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Abstract

In this paper, we generalize the concept of well-posedness to a system of hemivariational inequalities in
Banach space. By introducing several concepts of well-posedness for systems of hemivariational inequalities
considered, we establish some metric characterizations of well-posedness and prove some equivalence results
of strong (generalized) well-posedness between a system of hemivariational inequalities and its derived system
of inclusion problems. (©2016 All rights reserved.
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1. Introduction

Let Vi and V5 be two Banach spaces with the dual spaces V" and V5, respectively. For a Banach space
Vi, i =1,2, we denote (-, ‘>Vi*xVi the duality pairing between a Banach space V; and its dual space V;* space
and by || - [lv;, || - [lv+ the norms on the space V; and its dual space V;*, respectively. It is well-known that
the product space V1 x V3 is also a Banach space with the following norm

lullvixve = llutllvy + lluzllvy, Vu = (u1,ug) € Vi x Va.
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Suppose that, for i = 1,2, A; : Vi x Vo — V* is a mapping from V; x Vo to V¥, J : Vi x Vo =+ R is a
locally Lipschitz functional on V; x V5 and f; is a given point in V;*.

In this paper, we consider a system of hemivariational inequalities which is specified as follows: Find
(u1,u2) € Vi x Vo such that

(A1(ur,u2) — fr,v1 —ur)vexyy, + J7(ur,uz;v1 —up) >0, Vo € Vg

SHVI
( ) { (Aa(ur,uz) — fa,va — ua)vyxvy + J3 (w1, ugsva —ug) >0, Yoy € Vo,

where, for i # j = 1,2, J?(u;, uj;v; — u;) denotes the generalized directional derivative of the functional
J(-,u;) at u; in the direction v; — u;, where J(-,u;) is a functional on V; for any given u; € Vj, that is,

J7 (us, uj;v; —u;) = limsup Jw & Mo = wi), ) = J(w, )

w—rui,A—0 A

As a classical concept in optimization theory, the well-posedness has a profound impact on the develop-
ment of optimization problems and their relate problems such as variational inequalities, inclusion problems,
Nash equilibrium problems and others. In 1966, Tykhonov [21] firstly defined well-posedness for a uncon-
strained global optimization problem, which is called Tykhonov well-posedness and requires the existence
and uniqueness of minimizer and the convergence of every minimizing sequence toward the unique minimizer.
For constrained optimization problems, another kind of well-posedness, which is called LP well-posedness,
was given by Levitin and Polyak in [12]. After that, many kinds of results concerned with well-posedness for
various optimization problems were introduced and the well-posedness of optimization problems was studied
widely in recent years by a large number of researchers in many fields. For more concept of well-posedness
for optimization problems and their detailed studies, refer to [3|, 9, 14, 27] and references therein.

It is well known that a minimization problem with differentiability property has a close relationship with
a differentiable variational inequality. Therefore, it is a natural idea to study well-posedness for variational
inequalities and their related problems. In 1981, Lucchetti and Patrone[l5] extended the concept of well-
posedness for optimization problems to a variational inequality for the first time. By using Ekeland’s
theorem, they gave a characterization of Tykhonov’s well-posedness for a minimizing problem with a convex
lower semi-continuous function on a closed convex set. Since then, many kinds of well-posedness for the
optimization problems, such as LP well-posedness and extended well-posedness etc., are introduced to
the study of variational inequalities and their related problems, such as equilibrium problems, fixed point
problems, and inclusion problems and others. In 2008 and 2010, Fang, Hu and Huang generalized the well-
posedness to equilibrium problems and systems of equilibrium problems in [5, §]. Refer to [2], 1), 13] for
more details.

Hemivariational inequality, a class of generalization of variational inequalities, is more recent (hemivari-
ational inequalities are introduced firstly by Panagiotopoulos[19] in 1980s) and concerned with nonsmooth
and nonconvex energy functionals. As demonstrated by many researchers in the field of variational inequali-
ties and hemivariational inequalities, hemivariational inequalities and systems of hemivariational inequalities
are powerful tools to study many problems in mechanics and engineering such as nonconvex semiperme-
ability problems, unilateral contact problems, masonry structures delamination problems. Therefore, in
recent years, many researchers devoted themselves to studying many kinds of hemivariational inequalities
arising in mechanical and engineering problems. In terms of literature on hemivariational inequalities and
systems of hemivariational inequalities, the studies on solvability (the existence and uniqueness of a solu-
tion) and well-posedness for various kinds of hemivariational inequalities are mature. Many famous results
have been obtained by many distinguished researchers (refer to [17), 18, 20, 22] for details). The concept of
well-posedness for hemivariational inequalities was firstly introduced by Goeleven and Mentagui [7] in 1995
and, further, studied by Xiao, Yang and Huang in [23] 24] 25]. Also, there are a few papers studying the
solvability of systems of hemivariational inequalities since, due to the complex structure of systems of hemi-
variational inequalities, it is much more difficult than the study of hemivariational inequalities. However, as
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far as the authors knowledge, there is no researcher studying well-posedness for systems of hemivariational
inequalities.

