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Abstract

Trapezoid maps are a kind of continuous and piecewise linear maps with a flat top. By the conjugacy
relationship, we present a complete classification for four families of trapezoid maps. Firstly, using an
extension method, we construct all homeomorphic solutions of conjugacy equation ¢ o f = g o ¢ for some
non-monotone continuous maps f and g. Secondly, using an iterative construction method and an extension
method, we construct respectively all topological conjugacies for four families of trapezoid maps. Finally,
all construction algorithms are implemented in MATLAB, and three examples are illustrated to construct
topological conjugacies and a topological semi-conjugacy. (©2016 All rights reserved.
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1. Introduction

An outstanding problem of iteration theory and ergodic theory [4] is to decide whether two maps f : I — I
and g : J — J are topologically conjugate, i.e., whether there exists a homeomorphism ¢ : I — J such that
po f=goe. Such a homeomorphism ¢ is called a conjugacy. If there exists a continuous, monotone (not
necessarily strictly monotone) and onto map ¢ such that ¢ o f = go ¢, then we say that f is topologically
semi-conjugate to g, and ¢ is a semi-conjugacy. If f, g are topological conjugate, write in symbols f ~ g,
otherwise, f = g.

Topological conjugation is an equivalence relation which is useful in the topological classification of
dynamical systems.

The aim of this paper is to give a complete classification of four families of trapezoid maps, respectively
denoted by M;, i = 1,2, 3,4, of forms:
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z x € [0, al,
tap(z) =13 1, x € (a,b],
11:95, x € (b, 1],
bf, x €10, al,
tape(r) =< b, x € (a,d,
Mtz e (o],

820
%“, x € [0,a],
tNa,b(x) - b’ VS (aab]a
W=D e (0,1,
A e, x € [0,0],
tape(r) =< a, x € [b, ],
W=D e e 1],

where a, b, ¢ are three fixed parameters with 0 < a < b < ¢ < 1, see Figs.
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Schweizer and Sklar in [8] investigated the family M; of trapezoid maps. They showed that any two maps
in M; are topologically conjugate, Their results were generalized to Markov maps [2], and to combination

of multiple trapezoids, which is the so-called weakly multimodal maps [7, [9].

In this paper, we construct

all homeomorphic solutions of conjugacy equation ¢ o f = g o ¢ for some non-monotone continuous maps
f and g. And we shall prove that: (i) f ~gif f,g € M;, 1 =1,2,3,4; (ii)f = g if f € M; and g € M;,
i # j. Meanwhile, we show that f™ € M3 for n > 2 if f € My, and f € M3 is topologically semi-conjugate
to g € Ms. Using an iterative construction method and an extension method, we construct respectively

all topological conjugacies for four families of trapezoid maps.

Finally, all construction algorithms are
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implemented in MATLAB, and three examples are illustrated to construct topological conjugacies and a
topological semi-conjugacy.

2. Preliminaries

2.1. Dynamics of trapezoid maps

Each trapezoid map in M is a chaotic map, which produces various interesting behaviors. Many authors
investigated their delta-pseudo orbit shadowing [5], symbolic dynamics [6] and monotonicity properties of
kneading sequences [3].

In this subsection, we first study the dynamics of other three families of trapezoid maps M;, i = 2,3, 4.

Lemma 2.1. Assume that t,, p, € M. Then
(i) tay.p, has only two fized points 0 and by;

ii) for any xo € (0,b1) U (b1, 1], the sequence {t"* , (x0)}>, converges to by;
a1,b1 n=1

(iii) ~Zl,b1 = Loy bu.cn JO 1 > 2 where

aitt S b — al + attby
Ay = , n=>b, ¢p=—-—7——"—.
T 22
bl bl

Proof. One immediately verifies that the results of (i) and (ii) by direct computation. Now we prove (iii)
by induction.
We first check the case n = 2. Put fi, fo, f3 be respectively the restrictions of Ltal,bl to the subintervals
[0,a1], [a1,b1] and [b1,1]. One can see that
~ 3
1) 2, (x) = f2(z) € [0,a1] for z € [o,a };

a1,by ffl
~ ~ 3
@) 2,4,@) =ty (@) = br fora € [ ar;

