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Abstract

We study the existence and global asymptotic behavior of positive continuous solutions to the following
nonlinear fractional boundary value problem

iy [ DO =Af ), te 0.),
A 1 2—« e =
Jm 57 %u(t) = g, u(l) = v,
where 1 < a < 2, D is the Riemann-Liouville fractional derivative, and X, u and v are nonnegative constants
such that pu+ v > 0.

Our purpose is to give two existence results for the above problem, where f(¢,s) is a nonnegative
continuous function on (0, 1) x [0, c0), nondecreasing with respect to the second variable and satisfying some
appropriate integrability condition. Some examples are given to illustrate our existence results. (©)2016 All
rights reserved.
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1. Introduction

We aim at proving two existence results of positive continuous solutions to fractional boundary value
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problems of the form

D%y (t) = Af(t,u(t)), t € (0,1),
(Px) { tlirgl+t2_au(t) =pu, u(l) =v,

where 1 < a < 2, A\, p and v are nonnegative constants such that y+v > 0. Here D% is the Riemann-Liouville
fractional derivative of order o defined by (see [16, 25| 26]),

d .
Dout) = { //2(1t;1) (E) fo (t— u(s)ds, 1£ 1< Z < 2,
u”(t), if a=2.

The function f(t,s) is required to be nonnegative continuous function on (0, 1) x [0, 00), nondecreasing
with respect to the second variable and satisfying some appropriate integrability condition.

It is known that fractional differential equations appear in various fields of science and engineering (see
for example [7, 8, 10, 13|, 16l 19, 21 25-H29] and references therein). Many researchers have considered
various forms of fractional differential equations subject to different boundary conditions (see for instance
[1H6l @, [T, 12, [14] 15, 17, 18] 20, 22H24, [30] and the references therein).

Maagli et al [I8] by exploiting Karamata regular variation theory, proved the existence and uniqueness
of a positive solution to the following sublinear singular fractional boundary value problem

{ D%u(t) = —p(t)u?(t), t € (0,1),
tl_igit%au(t) =0, u(l) =0,

where o € (—1,1) and p is a nonnegative continuous function satisfying some sharp estimates.
In the first part of this paper, we study the superlinear fractional boundary value problem

D%u (t) = u(t)p(t, u(t)), t (O 1), 1<a<2,
{ lim 2~ u(t) = p, u(l) = (1.1)

t—0t

where p, v are nonnegative constants such that pu+v > 0 and (¢, s) is a nonnegative continuous function in
(0,1) x [0, 00) satisfying some adequate conditions. Note that the condition p+ v > 0 is essential to obtain
positive solution. To simplify our statements, we denote by

(i) BT ((0,1)) the set of nonnegative measurable functions on (0,1).

(i) C(X) (resp. CT(X)) the set of continuous (resp. nonnegative continuous) functions on a metric space
X.

(iii) Oy« ([0,1]), (1 < a < 2) the set of all functions g such that s — s>~%g(s) is continuous on [0, 1].

Definition 1.1. Let 1 < a < 2. We consider

1
Ko = {q € BY((0,1)) : / re (1 =) lg(r)dr < oo} :
0
Throughout this paper, for a € (1,2] and ¢ € (0, 1], we let
hi(t) :==t*"2(1 —t), ho(t) :==t*1,
and hq(t) := phi(t) + vha(t), be the unique solution of the problem

D%u(t) =0, tG( 1),
(Po){ lim $2-u(t) = p, u(l) =

t—0t
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Let G(t,s) be the Green’s function of the operator v — D%u, with boundary conditions lim+t2*°‘u(t) =
t—0

u(1) = 0. From [I8, Lemma 8|, we have

L [ e T (k) T, 0SS s <<,
G(t’s)_r(a){ (1 —5)7t, f0<t<s<l, (1.2)
. L a—1/1 __ a—1 el
= (=TT = (=97,
where t* = max(t,0). For ¢ € BT((0,1)), we put
LG, r)G(r, s)
Qg = sup / ————"2q(r)dr, 1.3
7 t,5€(0,1) Jo G(t,s) ) -

and we will prove that if ¢ € Ky, then oy < o0.
Next, we require a combination of the following assumptions.

