
Thus we have
|2ij(t) — 27;(1)] < Nl — ¢ [lieea(t, 6),t € [0,00)7,6 € (—=7,0]1,i =1,2,...,m,j =1,2,...,n.
The proof of Lemma [3.3]is complete. O

Theorem 3.4. Assume that (H1)-(H8) are satisfied. Then (1.1) has exactly one T-anti-periodic solution
x*(t). Moreover, this solution is globally exponentially stable.

Proof. Let v(t) = (v11(t),v12(t), ..., vim(t),v21(t),v22(t), ..., Vmn(t),)T is a solution of (L.1]) with initial
conditions
vij(s) = @i (s), lei(s)] < v, s € (=7,0]r, i =1,2,...,m,j =1,2,...,n. (3.7)

Thus according to Lemma the solution v(t) is bounded and

lvij(t)| < v,forall t e (—7,00]T,i=1,2,...,m,j=1,2,...,n. (3.8)
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From (1.1)), we obtain
(1) oyt + (k+ D)T))A

= (—1)k+1{ —ai(zij(t + (k+1)T)) [bij(wij(t + (k+1)T))

+ > RO faut+ (k+ 1T — (1))

CHeN,(4,5)

xai(t+ (k+1)7T) - Lij(t)} }

= (—1)k+1{ —ai(zij(t + (k+1)T)) [bij(ﬂfz‘j(t + (k+1)T))

+ ) CH+ (k+ D)D) fau(t+ (k+ 1T — m(t+ (k+ 1)T)))
CkleN,(i,5)

xaziy(t+ (k+ 1)T) = (<11 Ly (1) }

= —ai (=) g (t + (k+ 1)T)) [bij((—l)’““xij(t + (k+1)T))
+ > CHE+ (k+ D)D) (D) ot + (k+ )T — a(t+ (k+ 1)T)))
CkleN,(i,5)
(=) (¢ + (k+ 1)) — Ly (1)),

where i = 1,2,...,m,j = 1,2,...,n. Thus (—=1)**lu(t + (k + 1)T) are the solutions of (I.I) on R for any
natural number k. Then, from Lemma there exists a constant N > 0 such that

(=) gt + (k + DT) = (—1)*y(t + KT

< . .
SNeA(tHETS) sup | amax foi(s )+ vis(o) (3.10)

<2Ne_x(t+ kT, 6),for all t + kT € T.

Thus, for any natural number m, we have

(=)™ i (t+ (m + 1)T) = vi(t) + i DRt + (k 4+ 1D)T) — (—=1)Fv;(t + kT)]. (3.11)
k=0
Hence,
(=)™ gt + (m+ 1)T)| < Juii(8)] + i (=) i (¢ + (k 4+ DT) = (=1)*vi;(t + kT)), (3.12)
k=0

where i = 1,2,...,n. In view of (3.10]), we can choose a sufficiently large constant M > 0 and a positive
constant # such that

[(—1)F gy (¢ + (k4 DT) = (—=1)Fvys(t + KT)| < Oen(t + T, 8), (3.13)

for all £k > M, i = 1,2,...,n, on any compact set of R. Obviously, together with (3.12) and (3.13]),
{(=1)™v(t +mT)} uniformly converges to a continuous function

25 (t) = (@11 (1), 23a(8), - @1 (1), 251 (1), 250 (D), -, 27 (1)
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on any compact set of R.
Now we show that z*(¢) is T-anti-periodic solution of (1.1). Firstly, 2*(¢) is T-anti-periodic, since

2t +T)= lim (—=1)"v(t+T + mT)

m—r0o0

= — lim (=1t + (m+1)T) (3.14)

(m+1)—oc0

— —2*(1).