Inspired by the research on well-posedness for hemivariational inequalities, in this paper, we generalize
the concepts of well-posedness to a system of hemivariational inequalities, establish some metric character-
izations of well-posedness and prove the equivalence between well-posedness of a system of hemivariational
inequalities and its derived system of inclusion problems. The paper is structured as follows. In Section
we briefly recall some preliminaries. In Section |3, we define several concepts of well-posedness for the
system of hemivariational inequalities and, with two assumptions on the operators involved, establish some
metric characterizations for the system of hemivariational inequalities. In Section 4] we prove two equiva-
lence results of well-posedness between the system of hemivariational inequalities and its derived system of
inclusion problems. Finally, in Section |5, we give some concluding remarks on our main results.

2. Preliminaries

In this section, we recall some important notions and useful results on nonlinear analysis, optimization
theory and nonsmooth analysis, which can be found in [1} [4], 10, 16} [26].

Definition 2.1. Let V' be a Banach space. A sequence {u,} C V is said to be convergent if there exists
u € V such that
lim |u, — ully =0.
n—oo
Definition 2.2. Let V' be a Banach space and V* be its dual space. A sequence {u,} C V is said to be
weakly convergent if there exists u € V' such that
(W up)yexy — (W u)yexy, Yu* eV

Definition 2.3. Let V be a Banach space with its dual space V*. A sequence of functional {uw}} C V* is
said to be weakly* convergent to a point u* C V* if

(ur, wWyysxy = (W u)y=xy, YueV.

Remark 2.4. If V is not reflexive space, then the weak™ topologies of V* is weaker than its weak topologies.
If V is a reflexive space, then the weak and weak™® topologies on V* are the same.

Proposition 2.5. Let V' be a Banach space. Then the following statement holds: If {u,} C V, {u;} C V*,
up, = u in 'V oand u);, — u* weakly® in V*, then

(Upys un) vy — (U, u)yexy.

Definition 2.6. Let V be a Banach space with its dual space V* and T : V — V* be an single-valued
operator on V. The operator T is said to be:

(1) demicontinuous if, for any sequence {u,} C V converging to u € V, T'(uy,) — T'(u) in V*;

(2) hemicontinuous if, for all u,v € V, the functional t — (T'(u + t(v — u)),v — u)y=xy from [0,1] into R
is continuous at 04;

(3) continuous if, for any sequence {u,} C V converging to u € V, T'(uy,) — T'(u) in V*.

Remark 2.7. 1t is easy to see that, if T : V' — V* is continuous, then it is demicontinuous which, in turn,
implies that T is hemicontinuous. If T': V' — V* is linear and demicontinuous, then it is continuous. It
can be shown that for monotone operators T': V' — V* with D(T') = V, the notions of demicontinuity and
hemicontinuity coincide.
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Definition 2.8. Let V; and V, be two Banach spaces with their dual spaces V}*, V5", respectively. Assume
that T : V1 x Vo — V" is a single-valued operator on V; x V,. The operator T is said to be hemicontinuous
with respect to first variable if the operator T'(-,ug) : Vi — V;* is hemicontinuous on V; for any given ug € Va.

Remark 2.9. By similar way, we can define the hemicontinuity of an operator T": Vi x Vo — V5* with respect
to second variable.

Definition 2.10. Let V be a real Banach space with its dual space V* and T': V — V* be a single-valued
operator on V. The operator T is said to be monotone if

(Tu —Tv,u —v)ysxy >0, Yu,veV.

Definition 2.11. Let V;, V, be two Banach spaces and V}*, V5 be their dual spaces, respectively. Assume
that T': Vi x Vo — V|* is a single-valued operator on V; x V5. The operator T' is said to be monotone with
respect to first variable if the operator T'(-,u2) : Vi — V;* is monotone on V; for any given ug € Va.

Remark 2.12. By similar way, we can define the monotonicity of an operator 7" : V; x Vo — V5 with respect
to second variable.

Definition 2.13. Let V be a Banach space and h : V' — R be a functional on V. h is said to be:

(1) Lipschitz continuous on V' if there exists a constant L > 0 such that

]h(ul) — h('LLQ)‘ < LHu1 — 1@”{/, Vul,uQ S V;

(2) locally Lipschitz continuous on V if, for all uw € V, there exists a neighborhood N(u) and a constant
L, > 0 such that
|h(u1) — h(UQ)| < Lu||u1 - U2||V Yui, ug € N(u)

Definition 2.14. Let V7, V5 be two Banach spaces and h : V7 x Vo — R be a functional on V7 x V5. The
functional h is said to be

ipschitz continuous with respect to first variable if the operator h(-,us) : V43 — is Lipschitz
1) Lipschit ti ith t to first iable if th tor h Vi Vi* is Lipschit
continuous on Vj for any given ug € Va;

(2) locally Lipschitz continuous with respect to first variable, if the operator h(-,us2) : Vi — Vj* is locally
Lipschitz continuous on V; for any given ug € V5.

Remark 2.15. By similar way, we can define Lipschitz continuity and locally Lipschitz continuity of the
operator h : V7 x Vo — R with respect to the second variable.

Definition 2.16. Let V be a Banach space, h : V — R be a locally Lipschitz functional on V' and let
u,v € V be given elements. Clarke’s generalized directional derivative of h at the point u in the direction
v, denoted by h°(u;v), is defined by

h°(u;v) = hniw Pw+ M;\) = hw)
w—u,

Clarke’s generalized gradient of h at u, denoted by Oh(u), is subset of the dual space V*, which is defined
by
Oh(u) ={p e V*:h°(u,v) > (p,v)y+xv, Yo € V}.

