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Abstract

The aim of this paper is to study the solvability of a class of generalized mixed nonlinear variational-
like inequalities in Hilbert spaces. Using the auxiliary principle technique, the Banach fixed-point theorem
and an inequality due to Chang and Xiang, we construct two iterative algorithms for finding approximate
solutions of the generalized mixed nonlinear variational-like inequality. Under some conditions we prove
the existence and uniqueness of solution for the generalized mixed nonlinear variational-like inequality and
establish the strong convergence of approximate solutions to the exact solution of the generalized mixed
nonlinear variational-like inequality. Our results extend, improve and unify some known results in the
literature. (©2016 All rights reserved.
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1. Introduction

It is well known that the development of an efficient and implementable iterative algorithm to compute
approximate solutions of a variational inequality has been one of the most difficult, interesting and important
problems in the variational inequality theory.
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It is worth mentioning that the auxiliary principle technique suggested by Glowinski, Lions and
Tremolieres in [7] has become a useful, important and powerful tool for solving various variational-like
inequalities. Ansari and Yao [I], Chang and Xiang [3], Ding and Luo [4], Huang and Deng [§], Huang and
Fang [9], Liu, Chen, Kang and Ume [I1], Zeng [19], Zeng, Lin and Yao [20] and others used the auxiliary
principle technique to construct some iterative methods for finding the exact solutions of the variational and
variational-like inequalities in [II, 3] [4] 8] @9} 111, 12, 19, 20], and discussed the existence and uniqueness of so-
lutions for the variational and variational-like inequalities in [T1, 3], [4], [8] O} 11} 12} 19} 20] and the convergence
of iterative sequences generated by the iterative methods.

Motivated and inspired by the results in [1]-[9], [11]-[20], we introduce and study a new class of gen-
eralized mixed nonlinear variational-like inequalities in Hilbert spaces. By applying the auxiliary principle
technique, the Banach contraction principle and an inequality due to [3], we show the existence and unique-
ness theorems of solution for auxiliary problem relative to the generalized mixed nonlinear variational-like
inequality. For finding the approximate solutions of the generalized mixed nonlinear variational-like inequal-
ity, we suggest two iterative algorithms with errors by the auxiliary problem. Under certain conditions, we
get the existence and uniqueness results of solution for the generalized mixed nonlinear variational-like in-
equality and prove the convergence of iterative sequences generated by the iterative algorithms with errors.
Our results improve and generalize many known results.

2. Preliminaries

Throughout this paper, let R = (—o0, +00), H be a real Hilbert space endowed with an inner product
(-,+) and a norm || - ||, respectively. Let K be a nonempty closed convex subset of H. Let a : K x K — R
be a coercive continuous bilinear form, that is, there exist positive constants ¢,d > 0 such that

(al) a(v,v) > efjo]]?, Yo € K;
(a2) Ja(u, v)| < dlull[[v], Vu,v € K.

Let b: K x K — R satisfy the following conditions:

(b1) b is linear in the first argument;
(b2) b is convex in the second argument;
(b3) b is bounded, that is, there exists a constant [ > 0 satisfying

[b(w, v)| < f|ullllvll,  Vu,v e K;

(b4) b(u,v) — b(u, w) < b(u,v —w), Yu,v,w € K.

Remark 2.1. It follows from (al) and (a2) that ¢ <d.
Remark 2.2. It follows (bl) and (b2) that

|b(u, v) — b(u, w)| < |ulll|[v —w||, YVu, v,w € K,

which implies that b is continuous in the second argument.

Let fe Hand A,B,C,D : K - H NM : HxH — H,n: K x K — H be mappings. Now we consider
the following problem:
Find v € K such that

(N(Au, Bu) — M(Cu, Du) — f,n(v,u)) + a(u,v —u) > b(u,u) — b(u,v), Vv e K, (2.1)

which is called a generalized mized nonlinear variational-like inequality.
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Special cases

Case 1. If f = Bx = Dz = a(x,y) = 0,b(z,y) = ¢(y),N(z,y) = M(x,y) = x for all x,y € H, then
problem ([2.1)) reduces to the mixed variational-like inequality studied by Ansari and Yao [I] and Zeng

[19]: find u € K such that
(Au — Cu,n(v,u)) + p(v) —p(u) >0, YveK. (2.2)

Case 2. If f = Bx = Cx = Dz = a(z,y) = b(z,y) = M(z,y) = 0, N(z,y) = = for all z,y € H, then
problem (2.1)) reduces to the variational-like inequality studied by Yang and Chen [16]: find v € K
such that

(Au,n(v,u)) >0, YveK. (2.3)

Case 3. If f = M(z,y) = Cx = Dz = 0,N(z,y) = —x —y and n(z,y) = y — x for all z,y € H, then
problem (2.1)) is equivalent to seeking u € K such that

a(u,v —u) + b(u,v) — b(u,u) > (Au+ Bu,v —u), YvéeK, (2.4)
which was introduced and studied by Chang and Xiang [3].