In the sequel, we prove that z*(¢) is a solution of (1.1). Because of the continuity of the right-hand side of
(T.1), Eq. (3.9) implies that {((—1)"" (¢t + (m + 1)T))'} uniformly converges to a continuous function on
any compact subset of R. Thus, letting m — oo, we can easily obtain

(@32 (1) = —ay(2f;(1)) | by (25(0) + D CHOF(@hlt — ma()a;(8) — Lis() | (3.15)

CkleN,(i,5)

where i = 1,2,...,m,j = 1,2,...,n. Therefore, 2*(¢) is a solution of (1.1). Finally, by applying Lemma
it is easy to check that x*(t) is globally exponentially stable. This completes the proof. O

4. An example

In this section, we will give an example to illustrate the feasibility and effectiveness of our main results
obtained in Section [3] Let T = Z, 4,5 = 2. Considering the following system

wfi (k) = —an (@ (k) [bu(uE)+ D Cfik) f(eu(k — m(k)zi (k) — Lu(k) | ,
CkleN,(1,1)

v (k) = —ana(1a(k)) |bra(zia(k) + D CHB(E)f(zm(k — ma(k))z1a(k) — Lia(k) |
L CFleN,(1,2) i (4.1)

251 (k) = —ag1 (z21(k)) |bor(war (k) + D C51(k) fwwa(k — ma(k)))wa1 (k) — Laa(k) |
L CkleN,(2,1) |

woy(k) = —aga(waa(k)) |boa(waa(k) + D Co5(k)f(zia(k — mha(k)))waa(k) — Laa(k) |
CHLEN,(2,2)

p

where Az;j(k) = xij(k + 1) — 245(k), 4,7 = 1,2,k € Z, f(u) = sinu, 7y (k) = 0.4sin?(7k),r = 1 and

[ a11(u) aip(u) | [ 5—cosu 6—cosu
| a2i(u) ag(u) | | T+cosu 8+4cosu |’

[ bu(u) bis(u) } _ {u u ]

_bgl(u) b22(u) u u

[ Cl(w) CE(w)] [ 0.05—0.05cosu 0.05—0.05cosu
| CH(u) CH(u) | | 0.05—0.05co8u 0.05—0.05cosu |’

_Ln(k) Lu(k) . sinwk sinwk
_Lgl(k) LQQ(k‘) o sinmk sinwk '
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It is easy to show that r¢} = 4 r12 =5 7“21 = 6,?"5‘;’ =7L} =1L=1,
ay ap | |45 by b | |11
Ug; Qo | [ 6 T | | by by | |1 1]°
an a2 | _ |6 7 Ly Lip | _[1 1
ao1 aGz2 | |8 9 || Lax Laa| |1 1]

> Cu Y, T

CHEN (1,1) CHEN;(1,2) B [ 0.04 0.04 ]
—kl —kl =
E Coy E Coo 0.04 0.04
CkleNy(2,1) CkleNy(2,2)

Let v = 2. Then we have

—apbyytan Y. OnLytanln=-4x1x2+6x0.04x1x22+6x1=-1.04<0,
CkleNy(1,1)

— by a2 Y OV Ly + a0l = —5x1x2+45x004x1x224+5x1=—42<0,
Ckl€N1(1,2)

—apbyytan Y. COnLy?+amLy = —6x1x2+6x004x1x22+6x1=-504<0,
CkleNy(2,1)

— agoboyy + A2 Y dfjm%agzim = TXx1x2+4+7x004x1x224+7x1=-588<0.
Ckle Ny (2,2)

and
—kl o 7 _ —kl
CkleNl(m) CkleNy(1,1)
=—44+1x004x24+1x14+6x0.04x1=-2.68<0,

—kl = _
—r{5 + L, Z Cl9Y + Ligfi2 + arz Z 012L
CKleN1(1,2) CkleN;(1,2)
=—-5+1x004x24+1x1+5x0.04x1=-3.72<0,

—kl =
—rsy + L3 Z Co17 + L511o1 + an Z CQlL
CklENl(Z,].) CMENl(Q 1)
=—6+1x004%x24+1x14+6x0.04x1=-4.68<0,

—rs% + L3, Z 0227 + LSy Ioo + 22 Z CQQL
CkleN1(2,2) CkleN;(2,2)

= —T74+1x004x2+1x14+7x0.04x1=-5.68<0.

Then all the conditions in Theorem are satisfied, then system (4.1)) has a at least one 2-periodic solution,
which is exponentially stable. The results are verified by the numerical simulations in Figure [I| and Figure

2
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X310, X5 (1)

) 10 20 30 40 50 60 70 80
discrete time k

Figure 1: Time response of state variables x11(¢) and x21(t).

* X12(t)
0.351 % x22(t)
03¢ i
0.251 4
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= 0.2 1
o
>((\l
= 015 1
“
N

discrete time k

Figure 2: Time response of state variables z12(t) and z22(t).
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