(Hy) ¢ € CT((0,1) x [0,00)).

(H;) There exists a function ¢ € KoNCT((0,1)) with oy < 3 such that, for all ¢ € (0,1), the function
s —> s(q(t) — ¢ (t,sho(t))) is nondecreasing on [0, 1].

(Hs) For all ¢t € (0,1), the function s — s¢ (t, s) is nondecreasing on [0, 00).

Our approach is as follows: For a given function ¢ € K,NCT((0,1)) with a; < %, we will first prove that
the operator u — D%u — ¢(t)u, with boundary conditions lim+t2_°‘u(t) = u(l) = 0 has a positive Green

t—0
function G (t, s).

By exploiting properties of G (¢, s) and using a perturbation argument, we prove the following result.
Theorem 1.2. Assume that hypotheses (Hy)-(Hsa) are satisfied. Then problem (1.1)) has a positive solution
u in Ca—([0,1]) satisfying for all t € (0,1],

mho(t) < u(t) < ho(t), (1.4)
where m € (0, 1]. Moreover, if hypothesis (Hs) is also satisfied, then this solution is unique.

Corollary 1.3. Let g : [0,00) — [0,00) be a C'-function such that the map s — 0(s) = sg(s) is nonde-

creasing on [0,00). Let p € C1((0,1)) such that the function t — p(t) := p(t)0<r£n<ahx( )0’(5) € Ko. Then for
<E<ho(t

A € [0, 52-), the following problem

" 205
{ D%u(t) = Ap(t)u(t)g(u(t)), t€(0,1), 1 <a <2,

lim 2~ %u(t) = p, u(l) = v,
Tim 2*u(t) = 1, (1)

has a unique positive solution u in Co_o([0,1]) satisfying for all t € (0,1],
(1 — )\aﬁ)ho(t) <u (t) < ho(t).
As typical example of nonlinearity satisfying (Hp)-(Hs), we quote ¢ (t,s) = Ap(t)s” for ¢ > 0, p €
C*((0,1)) such that

1
/ slemDH(e=2)o ) _ g)e=ly(g)ds < oo,
0

and q(t) = A\p(t) := Ao + 1)p(t) (ho(t))? € Kq, with X € [0, ﬁﬁ)
In the second part of this paper, we study the fractional boundary value problem

D%u (t) = Af(t,u(t)), te(0,1), 1 <a <2,
{ lim #2=%u(t) = p, u(l) = v, (1.5)

t—0t

where A > 0, u, v are positive constants and f(t, s) satisfies the following conditions:
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(Hy) (¢,8) — f(t,s) € CT((0,1) x [0,00)) which is nondecreasing with respect to the second variable.
(Hs) The function t — #(t)f (t, ho(t)) belongs to the class Ky
Using the Schéuder fixed point theorem, we prove the following result.

Theorem 1.4. Assume that hypotheses (Hy)-(Hs) are satisfied. Then there exists a constant Ao > 0, such
that for each A € [0, \g), problem (1.5) has a positive solution u in Co_,([0,1]) satisfying
A

(1-— )\—O)hg(t) < wu(t) < hg(t), forallte (0,1].

Our paper is organized as follows. In Section |2, we prove that for all ¢,7,s € (0,1),

G(t,r)G(r,s) 1

7,0471 —r afl'
Gits) S (a—nr@” 47"

This implies that for each ¢ € Ky, oy < o0o. In Section |3, for a given function ¢ € K, with o < %,

we construct the Green’s function G (¢,s) of the operator v — D%u — ¢(t)u, with boundary conditions

lim+t2*au(t) = u(1) = 0 and we establish some of its properties including the following:
t—0

(1—ay) G(t,s) <G(t,s) <G(t,s), forall (¢,s)€[0,1] x [0, 1].
Also we establish the following resolvent equation
Vi) = Voo + Vy (V) = Vi + V (V) , for all & € B ((0, 1)),

where V' and V are defined on B ((0,1)) by

1 1
Vi (1) 1= /0 G (t, 5) (s)ds and Vb (t) = /0 Gt ) w(s)ds, t € [0,1].