Case 4. If f = N(x,y) = Az = Bx = Dx = 0, M(z,y) = x and n(x,y) = y — « for all z,y € H, then
problem (2.1)) is equivalent to finding u € K such that

a(u,v —u) + b(u,v) — b(u,u) > (Cu,v —u), YveK, (2.5)
which was introduced and studied by Bose [2].

Case 5. If f = M(z,y) = Bx = Cx = Dz = 0, M(z,y) = z and n(z,y) = y — x for all x,y € H, then
problem ([2.1)) is equivalent to finding v € K such that

(Au,v —u) >0, YveK, (2.6)
which was introduced and studied by Yao [17] and others.

For appropriate and suitable choices of the mappings N, M, A, B,C, D,n,a and b, one can obtain a lot
of variational and variational-like inequalities in [I]-[9], [11]-[20] as special cases of the generalized mixed
nonlinear variational-like inequality .

Recall the below concepts and lemmas.

Definition 2.3. Let A,B,g: K - H, N: Hx H— H and n: K x K — H be mappings.

(1) A is said to be Lipschitz continuous if there exists a constant ¢ > 0 such that
[Az — Ayl <tz —yll,  Vo,yeK;
(2) A is said to be n-strongly monotone if there exists a constant 7 > 0 such that
(Az = Ay, n(w,y)) = 7o =yl Yoy € K;

(3) N is said to be n-strongly monotone with respect to A in the first argument if there exists a constant
B > 0 such that

(N(Au,y) = N(Av,y),n(u,v)) > Bllu —v|*, Vu,v € K, Vy € H;
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(4) N is said to be n-monotone with respect to A and B in the first and second arguments if
(N(Au, Bu) — N(Av, Bv),n(u,v)) >0, VYu,v € K;

(5) N is said to be n-relaxed Lipschitz with respect to B in the second argument if there exists a constant
A > 0 such that

<N(y7 Bu) - N(y7 BU):U(UW» < —)\HU - UH27 VU,U € K7 ye H7

(6) N is said to be n-generalized pseudocontrative with respect to A in the first argument if there exists a
constant £ > 0 such that

(N(Au,y) — N(Av,y),n(u,v)) < &lu—v|?, Vu,v € K, y € H;

(7) N is said to be g-relazed Lipschitz with respect to B in the second argument if there exists a constant
> 0 such that

(N(y,Bu) — N(y, Bv),gu — gv)) < —pllu —v|*, Vu,v € K, y € H;
(8) N is said to be Lipschitz continuous in the second argument if there exists a constant v > 0 such that
IN(y,u) = N(y,0)[| < vllu—vll, Vu,v,y€ H;
(9) n is said to be Lipschitz continuous if there exists a constant § > 0 such that
In(u,v)|| < ollu—v|, Vu,vekK. (2.7)
Similarly we can define that N is n-relaxed Lipschitz with respect to B in the first argument.

Lemma 2.4 ([3]). Let X be a nonempty closed convex subset of a Hausdorff linear topological space E, and
o, : X x X — R be mappings satisfying the following conditions:

(a) V(z,y) < P(x,y), YVa,y € X, and ¥(x,z) > 0, Vx € X
(b) for each x € X, ¢(x,-) is upper semicontinuous on X;
(c) for each y € X, the set {x € X : ¢(x,y) < 0} is a convex set;
(d) there exists a nonempty compact set Y C X and o € Y such that ¢ (xo,y) <0, Yy € X \ Y.
Then there exists § € Y such that ¢(z,9) > 0, Vr € X.
Lemma 2.5 ([10]). Let {an}n>0,{bn}tn>0 and {cy}n>0 be nonnegative sequences satisfying
ant1 < (1= Ap)an + A\pbn +¢ny,  ¥n >0,
where

0o 0o
{)‘n}nzo C [Oa 1]7 Z An = 400, ch < +00, nh—>Hc}o b, = 0.
n=0 n=0

Then lim,,_,o a, = 0.