Proposition 2.17. Let V be a Banach space and V* be its dual space, h : V — R be a locally Lipschitz
functional on V' and let u,v € V' be given elements. Then

(1) the function v — h°(u,v) is finite, positively homogenous and subadditive on V;
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(2) h°(u,v) is upper semicontinuous on V- x V as a function of (u,v), i.e., for all u,v € V, u, C V,
v, C V such that u, — u, v, — v in V, we have

lim sup h° (uy, vy,) < h°(u,v);

(3) h®(u, —v) = (—h)°(u,0);
(4) for allv € V, Oh(u) is a nonempty convex bounded and weak-compact subset of V*;

(5) for allv eV, one has
h®(u,v) = maz{(§,v) § € Oh(u)};

(6) The graph of Clarke’s gradient Oh(u) is closed in V x (w* — V*) topology, where (w* — V*) denotes
the space V* equipped with weak™ topology, i.e., if {un} CV and {u}} C V* are sequences such that
uy € Oh(uy), up, = uw in'V and u), — u* weakly* in V*, then u* € Oh(u).

Definition 2.18. Let A C V be a nonempty subset of Banach space V. The measure of noncompactness
w1 of the set A is defined by:

p(A) =inf{e>0: A C U A, diam|A;| <e€ i=1,2,3,--- ,n},
where diam |A;| denotes the diameter of the set A;.

Definition 2.19. Let A, B be two nonempty subsets of Banach space V. The Hausdorff metric H(,-)
between A and B is defined by:

H(Aa B) = maw{e(A, B)7 C(B, A)}a
where e(A, B) = sup,c 4 d(a, B) with d(a, B) = infycp [la — b||v.

Note that, in [I0], we can find some more properties of the Hausdorff metric between two sets. At the
end of this section, we give a lemma from [6], which is important to our main results.

Lemma 2.20. Let C C V' be nonempty closed and convex, C* C V* be nonempty conver and bounded,
¢ : V. — R be proper, conver and lower semi-continuous and y € C be arbitrary. Assume that, for any
x € C, there exist x*(x) € C* such that

(#%(z), 2 = y)vexv = ¢(y) — ¢().

Then there exists y* € C* such that

(" z —y)vexv 2 d(y) — ¢(x), Vzel.

3. Well-Posedness of SHVI with Metric Characterizations

In this section, we introduce the concept of well-posedness for a system of hemivariational inequalities
SHVTI and establish some metric characterization of well-posedness for SHVT under some conditions.

Definition 3.1. A sequence {u"} C Vi x Vo with w" = (u,u}) is said to be an approximating sequence
for SHVI if there exists €, > 0 with ¢, — 0 when n — +o00 such that

{ (Ar(uy,uy) = fr,on —ul)vexon +J7(ul, ugiv —uf) > —epllor —uplly, Ve €W
(Ag(uf, uy) — f2,v2 — up)vyxv, + J5 (uf, up;va — uy) > —€nllve — uzllg, Vo2 € V2.

Definition 3.2. The system SHVTI of hemivariational inequalities is said to be strongly (resp., weakly)
well-posed if SHVI has a unique solution and every approximating sequence for SHVI converges strongly
(resp., weakly) to the unique solution.
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Remark 3.3. It is easy to see that the strong well-posedness of SHVI implies the weak well-posedness of
SHVI. On the contrary, the conclusion is not true in general.

Definition 3.4. The system SHVI of hemivariational inequalities is said to be well-posed in generalized
sense (or generalized well-posed) if the solution set of SHVTI is nonempty and, for every approximating
sequence, there always exists a subsequence converging to some point of the solution set.

Remark 3.5. Similarly, the strong well-posedness in generalized sense implies the weak well-posedness in
generalized sense for SHVI while the converse dose not hold in general.

In order to establish the metric characterizations for the well-posedness of SHVI, we first define two
sets in V1 x V5 for any € > 0 as follows:

Qe) = {(uhuQ) € Vi x Vo i (A1(ur,u2) — f1,v1 — u)vpxyy + J7 (w1, ugs v — ur) = —ellor — vy,
(Aa(u,ug) — fa,va — ua)vyxvy + J3 (w1, ugs va — ug) = —ellva — uz|lvy, Vo1 € V1,02 € VQ}
and
U(e) = {(U17U2) € Vi x Vo i (Ar(vi,u2) — f1,v1 — ur)vpxyy + J7 (w1, ugs v —ur) = —ellor — uaflvy,
(Az(u1,v2) — fa,v2 — u2)vyxvy + J3 (U, ug; v — ug) = —€llva — ua|lvy, Vo1 € V1,02 € VQ}-
In order to prove some properties of the sets Q(¢) and W(e), we first give some hypotheses on the operators
Aq, As and J in the SHVI.
(HA) (1) Ay : Vi x Vo — VJ* is monotone with respect to the first variable.
(2) Ay : Vi x Vo — V5 is monotone with respect to the second variable.
(3) A1 : Vi x Vo — V" is demicontinuous on Vi x Va.
(4) Az : Vi x Vo — V5 is demicontinuous on V; x Va.
(HJ) (1) J is locally Lipschitz with respective to first variable and second variable on V; x Va.
(2) For any ui,v; € Vi and ug,ve € Vo, J(ul,uQ) + J(Ul,vg) = J(ul,vg) + J(Ul,UQ).