Using a perturbation argument, we establish Theorem In Section [4, we prove Theorem [I.4] by means of
the Schauder fixed point theorem.

2. Estimates on the Green function
The following properties on G (¢, s) given by ((1.2) are established in [18].

Proposition 2.1. Let 1 < a <2 and ) € BT((0,1)). On (0,1) x (0,1), one has

(i)
(a—1)H(t,s) <T(a)G(t,s) < H(t,s),

where H(t,s) :=1*"2(1—s)* 2(tAs)(1—tVs) with t As = min(t, s) and t V s = max(t, s).
(i) (=Dt 11 =t)s (1 —8)* ' <T(a) G(t,s) <t*2s(1—s)* .
(i) G (t,s) =G (1 —s,1—1).
The next proposition is also established in [18].
Proposition 2.2. Let 1 < a <2 and ¢ € B*((0,1)), then

(i) The function t — Vip(t) € Ca—o([0,1]) <= fol r(1 — )2 Yp(r)dr < oo.
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(ii) If the function s — s(1 — s)¥ 14)(s) is continuous and integrable on (0,1), then V) is the unique
solution in Ca—_n([0,1]) of the following problem

Du(t) = —(t), te(0,1),
lim #2~u(t) = 0, u(1) = 0.

t—0t

Proposition 2.3. For each t,r,s € (0,1), we have

G(t,r)G(r,s) - 1
G(t,s) ~ (a—1)T(«a)

ro 1 —r)* (2.1)

Proof. Using Proposition (i), for each t,r,s € (0,1), we have

G(t,r)G(r, ) 1 o
G(t, 3) < (a_ 1)F(a)r (1 ) F(t, ’ )7
where
F(t,r,s) = (EAT)A—tVr)(rAs)(1=1Vs)

(tAs)(1—tVs)
To prove (2.1), it is enough to show that

F(t,r,s) <r(l—r).
By symmetry, we may assume that ¢ < s. Then we obtain

AT (L —=tVr)(rAs)(l—rVs)

F =
(t? 7’7 S) t(l _ S)
<(rAs)(1—tvr)
<r(l-r)
This proves our result. O
Proposition 2.4. Let q be a function in Ky, then
(i)
< s [y < (22)
ag < r —7)* q(r)dr < oo, .
7 (a=1)(a) Jy
where oy is given by ((1.3]).
(ii) On (0,1], one has
1
/ G(t,s)hi(s)q(s)ds < aghi(t). (2.3)
0
(iii) On (0,1], one has
1
/ G(t, s)ha(s)q(s)ds < agha(t). (2.4)
0
In particular, for all t € (0, 1], we have
1
/ G(t,s)ho(s)q(s)ds < agho(t). (2.5)
0

Proof. Let q € Kq.
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(i) The inequality in ) follows from and (2.1)).

G h

(ii) Since for each t,s € (0,1), we have lim (S’ r) = 1(8), then we deduce by Fatou’s lemma and (1.3),
THOG( ) ) hl(t)

that

1

1 hi(s) L G(s,r)
/0 G(t, s) (D) q(s)ds < llgl_gélf ; G(t, s) G q(s)ds < ay.

This gives
1
/ G(t,s)hi(s)q(s)ds < aghi(t), fort e (0,1].
0

G h
(iii) Since }1_1)11 Gij :)) = hz((:)), inequality 1' follows by similar arguments.

Finally, by combining (2.3)), (2.4) we obtain (2.5)). O

3. First existence result

Let g € Ky and G : [0,1] x [0,1] — R, be defined by

o0

Z ths

k=0

provided that the series converges, where Go(t,s) = G(t, s) and
1
Gi(t, s) :/ G(t,r)Gr—1(r,s)q(r)dr, k> 1. (3.1)
0

The following properties on G(t, s) hold.
Lemma 3.1. Let q € K, with ag < 1. For each k € N and all (t,s) € [0,1] x [0, 1], we have

(i) Gi(t,s) < ahG(t,s). So, G (t,s) is well-defined in [0,1] x [0,1].