Assumption 2.6. Let f € H and A,B,C,D,g: K - H NM : Hx H— Handn: K x K — H be
mappings such that

(1) ﬁ(ﬂ%y) = 777(ya IE), Vﬂf,y € K;

(i) foreach u,w € K, the mappings v — (gw—gu,n(v,w)) and v — (N (Aw, Bv)—M (Cw, Du)— f, n(v, w))
are CONvex;

(i) for each uw,v € K, the mappings w — (gw — gu,n(v,w)) and w — (N(Aw, Bw) — M(Cw, Du) —
fym(v,w)) are upper semicontinuous.
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3. Auxiliary Problem and Iterative Algorithms

In this section, we give two existence and uniqueness theorems of solution for the auxiliary problem with
respect to the generalized mixed nonlinear variational-like inequality . Based on these existence and
uniqueness theorems, we construct two iterative algorithms with errors for the generalized mixed nonlinear
variational-like inequality .

Let g : K — H be a mapping. Now we consider the following auxiliary problem with respect to the
generalized mixed nonlinear variational-like inequality : for each u € K, find w € K such that

(g, n(v, )) = {gu, n(v, ®)) — p(N(Ad, Bio) — M(Cw, Du) — f,n(v, w))

3.1
— pa(w,v — ) — pb(u,v) + pb(u,w), Yve K, (3.1)

where p > 0 is a constant.

Theorem 3.1. Let K be a nonempty closed convex subset of a real Hilbert space H, f € H andn: K x K —
H be Lipschitz continuous with constant 0. Assume that a : K x K — R is a coercive continuous bilinear form
satisfying (al) and (a2) and b : K x K — R satisfies (b1)-(b4). Let g : K — H be Lipschitz continuous and
n-strongly monotone with constants & and 7, respectively. Let A, B,C,D: K - H and NNM : Hx H— H
be mappings such that N is n-strongly monotone with respect to A in the first argument with constant «,
n-relaxed Lipschitz with respect to B in the second argument with constant 3, n-monotone with respect to A
and B in the first and second arguments and M is n-relaxed Lipschitz with respect to C in the first argument
with constant A. Assume that Assumption holds. Then for each u € K, the auxiliary problem has
a unique solution in K.

Proof. Let u be in K. Define two functionals ¢ and ¢ : K x K — R by

¢(v,w) = {gw — gu,n(v, w)) + p(N (Aw, Bw) = M(Cw, Du) — f,n(v, w))
+ pa(w,v — w) — pb(u, w) + pb(u,v),
and
(v, w) = (gw — gu,n(v, w)) + p(N(Aw, Bv) — M(Cw, Du) — f,n(v, w))
+ pa(w,v — w) — pb(u, w) + pb(u,v)
for all v,w € K.

We now prove that the functionals ¢ and ¢ satisfy the conditions of Lemma in the weak topology.
Indeed, it is easy to see for all v,w € K,

d(v,w) — Y(v,w) = —p(N(Aw, Bv) — N(Aw, Bw),n(v,w))
> pBllv —wl?
>0

and
w(va 'U) = 07

which imply that ¢ and 1) satisfy the condition (a) of Lemma Since a is a coercive continuous bilinear
form, b is convex and continuous in the second argument, and for each u,w € K, the mappings v —
(gw — gu,n(v,w)) and v — (N(Aw, Bv) — M(Cw, Du) — f,n(v,w)) are convex, for each u,v € K, the
mappings w — (gw—gu,n(v,w)) and w — (N (Aw, Bw)—M (Cw, Du)— f,n(v,w)) are upper semicontinuous,
it follows that for each v € K, ¢(v,-) is weakly upper semicontinuous in the second argument and the set
{v e K :(v,w) < 0} is convex for each w € K. That is, the conditions (b) and (c) of Lemma hold.
Finally we prove that condition (d) of Lemma [2.4] holds. Let v € K and

Y={weK:|w-7|<E},
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where
E = [r+pla+c+ )] "[¢8]lu— 0] + pd| M(CB, Du) — N(Av, Bo) + f||

