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Abstract

By use of a new viscosity approximation method, we construct an explicit iterative algorithm
for finding common fixed points of a sequence of nonexpansive mappings with weakly contractive
mappings in the framework of Banach spaces. A strong convergence theorem is obtained for solving
a kind of variational inequality problems. Our results improve and extend the corresponding ones of
other authors with related interest. (©2016 All rights reserved.

Keywords: Viscosity approximation, nonexpansive mappings with weakly contractive mappings,
common fixed points, variational inequalities.
2010 MSC: 4TH09, 47H10, 65J15, 47J25.

1. Introduction

Let C be a nonempty closed convex subset of a Banach space X. A mapping T : C — C' is said
to be nonexpansive if
[Tz =Tyl < lz -yl Vo,yeC.

Alber and Guerre-Delabriere [I] defined the weakly contractive maps in Hilbert spaces, and Rhoades
[5] showed that the result of [I] is also valid in the complete metric spaces as follows.
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Definition 1.1. Let (X, d) be a complete metric space. A mapping f : X — X is called weakly
contractive if

d(f(x), f(y)) < d(z,y) — ¢(d(z,y)) Y,y € X,

where z,y € X and ¢ : [0,00) — [0,00) is a continuous and nondecreasing function such that
¥(0) = 0 if and only if ¢ = 0 and lim, ,o ¢(t) =

Definition 1.2 ([0]). Let C' be a nonempty closed convex subset of a Banach space X and T, : C' —
C, where n € {1,2,---}. Then the mapping sequence {7},} is called uniformly asymptotically regular
on C, if for all m € {1,2,---} and any bounded subset K of C' we have

lim sup || 1 (Thx) — Thx|| = 0. (1.1)

n—oo reK

Theorem 1.3 ([0]). Let f : X — X be a weakly contractive mapping, where (X, d) is a complete
metric space, then f has a unique fized point.

In 2010, Razani and Homaeipour [4] considered the iterative sequence {x,,} generated by
T =t f(zm) + (1 — t) Ty Ym > 1 (1.2)

and proved the following strong convergence theorem for {xz,,}, where f is a weakly contractive and
{T,,} is a uniformly asymptotically regular sequence of nonexpansive mappings in a reflexive Banach
space X.

Theorem 1.4 ([4]). Let X be a reflexive Banach space which admits a weakly sequentially continuous
duality mapping J from X to X*. Suppose that C is a nonempty closed convexr subset of X and
{T,n} : C — C is a uniformly asymptotically reqular sequence of nonexpansive mappings with F :=

© F(T,) # 0. Let f : C — C be a weakly contractive mapping. Suppose {x,,} is defined by
(L.1), where {t,,} is a sequence of positive numbers in (0,1) satisfying lim,, ooty = 0. Then {z,,}
converges strongly to a common fized point p € F which is the unique solution to the following
variational inequality:

(f(p)—p,J(y—p)) <0VyeF.

Remark 1.5. Note that the iteration sequence {x,,} generated by is an implicit one that will lead
to complicated computations. Additionally, a stronger condition was imposed on the involved map-
pings, that is, {T,,} was assumed to be a uniformly asymptotically regular sequence of nonexpansive
mappings, and hence the corresponding result was less applicable.

Inspired and motivated by the study mentioned above, in this paper, by use of a new viscosity
approximation method, we construct an explicit iteration scheme for finding common fixed points
of a sequence of nonexpansive mappings. A strong convergence theorem for solving some variational
inequality problems is established in the framework of Banach spaces.

2. Preliminaries

Throughout the paper, let X be a real Banach space. We say that X is strictly convez if the
following implication holds for =,y € X:

lell = llyll = 1, x#y;»H H



W.-Q. Deng, J. Nonlinear Sci. Appl. 9 (2016), 3920-3930 3922

X is also said to be uniformly convex if for any € > 0, there exists a 6 > 0 such that
r+y
el = llgll = 1, Jlz — ]l > € = HTH <1-s

The following results are well known, which can be founded in [7].

(i) A uniformly convex Banach space X is reflexive and strictly convex.
(ii) If C is a nonempty convex subset of a strictly convex Banach space X and T': C' — C'is a
nonexpansive mapping, then the fixed point set F'(T') of T is a closed convex subset of C.

By a gauge function we mean a continuous and strictly increasing function ¢ defined on [0, 00)
such that ¢(0) = 0 and lim,_, ¢(r) = co. The mapping J, from X to 2%, defined by

Jow =A{f € X7 (&, [) = [=llIlF I 11 = e(lz)} Vo € X, (2.1)

is called the duality mapping with the gauge function ¢. In the case where ¢(t) = ¢, then J, = J,
which is the normalized duality mapping.