(i)
Bt (1 —1)s(1— )" < Grlt,s) < rpt®2s(1— )", (3.2)
where
B (a _ 1)k+1 1 o o
b= ([ = ramant,
1

(i) Ggya(t,s) = /01 Gr(t,r)G(r,s)q(r)dr for each k € N.

(iv) /0 g(t,r)G(r,s)q(r)dr:/O G (t,r)G(r,s)q(r)dr.
Proof.

(i) We proceed by the induction. The property is trivial for & = 0.
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Using (3.1) and (|L.3]), we obtain

1
Gr(t,s) < ol / G(t,r)G(r, s)q(r)dr < aE1G(t, 5).
0

So, the inequality in (i) holds for all £ € N. Now, since Gi(t,s) < O[];G(t, s), it follows that G (¢, s) is
well-defined in [0, 1] x [0, 1].

(ii) The inequalities in (3.2)) follow from Proposition (ii), (3.1) and simple induction.

(iii) Assume that for a given integer k > 1 and (¢, s) € [0,1] x [0, 1], we have
1
(t9) = [ Gt s)ar)dr
0

Using (3.1) and Fubini-Tonelli theorem, we obtain

Gri1(t,s) = /1 G(t,r) (/1 Gr_1(r,)G(E, 3)q(£)d£> q(r)dr
/ (/ G(t:m)Gra(r &) <>dr) G(€,5)q(€)de

/ths (&, 5)q(€)de.

(iv) Let k>0 and t,r,s € [0,1]. By Lemma [3.1] (i) we have

0 < Gi(t,r)G(r,s)q(r) < al;G(t,r)G(T, s)q(r).

Hence the series )| fol Gr(t,r)G(r, s)q(r)dr converges.
k>0

So, we deduce by the dominated convergence theorem and Lemma (iii) that

/0 G (t,r)G(r,s)q(r)dr = Z/ ¥ Gr(t, )G (r, s)g(r)dr

_§:/‘ Gt )G (r, 5)g(r)dr

:/0 G (t,r)G(r,s)q(r)dr.

O
Proposition 3.2. Let q € IC,, with ay < 1. Then the function (t,s) — G (t,s) is in C([0,1] x [0,1]).
Proof. Using Lemma [3.1| and Proposition we have for all £ > 0, G, € C (]0,1] x [0,1]) and
1
k k
Gi(t,s) < ayG(t,s) < @aq.
Therefore, the function (t,s) — G (¢, s) belongs to C (]0,1] x [0,1]). O

Lemma 3.3. Let q € K with oy < % Then for all (t,s) € [0,1] x [0, 1], we have

(1—aq)G(t,s) <G(t,s) <G(ts). (3.3)
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Proof. Since ay < 3, we deduce from Lemma (i), that

> 1
k _
S Zo(aq) G(ta S) - 1— O[qG(t,s) . (34)
Now, from the expression of G, we have
G (t,s) )= > ()" Grsalt, s). (3.5)
k=0

k>0

Since the series ) fo (t,r)Gg(r, s)q(r)dr is convergent, we deduce by || and || that
G(t,s) =G (t,s)— /Gterrs)()d

G (t,s) /Gtrz Gkrs ))q(r)dr;
k=0

that is,
G(t,s) = G(t,s) =V (eG () (1) (3.6)
Using (3.4) and Lemma (i) (with k = 1), we obtain
1 Oy

V(4G (2)) (1) < -V (4G () (1) = 1= —Gi(t,5) <

— oy 1—aq — oy

G(t,s).

This implies by (3.6 that

Y Gt,s) = 11_ 29 G (#, ) > 0.

— Qq — Qq
Hence G (t,s) < G (t,s) and by and Lemma [3.1] (i) (with k = 1), we have
G(t,5)> G t,5) =V (4G () () = (1 - ag) G (t,5).