Lemma 3.6. Let Vi, Vo be two Banach spaces and Vi, V5 be their dual spaces, respectively. Suppose that
the functional J : Vi x Vo — R satisfies the hypothesis (HJ). Then, for any sequence u" = (uf,u) € Vi x Vs
converging to w = (u1,uz) € Vi x Vo and v}* € V; converging to v; € V;,

lim sup J7 (ug, ug; ;) < Jj'(u1, ug; vi)), (3.1)
n—oo

where i = 1, 2.

Proof. Let u™ = (u,uf) € Vi x V, converge to u = (uj,u2) € Vi x V3 and, for i = 1,2, v} € V; converges
to v; € V;. By Definition Clarke’s generalized directional derivative of J(-,u%) at u} in the direction
v] is formulated as

J(wy + to}, uly) — J(wy, uy)

JT(uf,uy;07) = limsup .
w1 —uf,tl0 t
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For all n € N, by the definition of upper limit, there exist w} € V; and ¢t" > 0 such that

1
lwi’ = ufllv, +1" < —

and
J n+tn n’ o _J n’ 5 o 1
(ol 2 200 8) TR o, o) — (32)
n
In terms of hypothesis (HJ), we have
J(w + "o, uy) — J(wf, uy)
tn
_ J(wl + t"v1,u2) — J(wi, ug) n J(wl + "t uy) — J(wi + t"vr, uz) + J(wi, ug) — J(wh, uh)
tr tr
 J(w! + "y, ug) — J(w, ug) N J(wh + "0t ug) — J(wi + t"v1, ug)
B tn tn
J(wp + t"f uy) — J(wi + "7, ug) + J(wl, ug) — J(wi, ub)
tn
J(w} 4+ t"v,u0) — J(wi,u
< Sl fonvy) = JWE) 4 o~ e, (53)

tn
where L,, is the locally Lipschitz constant of functional J(-,u2) at uj. It follows from (3.2]) and (3.3)) that

o 1 J(w} 4 t"v,ue) — J(wi, uz)
Jl (u?,ug; U?) - E < ! n !

Taking upper limit n — oo at both sides of above inequality (3.4]) yields

+ Loy [ = vilvs - (3-4)

lim sup J7 (ul', uy; o7) < J7 (u1,ug;v1).
n—oo
Similarly, we can prove that

lim sup J5 (uf, uf; v) < J5 (ur, uzi va).
n—oo

This completes the proof. O

Lemma 3.7. Let Vi, Va be two Banach spaces and Vi*, V5 be their dual spaces, respectively. Suppose that
Ay Vi x Vo — Vi and Az : Vi x Vo — V¥ satisfy the hypothesis (HA) and J : Vi x Vo — R is a locally
Lipschitz functional satisfying (HJ). Then Q(e) = U(e) for any € > 0.

Proof. It is obvious that, with the monotonicity of the operator Ay with respective to first variable and the
operator As with second variable, we can easily prove that Q(e) C ¥(e) for any € > 0. Thus we only need
to prove U(e) C Q(e). To this end, for any u = (u1,uz) € ¥(e), we have

{ (Ar(vi,u2) — fr,v1 — u)vpxw + J7(ur, ugs v —ur) = —ellor —uallyy,  Vor € Vi, (3.5)

(Az(u1,v2) = fa,v2 — u2)vyxvy + J3 (U1, ugs v — ug) = —€llva — uzflvy, Vv € Va.
For any w = (w1, ws) € Vi x Va and t € [0, 1], by letting v; = uj + t(w1 — u1) and ve = ug + t(we — ugz) in

(13.5), we get from (3.5) that

{ (Ar(ur + t(wr —ur),u) — fr,t(wr —u1))vexvy + J7 (u, ug; t(wr —ur)) > —etflwr — uslvy,
(Az(u1,ug + t(we — uz)) — fo, t(wa — u2))vyxvy + J3 (U1, uz; t(wa — u2)) > —etflwa — uzl|vs-

From the property (1) of Proposition Clarke’s generalized directional derivative is positively homoge-
neous with respect to its direction. Thus it follows that

{ (Ar(ur + t(wr —ur),u2) — fr, w1 —wr))vexvy + J7 (ur, ug;wr —up) > —ellwr — ua vy, (3.6)

(Ag(u1,ug + t(we — ug)) — f2, wa — u2))vrxvy + J5 (U, ug; wa — uz) > —ellwa — ual|vs,.
2
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From Remark[2.7] the hypothesis (HA) implies that operator A; and Ay are hemicontinuous with respective
to first variable and second variable respectively. Thus taking limit ¢ — 0T at both sides of two inequalities

n (3.6) yields

{ (A1(ur,u2) — fr, w1 —ur)vpxvy + J7 (w1, ugswr —ur) > —ellwr — urlvy,
(A2(u1,u2) — fo,we — >V*><V2 + J3 (1, ug; wy — uz) > —e€llwy — uzl|vy,

which together with the arbitrary of w = (w1, ws) € Vi x Vo implies that ¥(e) C Q(e). This completes the
proof. O

Lemma 3.8. Let Vi and Va be two reflexive Banach spaces and Vi*, V5 be their dual spaces, respectively.
Suppose that Ay : Vi x Vo — Vi* satisfies the hypothesis (3) in (HA), Az : Vi x Vo — V5 satisfies the
hypothesis (4) in (HA), and J : Vi x Vo — R is a locally Lipschitz functional satisfying (HJ). Then, for
any € > 0, Y(e) is closed in Vi x Va.