Proposition 2.1 ([§]).
(i) J =1 if and only if X is a Hilbert space.
(i) J is surjective if and only if X is reflexive.
iii) J,(Ax) = signA el ) 7y forall x € X \ {0}, A € R; particularly, J(—x) = —J(x) for all
® llll
reX.

We say that a Banach space X has a weakly sequentially continuous duality mapping if there
exists a gauge function ¢ such that the duality mapping J,, is single-valued and continuous from the
weak topology to the weak* topology of X.

In what follows we shall make use of the following definitions and lemmas.

Let X be a reflexive Banach space which admits a weakly sequentially continuous duality mapping
J from X to X*. The function ¢ : X x X — Rt U {0} is defined by

O, y) = llz]|* — 2z, Jy) + [lylI*
It is obvious from the definition of the function ¢ that
(el = 1lylD)?* < oz, y) < (=l + [yl
The function ¢ also has the following property:
Oy, x) = ¢(2,2) + ¢y, 2) + 2(z =y, J(x — 2)). (2.2)

Lemma 2.2. Let X be a Banach space. Then for all x,y € X and o; € [0,1] fori=1,2,---,n such
that ¥ _,a; = 1 the following inequality holds:

n 2 n
i=1 =1
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Lemma 2.3 ([3]). Let {a,},{0,}, and {b,} be sequences of nonnegative real numbers satisfying
ani1 < (14 6p)an + by, Vn > 1. (2.4)
If Y% 0, <00 and Y 7 b, < 00, then lim, o a, exists.

Definition 2.4 ([10]). Let {A,,} : C' — C be a sequence of mappings and A : C' — C be a mapping.
{A,} is said to be graph convergent to A if {graph(A,)} (the sequence of graph of A,) converges to
graph A in the sense of Kuratowski-Painleve, that is,

lim sup graph(A,) C graph(A,) C liminf graph(A,).
n—oo

n—oo

Definition 2.5.

(i) A multi-valued mapping A : X — X is said to be accretive if (Az— Ay, J(x—y)) > 0Vz,y € X.
A mapping A : X — X is said to be maximal accretive if it is accretive, and for any z,u € X
when

(u—v,J(x—y)) = 0V(y,v) € graph(A),

we have u € Ax.

(ii)) A mapping A : X — X is said to be strongly accretive if there exists a strictly increasing
function ¢ : [0, 00) — [0, 00) with $(0) = 0 such that

(Ar = Ay, J(x —y)) = ¢z —ylDllz -yl Yo,y € X.
Definition 2.6. The normal cone Np(py to F/(7T') is defined by

wa”:{gfgﬁgﬁxJWSOWEF%xEF@x

Finding an «* € F(T) such that
(1= fa*, J(a* —2)) <0 (Vo € F(T))
is equivalent to the following variational inclusion problem: finding an x* € C such that
0c(l—f)r"+ Npm(z).

Lemma 2.7 ([2]).

(i) Let A: X — X be a mazimal accretive operator. Then (t™'A) graph converges to Na-1(g) as
t — 0 provided that A=*(0) # 0.

(i) Let {B, : X — X} be a sequence of mazimal accretive operators, which graph converges to an
operator B. If A is a strongly accretive operator, then {A+ B,} graph converges to A+ B, and
A+ B is maximal accretive.

Lemma 2.8. Let f : X — X be a weakly contractive mapping and T : X — X be a nonexpansive
mapping. Then, the following results are obtained:

(i) the mapping (I — f) : X — X is strongly accretive;

(ii) the mapping (I —T) : X — X is accretive, so it is mazimal accretive.
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Remark 2.9. This conclusion results directly from Lemma 1.6 in [10].
Lemma 2.10. The unique solutions to the positive integer equation

(m, — 1)m,

n:in_'_#, Mp >, =1,2,--- (2.5)
are
. (myn, — )my, 1 / 1
n—N— - n— |5 2 R :1727"'7
) n 5 m 5 n+4 n
where [x] denotes the mazimal integer that is not larger than x.
Proof. Tt follows from ([2.5)) that
-1
In =" — (m, 5 )mn’ n <My, n=1,2,3,--,
and hence .
1§in:n—(mn_2 L I N (2.6)
that is,
U S P Lt LR YO
2 2
which implies that
12<2 ’ —1—1 2>2 +1 =1,2,3
mp 2 = <n 47 My 2 Z 4N 47n_777
Thus
\/2n + 1< <1+\/2 1,2,3
n S mp >~ = n——, n=124.9, )
4 2~ 2
that is,