G(t,s) >G(t,s)—

Corollary 3.4. Let q € Ko with ag < 1 and y € BT ((0,1)). Then

1
Vi € Coa ([0,1]) <= /0 s(1— 5)° 4 (s) ds < oo.

Lemma 3.5. Let q € Ko with ag < 5 and ¢ € B+ ((0,1)). Then for all t € [0,1]
Vip(t) = Vaub(t) + Vo (qV) (£) = Vauo(t) + V (¢Vgy) (D). (3.7)
In particular, if V(q) < oo, we have
(I =Ve(g )T +V(g)Y=UT+V(g)I = Ve(qg)) =1, (3.8)
where V (q.) ¥ :=V (q¥) .
Proof. Using (3.6]), we have
G(ts)=G(ts)+V(qG(.,s) (), forall (t,s) € [0,1] x [0, 1].
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Hence for ¢» € BT ((0,1)), we obtain

1
Vi) = [ (G6.5)+V (a6 (.3)) (0) 0
= Ve (t) +V (¢Vgy) (B).
Using Lemma (iv) and Fubini-Tonelli theorem, we obtain for ¢» € B ((0,1)) and ¢ € [0, 1]

1 1 1 1
/ / G (t,1) G(r, s)q(r)(s)drds = / / G (t,r) G(r, s)q(r)(s)drds;
0 0 0 0

that is,
Vo (qV) (t) = V (qVge) (1)
So we obtain
Vip(t) = Veb(t) +V (qVay) (1) = Vaub(t) + Vg (V) (2).
O

Proposition 3.6. Let g € K,NCT((0,1)) with ag < 5 and 1 € BT ((0,1)) such that s — s(1—s)*~(s) €
C((0,1))NLY((0,1)). Then Vb is the unique nonnegative solution in Ca—a([0,1]) of

D%u(t) — q(t)u(t) = —(t), t € (0,1), 1 <a <2,
Jlim £270u(t) = 0, u(1) =0, (3.9)
satisfying

(1—og) Vi <u <V (3.10)

Proof. By Corollary (3.4 we deduce that the function ¢ — ¢(¢)Va¢ (t) € CT((0,1)). Using (3.7) and Proposi-
tion (ii), we obtain

1

a2 -1 -2
(o) /0 t97%s(1 — s)* p(s)ds = Mt =. (3.11)

Ve (t) < Vp(t) <

This implies that

1 1
/ s(1—8)* 1q(s)Vyah(s)ds < M/ 5971 — 8)*g(s)ds < 0.
0 0
Therefore, by Proposition (i), the function u = Vyip = Vi — V (¢V,9)) satisfies the equation

Dou(t) = —(t) + (t)ult), ¢ € (0,1),
{ lim #2=%u(t) = 0, u(1) = 0.
t—0+
By integration of inequalities , we obtain (3.10)).
Next, we prove the uniqueness. Assume that v € Cy_,(]0,1]) is another solution of problem
satisfying . Put ¥ := v + V(qv). Since the function s — s(1 — 5)* tq(s)v(s) € C((0,1))NL*((0,1)), by
Proposition (ii) we deduce that

lim t2=9%(t) = 0, v(1) = 0.
Jim 575 (2) u(1)

{ Do(t) = —(t), t € (0,1),

Again from Proposition (ii), we conclude that

v:i=v+ V(qu) = V.
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So
(I +V(g)((v—u)*) =T +V(g.)((v—u)7),

where (v —u)t = max(v — u,0) and (v —u)” = max(u — v, 0).

By using , and Proposition we have
V(glv—ul) <2MV(qlh1 + h2]) < 2Magy(hi + ha) < .
Therefore, by applying , we obtain u = v. O
Proof of Theorem[1.2] Let p > 0 and v > 0 with 4 + v > 0 and recall that
ho(t) == pha(t) + vha(t).
Let ¢ € K,NCT((0,1)) as in (Hy). Consider
A= {ue B ((0.1)): (1-ag)ho <u < hy}.
and define the operator T on A by
Tu = ho = Vq(gho) + V4((qg — ¢ (-, ) w).

Using (3.7) and (2.5 we have
Vfl(qhg) < |4 (qhg) < aqho < h(). (3.12)

Hence by (Hs2), we get
0 <¢(.,u) <qforalueA. (3.13)

Next we prove that TA C A. Using (3.13)) and (3.12]), we obtain for all u € A that
Tu < ho — Vg (qho) + Vg(qu) < ho,

Tu > ho — Vq (qho) > (1 — Oéq) ho.

