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Abstract

In this article, we propose a composition projection algorithm for solving feasibility problem in Hilbert space.
The convergence of the proposed algorithm are established by using gap vector which does not involve the
nonempty intersection assumption. Moreover, we provide the sufficient and necessary condition for the
convergence of the proposed method. As an application, we investigate the split feasibility equilibrium
problem. (©2016 All rights reserved.
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1. Introduction and Preliminaries

Throughout this paper, we assume that X is a real Hilbert space with inner product (-,-) and norm || - ||,
and that A and B are two nonempty closed and convex subsets of X.
The distance between the subsets A, B of X by

d(A,B) :=inf{||jw —1|| : w € A,] € B}.
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If B is empty, we set inf,c4 d(z, B) = +00.
Let x € X. The metric projection of x onto a nonempty closed and convex subset B is defined by
Pp(z) = argmin,c gy — .

It is well-known that Pp is single-valued and nonexpansive. For z € X, the metric projection Pp(x) is
characterized by
Kolmogorov’s criterion :

Pg(z) € B and (y — Pg(x),z — Pg(z)) <0 for all y € B. (1.1)
We are interested in the following feasibility problem (shortly, (FP)):

Findz € A()|B. (1.2)

It is worth noting that many authors studied the common element for variational inequalities, equilibrium
problem, maximal monotone operators and fixed points of nonlinear operators which can be considered as
special cases of the problem (FP) (see, [2, B, 11} 13| 14} 15, [I7]). In many practical problems, the set A B
is empty. A natural question arises: whether there exists a good substitute for A () B when it is empty?

Bauschke and Borwein[l] introduced two good generalization of A () B:

E:={a€A:d(a,B)=d(A,B)}, F:={be B:d(bA)=d(B,A)}. (1.3)
Particularly, if A(\B # (), then E = F = A B.
For the reader’s convenience, we recall the following well-known definitions and results.

Definition 1.1. Let a mapping 7' : X =% X with graph grT = {(z,u) € X x X 1w € T(x)}. T is said to
be:

(i) monotone if (x —y,& — ¢) > 0 for all (z,§), (y,¢) € grT;
(ii) mazimal monotone if T' is monotone and no proper enlargement of gr7" is monotone.

We also denote the set of fized points of T by Fix(T) = {x € X : x € T(x)}, and the resolvent of T is
defined as Jp := (I +T)" 1.

Definition 1.2 ([I, 18]). Let v € X. v is said to be a gap vector from A to B if, v = P5—(0).

It is easy to see that if v is a gap vector from A to B, then —v is also a gap vector from B to A, and
—v = P;—75(0).
Fact 1.3 ([1]). Let v be a gap vector from A to B, and E, F be defined by and (L.3). Then
(i) |lv|| =d(A,B), E+4v=F;
(ii) E = Fir(PaP) = A(\(B —v), F = Fiz(PgPs)=B((A+v);
(ili) Ppe=Ppre=e+v (e€E), Paf=Prpf=f—-v (f€eF).

For more information on the gap vector see, for instance, [I}, (18] and the references therein.

Definition 1.4 ([16]). Let h : X — (—o0, +0o0] be a proper convex function. The subdifferential of h at z
is defined by
Oh(z):={( e X :h(z+71)>h(z)+(&,T1), VreX}

Definition 1.5 ([4, [16]). Let Q be a subset of X. The dual cone of € is
Q" ={eX:{&x)>0, VxeQ},
the polar cone of €2 is 2° = —Q*, the tangent cone of ) at z is

| cone(Q—ux), if xeq,
Ta(w) := { 0, otherwise.
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Fact 1.6 ([16,[18]). Let Q C X and h: X — (—o00,+00] be a proper convex function. Then

(i) the subdifferential operator Oh : X =% X is maximal monotone;
(ii) the proximal mapping of h, denoted by Proxy, has a full domain and Proxy := Jap,.

Particularly, if h = 1, then Prox,, = Po and 0uq = Nq, where Nq is the normal cone operator, and ¢
is the indicator function of {2 defined by

[ {fe X (&y—x) <0, VyeQ},ifz e,
Na(z) = { 0, otherwise,

and

(z) = 0, ifzx e,
tald) = +00, otherwise.

Fact 1.7 ([4,[16]). Let Q be a nonempty convex subset of X and let x € Q). Then the following hold:

(i) No(z) = Tg(x) = —Tg(x) and Ng(x) = —Ng(z) = Ta(x);
(ii) TQ(ZB) =X NQ(ﬁB) = {O}

We now explore some properties of the gap vector.