7 1 1 1
-t s <m, <[+, n=1,2,3,-- 9.
n 1 5= mn_2 n+4,n 2,3, (2.7)

while the difference of the two sides of the inequality above is

1 7 2
1—(\/2n+1—\/2n—1>:1— €0,1), n=1,2,3,---.
V2t o —1

Then, it follows from (2.7 that (2.6 holds obviously. O

3. Main results

Theorem 3.1. Let X be a reflexive Banach space which admits a weakly sequentially continuous
duality mapping J from X to X*. Suppose that C is a nonempty closed conver subset of X and
{T;}32, : C = C is a sequence of nonexpansive mappings with the interior of F := N2, F(T;) # 0.
Let f: C — C be a weakly contractive mapping. Starting from an arbitrary x; € C, define {x,} by

Tpi1 = auf(zn) + (1 — )Tz, Vn > 1, (3.1)

where {ay,} is a decreasing sequence in (0,1) satisfying the following conditions:
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(i) > pry om < 00
(ii) 2211 (ai—l/ai - 1) < 005
(i) Y (@1 — an)/a2 < o;
and T = T;, with i, being the solution to the positive integer equation: n = i, + w (m, >
in,m=1,2---), that is, for each n > 1, there exists a unique i, such that

Z‘1 :172.2:17i3:2ai4:177;5:27i6:372.7: 17i8:27i9:37i10:4ai11 :17

If f #0, then {x,} converges strongly to a point x* € F which is the unique solution to the following
variational inequality:

(I —fla*,J(x—2")) >0V €F. (3.2)
Proof. We divide the proof into several steps.

(I) lim,, o ||z, — p*|| exists Vp* € F.
For any p* € F, from (3.1)), we have

|Znt1 — 2| =llan(f(zn) = p*) + (1 — )T, (20 — ") ||
<o f(@n) =Pl + (1 — ow) lz — p7|
<o f(zn) = FO) + anl f(p*) = p7I| + (1 — an) ||z — P
<anlzn = p*|| = antb(llzn = p*|) + anll f () — Pl + (1 — a)[|zn — P7|
<lwn = Pl + s

where p, = a,||f(p*) —p*||, and so > 7 | p, < 00. So by Lemma we conclude that lim,, . ||z, —
p*|| exists and hence {z,},{f(x,)}, and {T;x,} are bounded.

(I) z,, —» 2* € C as n — oo.

From (3.1)) and Lemma we also have

1 = PP =llan(f(2a) = ) + (1 = @) Ty (2 — p)|I?
= || f(zn) — p*H2 + (1 = an)| T (2 _p*)HQ
— an(1 = )| f (wn) — Ty
<an(|[f(zn) = FEOI+ £ =2 1) + (1 = an)l|l2n — p"1?
<an[(llzn = | = |z —* 1) + 1 @") = p"I° + (1 = an) |2 — p7|?
<anllan = pI* + (1 = an) [z — p"[|?
+ a2l f®*) = Pl - 2w — 2" + 1 ") = P7[P)
<|zn = p*|1” + vn,

(3.3)

where v, := a, (2| f(p*) = p*|| - |z — p*|| + | f(p*) — p*||?) and Y.~ | v, < 00, since {x,,} is bounded
and Y > a, < 0.
Furthermore, it follows from ({2.2)) that

¢(p> xn) = ¢(xn+17$n) + ¢(p, :Un-i-l) + 2<xn+1 - D, J<xn - xn-i—l)) vp e X.

This implies that

(Tny1 =0, J(Tn — Tnya)) + %¢($n+1v Tn) = %(qﬁ(p, Tp) — AP, Tny1))- (3.4)
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Moreover, since the interior of F' is nonempty, there exists a p* € F and r > 0 such that (p*+rh) € F
whenever ||h]| < 1. Thus, from (3.3]) and (3.4)) we obtain

1 1
0 < (Tpt1— (p"+rh), J(xy — Tpnt1)) + Egzﬁ(xnﬂ, Tn) + V- (3.5)
Then from (3.4) and (3.5 we obtain

1 1
r(h, J (T — Tpy1)) <(Tnt1 — D" J(@n — Tpg1)) + =P(Tpi1, Tn) + §Vn

2
1 . . 1
=§(¢(p ,Tn) = O(P", Tpy1)) + SVn
and hence,
1 . . 1
(h I (@0 = Tn1)) < o (007, 20) = (P, Tut1)) + 5V (3.6)
Since h with |||l < 1 is arbitrary, we have, by taking h = %,
1 . . 1
[ Tl € oo (O, 2) — 60", 000)) + 5t 37)
So, if n > m, then we have
n—1
[Zm — zal| < Z 2 — @j|
j=m
1 n—1 1 n—1
§2_7“ (¢(p*7$]) - ¢<p*a ijrl)) + 5 vj (38)
j=m j=m
1 1
— (O ) = O, ) + - D1,
j=m

But we know that {¢(p*,z,)} converges, and >~ v, < co. Therefore, we obtain from (3.8) that
{z,} is a Cauchy sequence. Since X is complete there exists an z* € X such that z,, - z* € X as
n — oo. Thus, since {z,} C C and C' is closed and convex, then z* € C, that is,

T, = x* € C (n— o00). (3.9)

(I1I) ||z, — Tyxn|] — 0 for each @ > 1 as n — oc.