On the other hand, from (Hz), we deduce that the operator T is nondecreasing on A.
Now, let {uy} be the sequence defined by ug = (1 —ay) ho and upy; = Tuy for k € N. Since T is
nondecreasing on A and T'A C A, we obtain

(1 —ag) ho=uo <up < ... <up < upyy < ho.

Hence by dominated convergence theorem and (Hj)- (Hz), the sequence {ug} converges to a function u € A
satisfying
u=(I=Vy(q.)) ho+ Vo((qg—¢(,u))u);

that is,
(I =Vg(g)u=(I=Vy(q.)) ho = Vg (up (., u)). (3.14)
Applying the operator (I +V (g.)) on the both sides of (3.14) and using (3.7)) and (3.8)), we obtain
u=nhy—V (up(.,u)). (3.15)

Let us prove that u is a solution. Using (3.13)), there exists a constant ¢ > 0 such that
s(1—8)2 u(s)p (s,u(s)) < s(1—s)* Tho(s)q(s) < es® 11 — 5)*q(s). (3.16)

So by Proposition (i) the function ¢ — V (up (.,u)) (t) is in Cq—2([0,1]) and by (3.15)), u belongs to
Ca—2([0,1]).



I. Bachar, H. Maagli, J. Nonlinear Sci. Appl. 9 (2016), 5093-5106 5103

Since by (Hp) and , the function s — s(1 — s)* tu(s)y (s,u(s)) € C((0,1))NL((0,1)), then by
Proposition (ii) u is a solution of problem (L.1).

Finally, we prove the uniqueness. To this end, let v € C,_2([0, 1]) be another solution to problem
satisfying . Since v < hg, we deduce by that

0 < v(s)p (s,0(s)) < ho(s)als) < es*2q(s).
So the function s — s(1 — ) tu(s)¢ (s,v(s)) € C((0,1))NL((0,1)). Put v := v+ V (vp (.,v)), then by
Proposition (ii), we have

{ Do%(t) =0, te(0,1)

lim 2729 (t) = p, 0(1) = v.
Jim £579(t) = p, (1) = v

Hence
v="ho—V (vp(,v)). (3.17)

Let h:(0,1) — R, be defined by

vptu®)—ub)etut) ip 0y # u(t
h(t) = oo o
0 if v(t) = u(t).

From (Hs) we have h € BT ((0,1)) and by and (3.17)), we obtain
I+ V() (v =w)") = (I +V(h))((v—u)7),

where (v —u)t = max(v — u,0) and (v —u)~ = max(u — v,0). Using (Hsy), we have h < ¢ and by (2.5 we
deduce that
V(h|v—u]) <2V (gho) < 2a4hg < o0.

So u = v by (3.8). O]
Proof of Corollary[1.3] We obtain the results by applying Theorem [1.2| with ¢ (¢, s) = Ap(t)g(s) and ¢(t) :=
AB(1). O

Example 3.7. Let 1 <a <2and >0, v >0 with y+v > 0. Let 0 >0, v >0 and p € C*((0,1) such
that

1
/ sl DH=2)(e+7) (1 — g)a~1p(5)ds < oo.
0

Let 6(s) = s log(1 + 57) and p(s) := p(3)0<1€13lx( )0’(5). Since p € Ky, then for A\ € [0, ﬁﬁ), the problem
<&<ho(s
Du(t) = Ap(t)u”(t) log(1 + (1)), t€ (0,1),

lim £2=%u(t) = p, u(l) = v,
t—0t

has a unique positive solution u in Ca_4([0, 1]) satisfying

(1 = Xag)ho(t) < u(t) < ho(t), for all t € (0,1].