Lemma 1.8. Leta € A and b € B and v =a — b. Then the following statements are equivalent:
(i) v is a gap vector from B to A;
(ii) @ = Pa(b) and b = Pg(a);

) v € Ng(b) and —v € Na(a);

)

)

(iii

(iv) v e TR(b) N Ti(a);
(v) (@,b) is a solution of the following optimization problem:

I(nibf)l [1/2lla = b]I* + tax5(a, b)), (1.4)

)

where Laxp s the indicator function of A x B.

Proof. (i)=-(ii): Suppose that v =a — b is a gap vector from B to A. By Definition we have

Then
(y—v,—v) <0, VyeA-—

That is, o
(y—(@—"2),b—a)<0, VyeA—B. (1.5)

For any x € Aand z € B, x — z € A — B. It follows from (1.5 that

(t—z—(a—b),b—a)<0, VxecAzcB.

Moreover, one has B o
(x—a,b—ay<(z—bb—a), VreAzeB. (1.6)
Take z = b and = = a in (1.6, respectively, we have
(x—a,b—a) <0, VreA

and B B
—ba—0b) <0, VzeB.

{

I
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Therefore, from (I.1)), we derive that @ = P4(b) and b = Pg(a).
(ii)=-(iii): Note that

[azh Lozt Lol N0
b= Pg(a), b= (I+Ngp)Ya), be (I+ Na)(a),
{ CL—BENB(B), { UENB(b),
b—ae€ Ng(a), —v € Ny(a)

(iv)<(iii): It directly follows from Fact )
(v)&(iii): Let f(a,b) = 1/2||la — b||> + taxp(a,b) for all (a,b) € X x X. It is well-known that (a,b) is a
solution of the problem (1.4)) if and only if (0,0) € 9f(a,b). Note that
0f(@,b) = (@ —b+0ua(a),b—a-+oug(b)) = (@a—b+ Na(a),b—a+ Ng(b)).

Then

0ca—b+ Na(a), { —v € Ng)()a),
v € Ng(b).

(0,0) € 9f(a,b) < { 0€b—a+ Np(b),

(iii)=-(i): Suppose that v € Ng(b) and —v € N4(a). Then

(v,z—=0b) <0, (—v,x—a) <0, Vre A, z€B.

Moreover, we obtain that
(x—2z—-v,0—v) <0, Vxe A,z€ B.

Hence, we get
(w—v,0—v) <0, Vwe A— B. (1.7)

Claim. v = P;—5(0). Suppose to the contrary that there exists y € A — B such that
(y —v,0 —v) > 0. (1.8)
Then there exists a sequence y, € A — B such that y, — y. By , we have
(yn —v,0 —v) <0.
Taking the limit in the above inequality, one has

(y —v,0—v) = lim (y, —v,0 —v) <0,

n—oo

which contradicts (1.8). This completes the proof. O
Lemma 1.9. Let a € A and b € B. Then
a = P4(b),b= Pg(a) & a = PsPp(a),b= PgPa(b).

Proof. The necessity is obvious. We only need to prove the sufficiency. Assume that a = P,yPg(a) and
b= PpPa(b). Then B
a = PAPB((_I) = PAPBPA(&) = PA(b)

and

b= PBPA(b) = PBPAPB(b) = PB(EL).
Consequently, @ = P4(b),b = Pg(a). This completes the proof. O

Fact 1.10 ([4,9]). Let Q be a nonempty closed and convex subset of X, let T : Q@ — X be nonexpansive, let
(Tn)nen be a sequence in Q, and x € X. Suppose that x, — = and that x,, — T(x,,) — 0. Then x € Fiz(T).
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2. Main results

In this section, we propose a composition projection algorithm for solving feasibility problem in Hilbert
space. The asymptotic behaviors of the proposed algorithm are established by using gap vector which
does not involve the nonempty intersection assumption. Moreover, we provide the sufficient and necessary
condition for the convergence of the proposed algorithm.

Theorem 2.1. Let A, B be two nonempty closed convex subsets of a Hilbert space X, and let the sequence
() be generated by the following algorithm:

x1 € X arbitrarily,

Yn = PAPB(xn)7 (2 1)
Cnp1={z2€Cn:llz —uynll < [lz — aall}, '
Tn+1 = PCn_Hxlu vn > ]—7

where C1 = X. Assume that there exist a € A and b € B such that d(A, B) = ||a — b||. Then the following
statements hold:

(i) the sequence (x,) generated by Algorithm (2.1)) strongly converges to the point p, where p = Pg(x1)
and E = Fix(PsPg);
(ii) p— Pp(p) = P1=5(0);
(1) Tt 70 — P ()| = 00 1 — Pl = o — Po(p)]l = d(A, B);
(iv) p— Pp(p) € Np(Ps(p)) and Pp(p) —p € Na(p).