It follows from (3.1)) and (3.7 that, as n — oo,
[ @041 = Than|| = o[ f(2n) = Tzn|| = 0

and
Hanrl - xn” — 07

which implies that, by induction, for any nonnegative integer j,
lim [|z,4; — 2] = 0. (3.10)
n—oo

We then have, as n — oo,

0 = Tzl < 0 = dnsal| 4+ [20s1 = Tiall = 0. (3.11)
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For each i > 1, since

Hxn T;Lk+7,an <||zn = Tnyill + Hxnﬂ - T;ﬂl'nH
SHxn - anrZH + Hanr’L - Tn+z$n+l|| + H n+zxn+l Tn+zxn”

<L2/|zn — oyl + ”xnﬂ Tn+z$n+zH

it follows from (3.10) and (3.11]) that

Tim ||z, — T, 2| = 0. (3.12)
Now, for each i > 1, we claim that
lim ||z, — Tiz,| = 0. (3.13)
n—oo
As a matter of fact, setting
n= Ny +1,

where N,, = @, m > i, we obtain that

[2n — Tiwnl| <l|zn — 2n, || + 28, — Tizal
<lln = 2, |l + [[onn = Thy il |+ [ TR s, — Tia|
=lzn — 2n, | + 2w, — Tx,pin || + 1T w,, — Tig|
2|z, — N, || + Hme — Tj{}meNm”
=2||z, — xpi|| + Hme — Tj\}meNmH )
Then, since N,, — o0 as n — 00, it follows from - and - that - holds obviously.

(IV) z, = x* € F as n — oo, which is the unique solution to the following variational inequality:
(I = flz*,J(x —2")) >0Vz € F.

It immediately follows from (3.9)) and (3.13) that, as n — oo,

z, = x* € F. (3.14)
Next, for any ¢ > 1, we consider the corresponding subsequence {J:S)} of {z,}, where K; :=
{keN:k=i+(m—1)m/2,m >i,m € N}. For example, by Lemma and the definition of K,
we have K; = {1,2,4,7,11,16,- - -} and i) = iy = iy = iy = iy; = i;6 = - - - = 1. Since (T})® =T,

whenever k € K;, it follows from (3.1]) that

[ (f() = F@2 ) + (1 = ATyl — 2)
+ (o)) —af? 1><f<:c§;11> ~ Tzl ol
e R ()
- O‘l(;)l‘

<ot - xs:zlu M Jal? —af),

kaﬂ - xk
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where M := supjx, Hf a:k 1) TZI’(QlH < 00.
Thus, we have

s =t

-1
<

AN 2 = N 2 NN

(@) () (az‘fﬂl)

where 17,(:) : <a,(21/a,(;)> —1,fyk = ’ a,(ﬁl / (04 ) D keK, nk) < oo, and Y, x Yy @
. 2
It follows from Lemma that limg,5re0 Hx,@rl — x,(c) (a,@) exists and hence{y,g)} =

L\ 2
{(:17,21 — x,@) / (a,(;)) } is bounded. Then there exists an M; > 0 such that

o, o

N2
M (of)

i) @)
Taking h = (:ck — ka) /M ( > , we have, from 1 ,

2

<1Vk eK,.

(2) (2)
Te = Thp M; v (i « (G Mz i

A\ 2
(al(;)> 2r

This implies that, as K; 2 k — oo,

x, —x
% — 0. (3.15)
ay
Furthermore, from (3.1f), we have
0= ofl 1= af

(1 —13))xy.

oz(i) = ((] f)
k

oD

In addition, by Lemmas [2.7] and [2.8, (I — f) + (1 — af?) /04,(;)(] — T;) graph converges to (I —
f) + Nper,y. Since the graph of (I f + Np(r,) is weakly-strongly closed, we obtain that, by taking
into - and -
VRS ([ — f)ZE* + NF(Ti)(fE*)-
This implies that ((I — f)z*,2* — z) <0 Vz € F(T;), that is,
(I—fla*,x—a*)>0Vx € F

since F' C F(T;). The proof is completed. O
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4. Applications

The so-called convez feasibility problem for a family of mappings {7;}2, is to find a point in the
nonempty intersection N°, F(T;), which exactly illustrates the importance of finding common fixed
points of infinite families. The following example also clarifies the same thing.