Proof. Let u™ = (u},ul) € ¥U(e) be a sequence converging to u = (uy,u2) in V; x Va. Then

{ (Ar(vi,uy) = fi,vr —u)ve vy + J7(ul, ugsvr —uf) > —el|vr — ulfllyy, Vor € Vi, (3.7)
(Az(uf,v2) — fa,v2 — U2>V*xV2 + J3(uf, uz; v — uy) = —ellva — ugllvy, Vo € Va
By the hypotheses, A; and Ay are demicontinuous on V; x V5. It follows from Proposition that
Jim (A (o, uz) = fi,o0 = uf)vp s = (Aa(v ue) = fio o0 —w)veson,
nli_}rg()(Aﬂu?,m) = f2,v2 —uy)vyxv, = (A2(ur, v2) — fa,v2 — u2) vy < vy (3.8)
Moreover, by the hypothesis (HJ) on the functional J, Lemma implies that
lim sup J7 (uf, ul;v1 — ul') < J7(ug, ug;v1 — uq),
n—oo
limsup J5 (uy, uy; v — uy) < J3(u1, uz; v — ua). (3.9)

n—o0

Therefore, taking upper limit n — oo at both sides of the inequality ., it follows from and ( .
that

{ (A1(vi,u2) = fr,v1 —u)vpxwy + J7 (ur, uzi o1 —ur) > —eflor —uflvg,  Vor € V1,
(Az(ur,v2) — fa,v2 —ug)vyxvy + J3(ur, ugsve — ug) > —€llvg —ugflvy,  Vug € Vo,
which implies that w = (u},u) € ¥(e). Thus ¥(e) is closed in V; x Va. This completes the proof. O

Remark 3.9. Let V1 and Vs be two reflexive Banach spaces with V|* and V5 being their dual spaces. Suppose
that operators A; : Vi x Vo — V¥, Ag : Vi x Vo — V5 satisfy the hypothesis (HA) and the functional
J : Vi x Vo — R satisfies the hypothesis (HJ), we can easily get from Lemma and Lemma that
Q(e) = U(e) is closed in V; x Va.

Theorem 3.10. Let Vi and Va be two reflexive Banach spaces and V" and V5 be their dual spaces, respec-
tively. Suppose that Ay : Vi x Vo — V¥ satisfies the hypothesis (3) in (HA), A : Vi x Vo — V¥ satisfies the
hypothesis (4) in (HA) and the functional J : V1 x Vo — R satisfies the hypothesis (HJ). Then the system
SHVI is strongly well-posed if and only if

Qe) #0 Ve >0 and diam((e)) — 0 as € — 0.

Proof. Necessity: Let SHVI be strongly well-posed. Then SHVTI admits a unique solution u = (uj,ug) €
Vi x VQ, i.e.,

{ (Ar(ur,uz) — fr,vr —u)vpxyy + J7(u, ugsvr —w) >0, Vo € V7,
(Aa(u1,u2) — fa,v2 —u2)vyxvy + J5(u1,ug;ve —uz) >0, Vg € Va.
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This implies that u € Q(e) for any € > 0, i.e., Q(e) # 0 for all € > 0. If diam(Q(e)) - 0 as e — 0, then there
exist u” = (uf,uy),p" = (p},p5) € Qen), d > 0 and 0 < €, — 0 such that

[w" = p"[lvixve = lluf = pi'lvi + llug = p3llvy > d. (3.10)

By the definition of the approximating sequence for SHVI, u" and p" are two approximating sequences.
Thus it follows from the strong well-posedness of SHVTI that both 4™ and p™ converge to the unique solution
u, which contradicts (3.10]).

Sufficiency: Let Q(e) # @ and diam(2(€)) — 0 as € — 0. Then we prove that the system of hemivaria-
tional inequalities SHVT is strongly well-posed. To this end, suppose that {u"} with w™ = (u,u%) is an
approximating sequence for SHVI. Then there exists 0 < €, — 0 as n — oo, such that

{ (Ar(uf, uy) — fr,01 —uf)vesvy, + J7(uf, ugsor —uft) > —epllor — ufflyy, Vo € V4,
(Ag(uf, uz) = f2,v2 —u)vyxvy + J3(uf, ugsve — uy) = —€nflva — uyll,, Yoz € Vo,

which implies u” € Q(e,) for all n > 1. Since diam(€(ey,)) — 0 as n — +oo, {u"} is a Cauchy sequence in

Vi X ve. Without loss of generality, we suppose that {u"} converges strongly to u = (u1,usz) in Vi x Vs.
Now, we prove that u is a unique solution to the system SHVTI of hemivariational inequalities. First,

since the operators A; and Ay are demicontinuous on V; x V5 and the functional J satisfies the hypothesis

(HJ), we can get by similar arguments as (3.8)) and (3.9) that

(A1 (ur,u2) — fr,v1 — w)vexyy + J7 (1, ugs v — ug)

> lim (Ai(u,uy) = fr, o1 = u?>V1*><V1 + hgl_)solip J7 (uf, ug; o1 — uf)

= hmsup«Al(u?a’ILg) = f1,v1 — u?>V1*><V1 + Jf(u?a Ug; U1 — u?))
n—00

> lim —epllvr — uy|lvy
n—oo
=0.
By the similar arguments, one has

(Az(ur,uz) — fa,v2 — u2)vyxvy + Jg (w1, ug;ve — uz) > 0.