(3) 2, (x) = f2(b1) = by for = € [a1,b1];

ai,b1
~ ~ b2_ 2+ 2b
(4) B, 4, () = fay , (fa(@)) for @ € [b, 50,

(5) 2, (z) = fi(f3(2)) € [0,a1] for = € [w’ 1]

a1,b1 b2

Thus E?ll,bl = Loy by,co- Assume that Esl,bl = ta, by.c, fOr some positive integer k¥ > 2. When n = k + 1, we

have for x € [0, 1]

tnts (@) = Fay by (T y () = Tay by (B e (€)= Tars by enys (2)-
Therefore the result of (iii) follows. O
Proofs of the following two lemmas are easily supplied by a similar method in proving Lemma [2:1]
Lemma 2.2. Assume that tq, p, ¢, € M3. Then

(1) tayby.cr has only two fized points 0 and by;

(ii) for any xo € (0,b1) U (b1,1], the sequence {tI (0)}52, converges to by;

ai,bi,c1

ant! 1—ci)c1a™
=tay, bp.cn for n > 2 where a, = }’T’ b, ="b1,c,=1— (zei)eray

(iii) e

a1,b1,c1
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Lemma 2.3. Assume that to, b, ¢, € Ma. Then

(1) fay.by.cr has only one fized point 0;

~

(i) for any xo € (0,1], the sequence {ty , . (z0)}nZy is monotonically decreasing, and converges to zero;
ce\ D 7 amtt
(iii) by byier = Lanbuco fOr > 2 where an = —}7,11 , bp = b1, ¢ = 1.

2.2. Homeomorphic solutions of conjugacy equation

Lemma 2.4. Let f1,g1 be respectively the restrictions of to, p, and tayp, (07 tay by and taypycp) to the
subintervals [0, a1] and [0, as]. Then all homeomorphic solutions of conjugacy equation @1 o fi = g1 0@y are
given by 1 : [0,a1] — [0, ag]

¢0(x)7 ) T € [f_l'(al)7a1}7 )
901($) = giloqs()ofl(x)a T E [(filil(al)mfil(al)]v = 1727"'7 (21)
0, r =0,

where ¢g is any strictly increasing continuous map from [f{(a1),a1] onto [g7 (a2),az).

Proof. Firstly, we prove that any homeomorphic solution of ¢1 o f| = g1 0 ¢ is strictly increasing. Since
f(z) > x, Vz € (0,a1], we can see that f~!(x) < x. Similarly, g~!(z) < z. Suppose that ¢ is a homeo-
morphic solution of @1 o fi = g1 0 1. Assume that p(z¢) = yo for some z¢ € [0,a1] and yo € [0,b1]. We
have o(f~1(x0)) = g '(yo). Since f~'(zg) < 2o and g~ (yo) < zo, we see that ¢ is strictly increasing.
Consequently, ¢(a1) = by and p(f~1(a1)) = g~ 1(b1).

Secondly, one can easily check that the function ¢ (z) in is a homeomorphic solution of ¢ o f; =
g1 © 1 and every homeomorphic solution can be obtained in this manner. O

The analogous statements hold for Z,, p, ¢,-

Lemma 2.5. Let f1,g1 be respectively the restrictions of ta, by c; and taypyco to the subintervals [0,a1] and
[0,a2]. Then all homeomorphic solutions of conjugacy equation @1 o fi = g1 o p1 are given by 1 : [0,b1] —
[07 bQ]

¢o(x), ' z € [fi(b1),b1],
SOl(ZL'): gzogboof_’(:r), T e [(fz+1(b1)7fz(bl)]7 i:1727"'a
0, xz =0,

where ¢g is any strictly increasing continuous map from [f1(b1),b1] onto [g1(b2), ba].

Lemma 2.6. Let fo and go be respectively the restrictions of ta, b, and tay b, (07 tay by.c; @nd tay py.cy) to the
subintervals [0,b1] and [0,bs2]. Then all homeomorphic solutions of conjugacy equation pa o fo = g2 © Yo are
given by ¢ : [0,b1] — [0, by]

_J e(@), z€[0,a],
902(1') = { hll(x)7 rc [ah[il]’ (2'2)

where o1 is determined by Lemma and hy : [ay,b1] = [ag, ba] is any strictly increasing continuous map.