Example 4.1. Let X be a smooth, strictly convex, and reflexive Banach space, C' be a nonempty
and closed convex subset of X, and {f;}32, : C' x C' — R be a sequence of bifunctions satisfying the
conditions: for each i > 1,

(A1) fi(z,z) =0;

(A2) f; is monotone, i.e., fi(z,y) + fi(y,x) < 0;
(Az) limsupy, fi(z +t(z — 2),y) < fi(z,y);
(

Ay) The mapping y — f;(z,y) is convex and lower semicontinuous.

A system of equilibrium problems for {f;}22, is to find an x* € C' such that
fi(z*,y) >0 YyeC,i>1,

whose set of common solutions is denoted by EP := N, EP(f;), where EP(f;) denotes the set of
solutions to the equilibrium problem for f; (: = 1,2,- ). It is shown in Theorem 4.3 in [I0] that
such a system of problems can be reduced to the approximation of some fixed point of a sequence of
nonexpansive mappings.

Example 4.2. Application to monotone variational inequalities.

Let H be a real Hilbert space. Set f = I — yG, where G : H — H is a n-Lipschitzian and
r-strongly monotone mapping and v € (0, 37—’3] Now, we show that f : H — H is a nonexpansive
mapping. In fact, by the assumptions, we have

1f(x) — FW)II? =ll(x —y) — WGz —vGy)|]?
=[lz — ylI* = 2v(z — y, Gz — Gy) + 7*||Gz — Gy|”
<|lz — ylI* = 2ykllz — ylI> + *n° ||z — yl?
=(1 =2y +9*n%)||lz — y|?
<|lz —y||?

for all z,y € H. Hence, (3.2)) is reduced to finding an z* € F' such that
(Gz™,x —2") > 0Vx € F,

where {7},} is a sequence of nonexpansive mappings, whose common fixed points set is denoted by
F'. This problem was first considered by Yamada and Ogura [9].

Acknowledgment

The author wishes to thank the anonymous referees for their careful reading of the manuscript and
their fruitful comments and suggestions. This study is supported by the Natural Science Foundation
of Yunnan Province (No. 2014FD023) and the General Science Foundation of Yunnan province
education department (2015Y280).



W.-Q. Deng, J. Nonlinear Sci. Appl. 9 (2016), 3920-3930 3930

References

1]

I. Y. Alber, S. Guerre-Delabriere, Principle of weakly contractive maps in Hilbert spaces, New results in
operator theory and its applications, 7-22, Oper. Theory Adv. Appl., 98, Birkhuser, Basel, (1997).
P. L. Lions, Two remarks on the convergence of convex functions and monotone operators, Nonlinear
Anal., 2 (1978), 553-562.

M. O. Osilike, S. C. Aniagbosor, B. G. Akuchu, Fized points of asymptotically demicontractive mappings
in arbitrary Banach spaces, Panamer. Math. J., 12 (2002), 77-88.

A. Ragzani, S. Homaeipour, Viscosity approzimation to common fixed points of families of nonexpansive
mappings with weakly contractive mappings, Fixed Point Theory Appl., 2010 (2010), 8 pages.
B. E. Rhoades, Some theorems on weakly contractive maps, Nonlinear Anal., 47 (2001), 2683-2693.
Y. Song, R. Chen, lterative approzimation to common fixed points of nonexpansive mapping sequences
in reflexive Banach spaces, Nonlinear Anal., 66 (2007), 591-603.

W. Takahashi, Nonlinear functional analysis: fixed point Theory and its applications, Yokohama Pub-
lishers, Yokohama, (2000).

Z. B. Xu, G. F. Roach, Characteristic inequalities of uniformly convexr and uniformly smooth Banach
spaces, J. Math. Anal. Appl., 157 (1991), 189-210.

I. Yamada, N. Ogura, Hybrid steepest descent method for the variational inequality problem over the fixed
point set of certain quasi-nonexpansive mappings, Numer. Funct. Anal. Optim., 25 (2004), 619-655.
S. S. Zhang, X. R. Wang, H. W. J. Lee, C. K. Chan, Viscosity method for hierarchical fixed point and
variational inequalities with applications, Appl. Math. Mech. (English Ed.), 32 (2011), 241-250.

2.9 A1



	1 Introduction
	2 Preliminaries
	3 Main results
	4 Applications