Therefore, u is a solution to the system SHVL.
Second, we prove that w is the unique solution to the system SHVI. Suppose that ' is another solution
to the system SHVT of hemivariational inequalities. Since, for any € > 0, u,u’ € Q(e), ||lu — u/|v;x1, <

diam(Q(€)), which together with the condition diam(Q(e)) — 0 as e — 0 implies that w = «'. This
completes the proof. O

Theorem 3.11. Let Vi, Vo be two Banach spaces and Vi*, V5 be their dual spaces, respectively. Suppose
that Ay : Vi x Vo — V¥ and Ay = Vi x Vo — V' are two operators on Vi x Va satisfying (HA) and the
functional J : Vi x Vo — R satisfies the hypothesis (HJ). Then the system SHVTI is generalized well-posed
if and only if

Q(e) # @ for any e >0 and p(2(e)) — 0 as e — 0.

Proof. Necessity: Suppose that the system SHVI of hemivariational inequalities is generalized well-posed.
Then the solution set of the system SHVI, S # (. This indicates that, for any € > 0, Q(e) # 0 since
S C Q(e). Moreover, we claim here that the solution set S of the system SHVT is compact. In fact, for any
sequence {u"} C S with u™ = (uf,u}), u” is an approximating sequence for SHVT and thus there exists
a subsequence of {u"} converging to some point of S, which implies that S is compact. To complete the
proof of Necessity, we show that p(2(e)) — 0 as € — 0. It follows from S C Q(e) that

H(Q(e), S) = maz{e(Qe), S), (S, Qe))} = e(Qe), S).
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Since the solution set S is compact, one has
H(QA6) < 2H(e), S) = 2e((e), S).

Now, we prove e(2(¢), S) — 0 as € — 0 to obtian p(£2(€)) — 0 as e — 0. If not, there exists a constant
[ >0, a sequence {€,} C Ry with €, — 0 and u,, € Q(e,) such that

u” ¢ S+ B(0,1), (3.11)

where B(0,1) is an open ball with center 0 and radius [. However, u,, € Q(€,) and ¢, — 0 imply that {u"}
is an approximating sequence for SHVI. It follows the generalized well-posedness of SHVT that {u"} has
a subsequence converges to some point of u € S, which contradicts .

Sufficiency: Assume that (e) # @ for all € > 0 and p(€2(e)) — 0 as € — 0. We prove the system SHVI
of hemivariational inequalities is generalized well-posed. First of all, we observe that

S = ﬂ6>OQ(E).

Furthermore, since p(€2(e)) — 0 as € — 0 and, by Remark Q(e) is closed for any € > 0, it follows from
Theorem on page 412 of [10] that S is nonempty compact and

e(Qe), S) = H(2(e),S) = 0 as e — 0. (3.12)

Now, to prove the generalized well-posedness of SHVI, let u” € V; x V5 with u" = (u},uy) be an
approximating sequence for SHVI. It follows that there exists a nonnegative sequence {¢,} with €, — 0
such that

(Ar(uf, uf) — fr,o1 —uf)vpxw + J7 (U], uysvr — uf) = —epllvr —ufflvy, Vo1 € Vi,
(Ag(uf,uy) — f2,v2 — uh)vyxv, + J3(uf, uhsv2 — uy) > —€pflve — uhllg, Vv € Vo,

which implies u™ € Q(e,). This together with indicates that
d(u",S) < e(Qe),S) — 0.
Since S is compact, it follows that there exists w" € S with w™ = (w}, wy) such that
|lu" — w" ||y, xv, = d(u",S) — 0.

Again, by the compactness of the solution set S, the sequence {w™} C S has a subsequence {w™ } converging
to some point w’ € S. Thus it follows from

[u™ —w'||vyxv, < U™ — W™ ||y xv, + W™ — w||vyxvs

that the subsequence {u"*} of {u"} converges to w’. Therefore, the system SHVTI is well-posedness in
generalized sense. This completes the proof. O

4. Relations with Well-Posedness of SIP

In this section, we firstly introduce systems of inclusion problems on the product space Vi x V5 and
define the concept of well-posedness for the system of inclusion problems. Then, we prove the equivalence
results between the well-posedness of the system of hemivariational inequalities and the well-posedness of
the corresponding system of inclusion problems.

Let V4 and V3 be two Banach spaces with V* and V5 being their dual spaces, respectively. Suppose
that, for i = 1,2, T; is a set-value mapping from V; x V5 to V;*. A system of inclusion problems related to
the mappings 77 and T5 is defined as follows:
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Find vy € V] and us € V5 such that

0, €T} (ul, U,Q),

4.1
0, € Tg(ul,UQ), ( )

(SIP) {
where, for ¢ = 1,2, 0; € V;* represents the zero element in V;*. For simplicity, we use the symbols as follows:
u = (ul,ug) eVixVy 0= (01,02) S Vl* X VQ*, T(u) = (Tl(u),Tg(u)) S ‘/1* X V;

This allows us to simplify the system of inclusion problems as follows:

Find uw € V; x V5 such that
0ecT(u).

Definition 4.1. A sequence {u"} C Vj x Vo with u” = (u},u}) is called an approximating sequence for
the system SIP of inclusion problems if d(0,T(u")) — 0 or there exists a sequence p" = (p¥,ph) € T(u")
such that |p"[|vsxvy — 0 as n — oo.

Definition 4.2. The system SIP is said to be strongly (resp., weakly) well-posed if it has a unique solution
and each approximating sequence converges strongly (resp., weakly) to the unique solution of SIP(T).