+ pd||v]| + pllull + 1].
Clearly, Y is a weakly compact subset of K. For each w € K \ Y, we infer that
(0, w) = (gw — gu,n(v,w)) + p(N (Aw, Bv) = M(Cw, Du) — f,n(v,w))
+ pa(w,v —w) — pb(u,w) + pb(u,v)
= —{gw — gv,n(w, v)) + (gu — gv,7(w,v))
— p{N(Aw, Bv) — N(Av, Bv),n(w,v))
+ p(M(Cw, Du) — M(Cv, Du),n(w,v))
+ p(M(Cv, Du) — N(Av, Bv) + f,n(w,v))
— pa(w — v, w — v) — pa(v,w — V) + pb(u, v — w)
< 7w —o|* + &dl|u — 0]l [w — vl| - pallw — 3 — pAllw — o]|?
+ pd|| M (Co, Du) — N(Av, Bo) + f|[|lw — o]| — peflw — 0|
+ pd|[o]l[lw = oll + pllul[|jw — o]
= —llw = 2l{[r + ple+ e+ Nllw — vl = &b]ju — 7]
— p0||M(Cv, Du) — N(Av, Bo) + f|| — pd|[o]| — pll|ul}
<0,
which means that the condition (d) of Lemma holds. Thus Lemma ensures that there exists w €
Y C K such that ¢(v,w) > 0 for all v € K, that is,
(g, n(v, w)) = (gu, n(v, ) — p(N (A, Bi) = M(C, Du) — f,n(v, w))
— pa(w,v — ) — pb(u,v) + pb(u,w), Yv e K.

That is, w € K is a solution of the auxiliary problem (3.1). Now we prove the uniqueness of solution for
the auxiliary problem (3.1)). Suppose that w;,ws € K are two solutions of the auxiliary problem (3.1) with

respect to u. It follows that
(gwi, (v, w1)) = (gu,n(v, w1)) — p(N(Aw, Bwy) = M(Cwy, Du) — f,n(v,wy))

3.2
— pa(wy,v —wy) — pb(u,v) + pb(u,wy), Yve K (3:2)

and
(gwa, n(v, wa)) > (gu, n(v, w2)) — p(N (Aws, Bwz) — M (Cwz, Du) — f,n(v, w2)) (3.3)

— pa(wa,v —wz) — pb(u,v) + pb(u, wz), Vv e K.
Taking v = wy in (3.2) and v = w; in (3.3]), we get that
(g, )) > (g, 0)) = p(V(Awr, Bur) = M(Cun, Do) = Fonwn )
— pa(wy, wy —wr) — pb(u, w2) + pb(u, wr) '

and
(gwa, n(w1, w2)) > (gu, n(wr, w2)) — p(N(Aws, Bwz) — M(Cws, Du) — f,n(w1,w2))

— pa(wz, w1 — wa) — pb(u,wr) + pb(u, ws).
Adding (3.4) and (3.5)), we deduce that
7w — wal|? < —p(N(Awy, Bwy) — N(Aws, Bwy), n(wy, ws))
+ p(M(Cw1, Du) — M(Cws, Du),n(wi, ws)) — pa(wi — w2, w1 — wa)
< —ple+N)lwr —ws?,

which yields that w; = wy. That is, w is the unique solution of the auxiliary problem (3.1]). This completes
O

(3.5)

the proof.
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The proof of the below result is similar to that of Theorem and is omitted.

Theorem 3.2. Let K, H, f,n,a,b,g, A, B,C,D and N be as in Theorem and Assumption [2.6] hold. Let
M : H x H— H be n-generalized pseudocontrative with respect to C in the first argument with constant \.
If there exists a positive constant p satisfying

p(A—c) <, (3.6)
then for each u € K, the auxiliary problem (3.1)) has a unique solution in K.

Based on Theorems [3.1] and we suggest the following iterative algorithms with errors for solving the
generalized mixed nonlinear variational-like inequality (2.1]).