Proof. Note that both fo :[0,b1] — [0,b1] and g2 : [0, b2] — [0, bo] are self-maps.

Firstly, we prove by contradiction that any homeomorphic solution of g o fo = g9 0 o is strictly
increasing. Assume that ¢ is a strictly decreasing homeomorphic solution. Thus there exists a subinterval
[0, 1] C [a1,1] such that ¢([zg, 1]) C [0, az]. For some x € (z9,1), we have v o fo(x) = ¢(b1) = 0. However
g2 0 o(x) > 0 due to ¢(x) > 0. This contradicts the fact ¢ o fa(x) = g2 o ¢(x). Therefore ¢ is a strictly
increasing homeomorphism with ¢(b;) = ba.
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Secondly, we prove by contradiction that ¢(a1) = as. For any x € [a1, 1], we have gaop(z) = @o fo(x) =
©(b1) = be. Then p(z) € [ag,bo]. Assume that ¢(a;) = yo > az. Then there exists a point £y < a; such that
@(xg) = az. Thus po fa(xg) = g2 0 p(xg) = g2(az) = by while fo(z¢) < by, which contradicts ¢(b1) = bs.

Finally, one can easily check that @o(z) in is a homeomorphic solution of ¢; o fij = g1 0 1 and
every homeomorphic solution can be obtained in this manner. O

3. Classification of trapezoid maps
According to [7, the proof of Theorem 2.1] (cf. [2]), we have the following result for M.

Theorem 3.1. Any two trapezoid maps tq, p, and tq,p, in My are topologically conjugate. Further, any
conjugacy from tq, p, to te,p, 15 the limit of the functional sequence

91_1 OQDnOfl(CIZ), T € [1,a1),
ent1(z) = M), x € a1, b], (3.1)
92_1 o@non(x)a T € (b171]ﬂ

where g1 = tay bylj0,a0)s 1 = tarbilo,a]s 92 = tasbalipe1]s f2 = tayilpr ], and h is any order-preserving
homeomorphism from [a1,b1] onto |ag, ba].

When ay = by, the trapezoid map t,, », degenerates to a skew tent map t,, 4,. According to [7, Corollary
3.1] (cf. [2]), we have the following result:

Proposition 3.2. Any trapezoid map t,, p, in M is topologically semi-conjugate to a skew tent map tq,. q,-
Further, there exists a unique semi-conjugacy from tq, p, 0 tay. ay, which is given by the limit of the functional
sequence

gflogpnofl(x), RS [1,&1),
Ont1(z) =4 as, € [ay, b1l (3:2)
951090n0f2(90)a $E(b171]’

where g1 = ta27a2|[07a2]; fl = tal,bl [O,al]y g2 = taz,ag“ag,l]y fQ = tal,b1|[b1,1]'

Theorem 3.3. Any two trapezoid maps fal’bl and t~a2,b2 i Ma are topologically conjugate. Further, all
conjugacies are given by

[ pa(x), x € [0,b1],
w(w)—{ U e (3:3)

where g is determined by Lemma f3= E(Il,bl‘[bl,l] and g3 = fa27b2|[b271].
Proof. One can immediately check that ¢(x) given in (8.3)) is a homeomorphic solution of oy, b, = tay.p,0¢

and every homeomorphic solution can be obtained in this manner. O

Theorem 3.4. Any two trapezoid maps fa1,b1701 and Eaz,bQ,Cz in M3 are topologically conjugate. Further, all
conjugacies are given by

902(55)7 T € [O,bl],
p(x) =q ha(z), x € [by, el (3.4)
94_109020]04(1‘)7 S [0171])

where o is determined by Lemma ho : [bi,c1] = [be,ca] is any strictly increasing continuous map,
fa= ta17b1701|[c1,1] and gy = ta27b2,02|[62,1]'
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Proof. Firstly, suppose ¢ is a conjugacy from tq, p, ¢, t0 tay py.co- Let f2 and ga be respectively the restrictions
of gy by ey and ta, p,.c, to the subintervals [0, b;1] and [0, bo]. By Lemma the restriction of ¢ to [0,bq] is
2. Consequently, ¢ is a strictly increasing homeomorphism with ¢(b1) = bs.