Definition 4.3. The system SIP is said to be strongly (resp., weakly) well-posed in generalized sense (or
generalized well-posed) if the solution set S of SIP is nonempty and each approximating sequence has a
subsequence converging strongly (resp., weakly) to some point of solution set S.

In order to show that the well-posedness of the system of hemivariational inequalities is equivalent to the
well-posedness of its corresponding system of inclusion problems, we first give a lemma which establishes
the equivalence between the system SHVI and its derived system inclusion problems.

Lemma 4.4. Let Vi, Vo be two Banach spaces and V" and V5 be their dual spaces, respectively. u =
(ui,u2) € Vi x Vi is a solution to the system SHVI of hemivariational inequalities if and only if it solves
the following derived system of inclusion problems:

Find w = (u1,u2) € Vi x Va such that

fi1 € Ai(ur,u2) + 01 J (u1, u2)
DSIP
( ) { fo € Aa(ur,ug) + 02J (u1,u2),

where, fori# j=1,2, 0;J(u1,u2) denotes Clarke’s generalized gradient of the functional J(-,u;) at u;.

Proof. First of all, we prove the necessity. To this end, assume that u = (uj,u2) € Vi x V3 is the solution
to the system SHVTI of hemivariational inequalities, i.e.,

{ (Ar(ur,u2) = fr,v1 —ur)vrxyy, + J7(ur, ug;vr —ug) >0, Vo € Vi,

4.2
(Az(u1,u2) — fa,v2 — ua)vyxvy + J3 (w1, ugsva —ug) >0, Vug € Va. (4.2)

For any wy € Vi, wy € Va, letting v; = uy + wy € Vi, vo = ug + wy € Vo in (4.2)) yields

{ JT (w1, ugsw) > (fi — Ax(ur, u2), wi)vexv
J3 (ur, ug;we) > (f2 — As(ur, uz), wa) vy xvy-

It follows from the arbitrary of wy € V; and we € V5 that

{ f1 € Ai(ur,ug) + 0 J (ur, uz),
fg € Az(ul,UQ) + 82J(U1,U2),

which implies that w = (u1,u2) € V4 x V4 is the solution to the system DSIP.
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Sufficiency. Suppose that u = (u1,u2) € V1 x V4 is the solution to the derived system DSIP of inclusion
problems, i.e.,

{ f1 € Al(ul,uQ) =+ 61J(U1,U2),
fo € Ag(ug,ug) + OaJ (uy, uz).

Then there exist & € 01J(u1,u2) and & € doJ(u1,u2) such that

1= Ar(ur,u2) + &1, fo = Az(ur, u2) + &2 (4.3)

By multiplying the above two equality (4.3]) with v1 —uy € V4 and v —ug € V3, respectively, we can obtain,
by the definition of Clarke’s generalized gradient, that

(fi,v0 —u)ve vy = (Ar(ur, u2) + &1,01 — w)vrxn

= (A1(u1,u2),v1 — ur)vy vy + (€1, 01 — u)vrxy

N

< (Ax(ur,u2),v1 — u)vexvy + J7 (ua, ug; 01 — ur)
and
<f27’U2 - u2>V2*><V2 = <A2(u1, UQ) + 52,'[}2 — u2>V2*><V2
= (Az(u1,u2),v2 — u2)vyxvy + (62,02 — u2)vyxva
< <A2(u17 u2)7 V2 — u2>V2*><V2 + JQO(Ul, U2; Vg — UQ).
Therefore, u is the solution of the system SHVI. This completes the proof. ]

Theorem 4.5. Let Vi, Vo be two Banach spaces with Vi* and V5 being their dual spaces, respectively. The
system SHVT of hemivariational inequalities is strongly well-posed if and only if the derived system DSIP
of inclusion problems is strongly well-posed.

Proof. Necessity: Suppose that the system SHVT of hemivariational inequalities is strongly well-posed and
thus there exists a unique u = (ug,us) € Vi x Vo solving SHVI. It follows from Lemma that u is the
unique solution to DSIP. To prove the well-posedness of DSIP, we let ©u” = (uf', u) be an approximating
sequence for DSIP and prove that u™ — w as n — oco. Then there exists a sequence p" = (p},p§) such
that, for i = 1,2, p}' € A;(uf,uy) — fi + 0;J(uf,uy) and [|p}|ly+ — 0 as n — oo. It follows that

{ Py — Ai(ul,ul) + f1 € 01 J(uf, uy),
pg — AQ(’LL?,UEL) + f2 € aZJ(u?vug)

In terms of the definition of Clarke’s generalized gradient, one easily obtains

{ Jy(uf, ups v —uft) > (=Au(uf, uh) + fi +pt, v — ul)vexv, Yo €V,
J;(“?»“ga Vg — Ug) 2 <*A2(U7f7ug) + f2 +pga Vg — Ug>v2*x\/27 VUQ S ‘/25

which implies that

Jy (s ugsor — uf) + (A (uf, uy) — fi,0o0 —uf)vexv = (PF, 01— ul) v
2 —Hp?| vEllvL — U?HVN Vv € Vi,

J3(uf, uysv2 —uy) + (Az(uf, uy) — f2,02 — up)vyxve 2 (P2, 02 — U3) vy xva
= _”pg| Vyllv2 — UELHVW Vg € V3.