Algorithm 3.3. For given uy € K, compute sequence {uy,},>0 C K by the following iterative scheme:

(gUn+1, M0, Unt1)) = (Gup, NV, Unt1))
— p{N(Aunt1, Bunt1) — M(Cunt1, Duy) — f,n(v, tunt1))
— pa(Un 1,V — Upt1) — pb(tn, v) + pb(un, Unt1)
+ (en,n(v,Upy1)), YveE K,n>0,

(3.7)

where p > 0 is a constant and {e, },>0 is an arbitrary sequence in K introduced to take into account possible

inexact computation and satisfies that
lim [le,|| = 0. (3.8)
n—o0

Algorithm 3.4. For given ug € K, compute sequence {u,}n>0 C K by the below iterative schemes:

<gwn7 77(7}, wn)> 2 (]— - an)<gun, 77(1)7 ’UJn)>
+ an<gwn - pN(Awm Bwn) + pM(Cwna Dun) +pf, 77(7)7 wn))

3.9
— ppa(Wp, v — wy) — apPb(ty, V) + ayPb(Up, wy) (3:9)
+ (rp,n(v,wy)), Yve K, n>0
and
<gun+1> 77(“» un+1)> > (1 - ﬁn)<gwn7 77(1% un+1)>
+ Bn <gun+1 - pN(Aun+1, BunJrl) =+ pM(CunJrl, Dwn) + pfa 77(’”7 un+1)> (3 10)

— Brpa(tni1,V — Upt1) — Bupb(Wn, v) + Bnpb(wn, uni1)
+ (sn,n(v,Un+1)), Vv € K, n>0,

where {ap, }n>0, {Bn}n>0 C [0,1] and {r, }n>0, {Sn}n>0 are two arbitrary sequences in K introduced to take
into account possible inexact computation and satisfy that

lim ||r,|| = lim |s,] =0. (3.11)

Remark 3.5. Algorithm [3.4]is an Ishikawa iterative methods with errors of inequality type and it is different
from the algorithms in [1]-[9], [11]—[20].

4. Existence and Convergence
Now we show the existence and uniqueness of solution for the generalized mixed nonlinear variational-

like inequality (2.1) and discuss the convergence of the iterative sequences generated by Algorithms and
B-4] respectively.
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Theorem 4.1. Let K, H, f,n,a,b and g be as in Theorem[3.1] Let A, B,C,D : K — H and N,M : H x H —
H be mappings such that D is Lipschitz continuous with constant p, N is n-strongly monotone with respect
to A in the first argument with constant «, n-relaxed Lipschitz with respect to B in the second argument
with constant 3, n-monotone with respect to A and B in the first and second arguments, M is n-relaxed
Lipschitz with respect to C in the first argument with constant X\, g-relaxed Lipschitz with respect to D in
the second argument with constant v and Lipschitz continuous in the second argument with constant q. Let
T=83y+7(c+A=1),Q=10%>-712P=06u% —(c+X—1)? and | + 6puq < ¢+ \. Assume that and
Assumption holds. If there exists a constant p > 0 satisfying

T T2 - PQ

T2 > P - 4.1
> PQ, ‘> - (4.1)

=P
then the generalized mized nonlinear variational-like inequality (2.1) possesses a unique solution u € K and
the iterative sequence {un}n>0 generated by Algorithm converges strongly to u.

Proof. 1t follows from Theorem that there exists a mapping F' : K — K such that for each u € K,
F(u) = w is the unique solution of the auxiliary problem . Next we show that F' is a contraction
mapping in K. Let u; and ug be arbitrary elements in K. Using , we see that
(gFu1,n(v, Fur))
> (gui,n(v, Fur)) — p(N(AFuy, BFuy) — M(CFuy, Duy) — f,n(v, Fuy)) (4.2)
— pa(Fuy,v — Fuy) — pb(uy,v) + pb(ui, Fuy), Yv e K

and
(9Fuz2,n(v, Fug))

> (gua,n(v, Fug)) — p(N(AFug, BFuy) — M(CFug, Dug) — f,n(v, Fuz)) (4.3)
— pa(Fuz,v — Fug) — pb(ug,v) + pb(uz, Fug), Yv e K.
Letting v = Fug in and v = Fup in , and adding these inequalities, we arrive at
7| Fuy — Fus|?
< (gFu1 — gFug,n(Fui, Fus))
< (gui — gua,n(Fui, Fuz)) — p(N(AFuy, BFu;) — M(CFuy, Duy)
— N(AFug, BFug) + M(CFug, Dug),n(Fuy, Fus))
— pa(Fuy — Fug, Fuy — Fug) + pb(u; — ug, Fug — Fuy)
= —p(N(AFuy, BFu1) — N(AFug, BFus),n(Fui, Fug))
+ p(M(CFuy, Duy) — M(CFug, Duy),n(Fuyi, Fug))
+ (gu1 — gua + p(M(CFug, Duy) — M(CFuga, Dus)),n(Fui, Fusg))
— pa(Fuy — Fug, Fuy — Fug) + pb(uy — ug, Fug — Fuy)
< (6V/€ =207 + p?12q? + pl)|lur — ua || Fur — Fug||
— ple+ NIFus — Fug)l,