Secondly, we prove by contradiction that p(c1) = co. For any x € [b1,c1], we have t4y py.0, © @(2) =
© 0 taypr,e () = @(b1) = ba. Then ¢(z) € [ba,c2]. Assume that ¢(c1) = yo < c2. Then there exists a
point xy > ¢ such that p(xg) = ca. Thus ¢ o g, py.c (T0) = tagbrco © P(T0) = tagby.co(€2) = ba while
tay by er (o) < b1, which contradicts ¢(b1) = ba.

Finally, one can immediately check that ¢(z) in is a homeomorphic solution of ¢ o t4, p.c; =
Las by e © ¢ and every homeomorphic solution can be obtained in this manner. O

With the similar argument as the proof of Theorem we have the following result for My.

Theorem 3.5. Any two trapezoid maps £a17b1701 and faz,b2,62 in My are topologically conjugate. Further, all
conjugacies are given by

‘101(‘73)7 T e [Oabl]a
p(z) =< ha(x), z € [by, c1],
93_1 op10 f3(x)a S [017 1]7
where 1 is determined by Lemma ho @ [bi,c1] — [b2,co] is any strictly increasing continuous map,
f3 = ta1,b1,81|[cl,1] and g3 = t&21b2,52|[c271]'
The following result can be found in [, Theorem 12.4.2].

Lemma 3.6. If f is topologically conjugate to g via a homeomorphism h, then h maps every periodic of f
to a periodic point of g with the same period.

Theorem 3.7. Suppose f € M; and g € M; fori # j. Then f ~ g.

Proof. Since any map in M7 has a four-periodic point, according to Lemmas and any map
in M is not topologically conjugate to any map in M;,i = 2,3, 4.

By Lemmas 2.2 and [2:3] any map in My has only one fixed point while any map in My or M3 has
two fixed points. It follows from Lemma that any map in My is not topologically conjugate to any map
in M;,i=2,3.

Suppose tg, by, € M3 and fa27b2 € My. We prove by contradiction that f ~ ¢g. Assume that f ~ g via
a homeomorphism ¢. It follows from Lemma that ¢(b1) = ba. Let g3 be the restrictions of t~a2’b2 to the
subintervals [be, 1]. For Yz € [by, ¢1], we have ¢(x) € [ba, 1] and

gazybz ° @(w) =@o t_alybl,q ('T) = ‘P(bl) = by.

Thus,
o(z) = ggl(bz) = constant, Yz € [by,c1].

This is a contradiction. O

Proposition 3.8. Suppose that fa27b2 € My and fal,blycl € Ms. Then fal’bl’cl 1s topologically semi-conjugate
to f@’bz,.

Proof. Let fi and g3 be respectively the restrictions of Z,, p, ¢, and 4, p, to the subintervals [c, 1] and [bo, 1].
Define ¢ : [0,1] — [0,1] as
pa(x), z € [0,b1],
p(z) = { b, T € [b1, 1], (3.5)
93_1 © @20 f4(.%'), YIS [017 1]7
where o is determined by Lemma One can immediately check that ¢(z) in (3.5)) is a continuous,

increasing and surjective solution of ¢ 0 €4, b, c; = tay oo © 9. Therefore, ¢4, p, ¢, is topologically semi-
conjugate to t4, p,- O
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4. Examples

In this section, we end the paper with the following three examples.

Example 4.1. Let f := t%% and g := t%% By Theorem choosing h(x) = 2%:1: + %. we can obtain a
piecewise linear conjuacy from f to g, see Fig.

By Corollary we can obtain the unique semi-conjugacy from the isosceles trapezoid map ¢

12
33
tent map ¢1 1 is just the Cantor function (cf. [7]), see Fig. |§|
22
|
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Figure 5: f:=t2 7 and g :=t3 5. Figure 6: f:=t1 1 and g:=t1 1.
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Figure 7: A piecewise linear conjuacy.

Example 4.2. Let f =1t
from f to g, see Fig. [1]

11
673

Example 4.3. Let f := ¢

conjuacy from f to g, see Fig.
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Figure 8: A piecewise linear semi-conjuacy.

to the

. By Theorem , we can obtain a piecewise linear conjuacy

By Theorem we can obtain a piecewise linear semi-
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