Letting €, = maz(||p7|lvy, |5 |lvy ), it follows from that u" is an approximating sequence for SHVI

since € — 0 as n — oco. By the well-posedness of SHVI, u" strongly converges to the unique solution u.
Sufficiency: Let the system DSIP of inclusion problems be strongly well-posed. Thus there exists a

unique solution u to DSIP. In terms of Lemma[4.4] u is the solution to the system SHVT of hemivariational

(4.4)
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inequalities as well. We now suppose that u” is an approximating sequence for SHVI, which implies that
there exits €, > 0 satisfying €, — 0 as n — oo such that

{ <A1(urll7ug) — f1,v1 — u?>V1*><V1 + Jf(u?vuél;vl - qu) > _671”“1 - U?HVN Vo € V1, (4 5)

(Ag(uf, uy) — fo,v2 — uy)vyxv, + J3 (U, uysve — uy) = —e€nllva — uzlvg, Yoz € Va.

By virtue of Proposition [2.17] one observes that

n

{ JP(ut, ul;vr — uft) = maz{(p1,v1 — uf)vrxvy - p1 € 01 J (uf, ub)},
J3 (uf, uys v — ug) = max{(p2, v2 — ug)vzxvs 1 P2 € OaJ (uy, uz)}.

Thus there exist pi (uf, uy,v1) € 01J(ul',us) and po(ul, uy,va) € O2J(ul, us) such that

{ (Ar(uf,uy) — fr,v1 —ul)vexwy + Pr(uf, ug, v1),v1 — ul)vexy > —enllvr —ufllvy, Vo1 € VA,
(Aa(uf, uy) = fo,v2 — uy)vyxv, + (P2(uf, ul, v2),v2 — uf)vy vy > —€nllva — ugllvy, Vo € Va.

According to (4) of Proposition (2.17)), both 0;J(uf, u%) and daJ (uf, ul) are nonempty convex and bounded
in V}*, V5 respectively, which indicates that, for i = 1,2, the set {A;(u},u5) +pi — fi : pi € 0;J(ul,ub)}
is also nonempty, convex and bounded in V;*. Therefore, for i = 1,2, it follows from Lemma (2.20) with
¢i(z) = epl|lz — ul||y; that there exists pl' € 0;J(ul,us), which is independent on v;, such that

{ (Ar(uf, ug) — f1,01 — u?>V1*><V1 + (Pt 01 — U?>V1*><V1 > —enflvr —uflly,, Vo €V, (4.6)
(Ag(uf, ug) — fo,v2 — uh)vyxvy + (Ph,v2 — uR) vy xvp = —€nllve —uillyy, Vo2 € Va. '
In particular, for any w; € Vi and wy € V3, letting vy = uf! — wy, v2 = uly —ws in the above inequality ,
one obtains that
{ (Ar(u,uy) — f1 +pt, —wi)vyxvy = —€nllwillva,
(Az(uf, uy) — fo +ps, —w2)vyxvy > —€nllwallva,

which together with the arbitrary of w; € V4 and we € V5 implies that
{ (Ar(uf,ug) — fr + P, wi)vexy; < enllwillvy,  Ywr € Vi,
(Ag(uf,ug) — fo + Py, w2)vyxvy < enllwallvy, Vws € Va.

Thus we have
{ A (uf, uf) — fi +pPllve < en — 0,
| A2 (uf, ug) = f2 + Py llvy < €n — 0.

Moreover, since
Ai(uf,uz) — fir +p1 € Ar(uf, uy) — fi + 01 J (ul, u3)

and
Ao (uf,uy) — f2+p5 € Ao(uf,uy) — fo + O2J (uf, uy),

the sequence {u"} with u™ = (u},u}) is an approximating sequence for DSIP. Now, it follows from the
well-posedness of DSIP that {u"} converges to the unique solution w in Vj x V5. Therefore, the system of
hemivariational inequalities SHVT is strongly well-posed. This completes the proof. O

With the similar arguments in the proof of Theorem one can easily prove the following equivalence
between the generalized well-posedness of SHVT and the generalized well-posedness of the system DSIP.

Theorem 4.6. Let Vi, Va be two Banach spaces and V", V5 being their dual spaces, respectively. The
system SHVI of hemivariational inequalities is strongly well-posed in generalized sense if and only if the
derived system DSIP of inclusion problems is strongly well-posed in generalized sense.

5. Concluding Remarks

The present paper generalizes the concept of well-posedness to a system SHVTI of hemivariational in-
equalities in Banach space. Firstly, we give several definitions of well-posedness and, with two assumptions
on the operators involved in SHVI, establish some metric characterizations of well-posedness for SHVI
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considered. Then, by introducing an equivalence result between the system SHVI and a derived system
DSIP of inclusion problems, we prove that the strong (generalized) well-posedness for SHVT is equivalent
to the strong (generalized) well-posedness for its DSIP.

Several problems related to the well-posedness of systems of hemivariational inequalities remain to be
considered in the future study. The first one is to exploit some conditions under which the strong (weak)
well-posedness of systems of hemivariational inequalities is equivalent to the existence and uniqueness of
their solution. The second one is to generalize the study of well-posedness to systems of hemivariational
inequalities involving both nonsmooth functionals and proper, convex and lower semi-continuous functionals,
which are referred to as systems of variational-hemivariational inequalities. Finally, there are many other
concepts of well-posedness in the literature on optimization problems and variational inequalities, such as a-
well-posedness and Levitin-Polyak well-posedness. Extending these concepts of well-posedness to the study
of systems of hemivariational inequalities would be interesting in the future.
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