4. Second existence result

Assume that hypotheses (Hy)-(Hj;) are satisfied. Let u, v > 0 and recall that ho(t) := ut® 2(1—t)+vt*~L,
for ¢ € (0,1]. Observe that for t € (0, 1],

min(p, V)t 2 < ho(t) < max(pu, v)t* 2. (4.1)

The next lemma will be used in the proof of Theorem
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Lemma 4.1. Let q be a function in Ky, then the family of functions

1
- {hol(t) /0 G(t, 5)ho(s)p()ds, |o] < q)

is uniformly bounded and equicontinuous in [0,1]. Consequently, A, is relatively compact in C([0,1]).

Proof. From Proposition we deduce that for p such that |p| < ¢ and t € (0, 1], we have

/Gtsho

So the family A, is uniformly bounded.
On the other hand, by Proposition [2.1] (ii) and ([4.1)), for (¢, s) € (0,1] x [0, 1], we have

/Gtsho q(s)ds < ay < 0.

G(t7 S) max(,u, V) -1 -1
h < ———s* (1 —9)" . 4.2
N ho(e)ato)| < L e gl (1.2
. : G(t,s) .
Since the function (¢,s) — ho (D) € C([0,1] x [0,1]) and ¢ € K4, we deduce by (4.2) and the dominated
convergence theorem that the family A, is equicontinuous in [0, 1]. Therefore, by Ascoli’s theorem, the family
A, becomes relatively compact in C([0,1]). O

Proof of Theorem[1.4] Assume that hypotheses (H4)-(Hjs) are satisfied. So by (Hs) the function s — ¢(s) :=
ho(s)f(s ho(s)) € Kq. Put
) ho(t

o= VT <.,(hi>><t>‘ )

From we have
V(f (-, ho)) = V(hoq) < agho.
Therefore, Ag > aiq > 0.
Let A € [0, \¢) and S be the nonempty closed bounded convex set given by

— wec(on): (1-?0) <u<1)
We define the operator L on .S by
Lo(t) = f(s,v(s)ho(s)) ds. (4.4)

Using (Hy), (Hs) and Lemma we deduce that the family

1
{ / G(t,s)f (s,v(s)ho(s))ds, ve€ S},
ho(t) Jo
is relatively compact in C([0, 1]) and therefore L(,S) becomes relatively compact in C([0, 1]).
On the other hand, since f is a nonnegative function, it is clear from (4.4)), (H4) and that L(S) C S.
Next, we prove the continuity of the operator L in S in the supremum norm. Let {v;} be a sequence in
S which converges uniformly to a function v in S. Then we have

| Log(t) (s,0(s)ho(s)) = f (s, vk (s)ho(s))| ds.
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From the monotonicity of f, we have
If (s,v(s)ho(s)) — f (s,vk(s)ho(s))] < 2ho(s)q(s).
So we conclude by the continuity of f, and the dominated convergence theorem, that
Vt € [0,1], Lug(t) = Lo(t) as k — oo.
Since L(S) is relatively compact in C([0,1]), we obtain the uniform convergence, namely
|Lvg, — Lv||,, — 0 as k — oc.

Thus we have proved that L is a compact operator mapping from S to itself. Hence by the Schauder’s fixed
point theorem, there exists v € S such that

A 1
() = 1— ho(t)/o G(t, 5)f (5, 0(s)ho(s)) ds.

Let u(t) = v(t)ho(t). Then u is a positive function in Co_4([0,1]), satisfying for each ¢t € (0,1)

u(t) = ho(t) — A /0 G(t, 5)f (5, u(s)) ds. (4.5)

Finally, since by (H4) and (Hs) the map s — s(1 — s)®~1f (s,u(s)) € C((0,1))NL((0,1)), we deduce by
(4.5)) and Proposition (ii) that w is a required solution. O

Example 4.2. Let 1 <a <2,0>0and p € C*((0,1) such that

1
/ slemDHe=2)(e=1) (] _ g)a~1pg)ds < oo.
0

Let u,v > 0. Then by Theorem there exists a constant Ag > 0 such that for each A € [0, \g), problem

D%u (t) = Ap(t)u’, t € (0,1),
lim 2~ u(t) = p, u(l) = v,
t—0+

has a positive solution u in Co_([0,1]) satisfying

(1— %)ho(t) < u(t) < ho(t) for all £ € (0,1].
0
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