that is,
[ Fup — Fuz|| < 0lug — uz||,

where

g _ OVE =207 + P12 + pl
T+ plc+A) )
It is obvious that is equivalent to @ < 1. Therefore, F' : K — K is a contraction mapping. It follows
from the Banach fixed-point theorem that F' has a unique fixed point u € K. In light of , we get that
(gu,n(v,u)) > (gu,n(v,u)) — p(N(Au, Bu) — M (Cu, Du) — f,n(v,u))

— pa(u,v —u) — pb(u,v) + pb(u,u), Vv e K,

(4.4)

(4.5)
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which implies that
(N(Au, Bu) — M(Cu, Du) — f,n(v,u)) + a(u,v —u) > b(u,u) — b(u,v), Vv € K,

that is, u € K is a solution of the generalized mixed nonlinear variational-like inequality ([2.1).
Now we prove the uniqueness. Suppose that the generalized mixed nonlinear variational-like inequality
(2.1) has two solutions 4, ug € K. It follows that

(N(Ad, Bii) — M(Ct, D) — f,n(v,0)) + a(i,v — @) > b(d, @) — b(@,v), (4.6)

(N (Aug, Bug) — M (Cug, Dug) — f,n(v,u0)) + a(ug, v — ug) > b(ug, ug) — b(uo, v), (4.7)
for all v € K. Taking v = ug in (4.6)) and v = @ in (4.7)), we obtain that
(N(Au, Ba) — M(C1, Da) — f,n(ug, @) + a(t, ug — @) > b(u,a) — b(d, up), (4.8)
(N (Aug, Bug) — M (Cug, Dug) — f,n(@, uo)) + a(ug, @ — ug) > b(ug, ug) — b(ug, 0). (4.9)
Adding (4.8]) and (4.9), we deduce that
(c+ A — pgd — 1)||i — ug|®
< (N(Au, Bu) — N(Aug, Bug),n(a,uy)) — (M(Cta, D) — M(Cugy, Dug),n(@, up))
+ a(t — ug, & — up) — b(4 — ug, 4 — ugp)
<0,
which yields that & = ug by I + dug < ¢+ A. That is, the generalized mixed nonlinear variational-like
inequality (2.1) has a unique solution in K.
Next we discuss the convergence of the iterative sequence generated by Algorithm [3.3] Taking v = w11
in (4.5) and v = u in (3.7)), and adding these inequalities, we infer that
THUTH—l - qu < _p<N(Aun+la Bun-l—l) - N(Aua Bu>7n<un+17u)>
+ p<M(Cun+1, Dun) - M(CU, Dun)v 77(“n+17 u)>
+ (gun — gu + pM(Cu, Duy,) — M(Cu, Du), n(up+1,u))
= paUnt1 — U tny1 — w) + pb(un — Ut — Unt1) + (€n, N(Unt1,u))
< —ple+Nlunpr —ul® + (03/€2 = 207 + p2pi2q?
+ pD)l[unt1 — ulllun — ull + dlenll|untr — ull, Vn =0.

That is,

lunt1 — ul| < 0wy, — ul + Vn > 0. (4.10)

m”%”;

It follows from Lemma (3-8), (4.1), (4.4) and (4.10) that the iterative sequence {uy}n>0 generated
by Algorithm converges strongly to u. This completes the proof. O

As in the proof of Theorem we have,

Theorem 4.2. Let K, H, f,n,a,b,9,A, B,C,D and N be as in Theorem and Assumption hold. Let
M : H x H— H be n-generalized pseudocontrative with respect to C' in the first argument with constant X,
g-relaxed Lipschitz with respect to D in the second argument with constant v and Lipschitz continuous in the
second argument with constant q. Let T = 6>y +1(c—A—1), Q = 626> —7%, P = 612> — (c—A—1)? and c >
A+146uq. If there exists a constant p > 0 satisfying , then the generalized mized nonlinear variational-
like inequality possesses a unique solution uw € K and the iterative sequence {un}n>0 generated by
Algorithm converges strongly to u.
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Theorem 4.3. Let K, H, f,n,a,b,g9,A,B,C,D,N and M be as in Theorem with ¢ + X\ > 1 + duq and
Assumption [2:6] hold. Assume that
inf{ay, Bn : n >0} > 0. (4.11)

If there exists a constant p > 0 satisfying

8¢ —rminf{l —ap,1—B,:n >0} &2 o0&
25 < 4.12
max{ (c+ N inf{an, By :n >0} 7 2y =P [+ pgd’ (412)

then the generalized strongly nonlinear variational-like inequality (2.1)) possesses a unique solution u € K
and the iterative sequence {un}n>0 generated by Algorithm converges strongly to u.

Proof. Put
_ 0§
~ rinf{l —ap, 1 — B :n >0} + p(c+ A) inf{ay, B, : n > 0}
and
g, = P PHa.
o6 &

In view of (4.4)), (4.11)) and (4.12]), we conclude easily that

6/ =207 + pPPq? + pl

6

T+ p(c+ A)
% (/;l \/62—2p’y+p2u2q2>
T+ plc+ X)) \5¢ 13
6§ pl | pug (4.13)
§T+p(c+k)<E T)
5£05

<
~ 7+ plc+ N inf{ayn, B, : n > 0}
< 0109 < 6y < 1.

It follows from Theorem that the generalized strongly nonlinear variational-like inequality ([2.1]) has
a unique solution u € K such that

(gu,n(v,u)) = (1 = an)(gu, n(v,u))
+ ap(gu — pN(Au, Bu) + pM (Cu, Du) + pf,n(v,u)) (4.14)
— appa(u,v —u) — appb(u, v) + anpb(u, u)
and
(gu, n(v,u)) = (1 = Bn){gu, n(v, u))
+ Bn(gu — pN(Au, Bu) + pM (Cu, Du) + pf,n(v,u)) (4.15)
— Bupa(u, v —u) — Bnpb(u,v) + Bnpb(u, u),
for all v € K and n > 0. Taking v = u in , v = w, in and adding these inequalities, we get that

(1 — an)7|lwn — uH2

< (1 = an){gun — gu,n(wn, w)) — anp(N(Awp, Bwy,) — N(Au, Bu), n(wy, u))
+ anp(M(Cwy, Duy,) — M(Cu, Duy,), n(wn,u)) + anp(M(Cu, Du,) — M (Cu, Du)), n(wn, u))
— appa(wy, — u, Wy — u) + appb(tn — u,u — wy) + (rn, N(Wn, w))

< (1= an)é8lup — ullllwn — ul| — anpAllw, — ul?

+ andppqlun — ulllwn = ull + 8llrallllwn — ull, ¥n >0,
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which means that
29
(1 —ap)T+ plc+ Nag
0
(1 —an)T+ plc+ Nay,

<011 = an(1 = )] — ul + L ] (4.16)

7o

[wn —ul| <

[1—an(l = 62)][|un — uf

7l

1

£
1

S llun =l + Zlirall, - ¥n 2 0.

< [L = an(1 = 0)]llun — u +

From (3.10)), (4.11)), (4.12)) and (4.15), we deduce similarly that

1
[nr = ul < 1= Ba(1 = O2)lllwn =l + Zllsull

h , (4.17)
< [1=Bn(1 = 62)]]Jun — ull + EIISnH + gH?‘n\L Vn > 0.

It follows from Lemma (3.11)), (4.11) and (4.17) that limy,_e ||tnt1 — u|| = 0. This completes the
proof. O

Similarly we have the following result.

Theorem 4.4. Let K, H, f,n,a,b,9,A, B,C,D,N and M be as in Theorem with ¢ > A+ 1+ dpq. Let
(4.11) and Assumption hold. If there exists a constant p > 0 satisfying

06 — 7inf{l — ap,1 — B, : n > 0} ﬁ < 0&
e (c= N inf{an, Br :n >0} 7 2y =P I+ pgd’

then the generalized strongly nonlinear variational-like inequality (2.1)) possesses a unique solution u € K
and the iterative sequence {uy}n>0 generated by Algorithm converges strongly to u.

Proof. Put
_ 0§
C rinf{l —ap, 1 — B :n >0} + p(c — A inf{ay, B, : n > 0}
and
o, = PL o PHa
IS

The rest of the proof is similar to that of Theorem [£.3] and is omitted. This completes the proof. [

Remark 4.5. Theorems 4.1 to 4.4] extend and improve the corresponding results in [I]-[3] and [17, [18].
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