Proof. (i) We proceed in several steps.

Step 1. E = Fix(P4Pp) is nonempty closed and convex.

To this aim, we divide it into two cases:

(al) Let AN B # (). Since A and B are two nonempty closed convex subsets of a Hilbert space X, from
Fact [1.3] (ii), E = Fix(PaPp) = AN B # (.

(b1) Let AN B = (). Since there exist a € A and b € B such that d(A, B) = |la — bl|, then b — a is a gap
vector from A to B. Moreover, we conclude that d(A, B) = |ja — b|| > 0 and

E = TFix(P4Pg) = AN (B —v) # 0,

where v = Pz—(0) = b — a and ||v|| = d(A4, B).
Combining (al) and (b1l) yield that E = Fix(P4Pg) # 0. Since P4 and Pp are nonexpansive, for any
z,y € X,
|PaPp(x) — PaPp(y)||l < |Pp(z) — Pe(y)| < [z -yl

This means that P4 Pp is also nonexpansive on X. Thus, F = Fix(P4Pp) is closed and convex.
Step 2. E C C, for all n > 1.
For any given u € F = Fix(P4Pp), we have

lu =1l = [[PaPp(u) — PaPp(21)|| < |lu — z1]|.
So, E = Fix(P4Pp) C C}. Moreover, one has
|u—=ynl = [[PaPs(u) — PaPp(zy)|| < [lu— =y, VneN,

that is, ¥ C Cp41 for all n > 1. Therefore, £ C C,, for all n > 1.

Step 3. (xy,) is well defined.
From Steps 1, 2 and Algorithm ({2.1)), it is easy to see that C,, is nonempty closed and convex for all
n > 1. Consequently, (x,) is well defined.
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Step 4. The sequence (x,,) is bounded and lim,,_« ||z, — 21]| exists.
Note that x, 11 = Pc,,, 71 € Cpy1 € Cy. For 2, = Po,x1(n > 1), one has

[2n — 21| < [lzntr — z1]l. (22)
For any given u € E, from Step 2, u € C), for all n > 1. It follows from z,, = Pc,x; that
(U — Xp, 21 — xp) < 0.
Note that
lu— Pe, 1| + | Pe,a1 — 21l* = lu — 2| + g — 21l* = [lu— 1)) + 2(u — @n, 21 — @n) < [lu— a1,

ie.,
lu = @nll? + |z — 21]|* < lu— 21|

Therefore, one has
[#n]l = [lz1]l < flon — 21| < [Ju— 24]]

and so, ||z,|| < ||lu—21]| + [|z1]]. These show that the sequences (z,,) and (x,, — x1) are bounded. It follows
from (2.2)) that lim, 0 ||z, — 21]| exists.

Step 5. The sequence (x,,) is a Cauchy sequence.
For any positive integer numbers m,n and m > n, one has x,, € Cy, C C),. Again from z,, = P¢, z1, we
have
(T, — Ty k1 — ) < 0. (2.3)

Taking into account ||zm, — zn||* + ||z — 21|% = |l2m — 21]|* + 2(zp — Tn, 21 — p), from (2.3)), we have
lm = zall® + llzn — 21]® < 2w — 21
Then
|z — zal® < llzm — 210 = 20 — 21]* = (l2m — 21l + lzn — 1D (J2m — 21] = l|lzn — z1]))-

Therefore, (z,) is a Cauchy sequence and so, ||z,+1 — x| — 0 as n — oco. Without loss of generality, let
T, > p € X.

Step 6. p € E = Fix(P4Pp).

Since xp11 = Pe, .71, Tnt1 € Cpy1. By the definition of C, 41, one has

[Zn+1 = Ynll < lZnt1 = 2nl. (2.4)

It follows from (2.4) and ||zp4+1 — zn|| = 0 as n — oo that ||xp+1 — yn|| — 0 as n — co. Noticing that

[0 = ynll < llzn = Zppall + 121 = ynll-

We have that ||z, — yn|| — 0 as n — oo. Consequently, y, — p and x,, — PAPpz, — 0 as n — oco. By the
nonexpansiveness of P4Pp and Corollary 4.18 (J4],p64), we conclude that p € Fix(P4Pg) = E.

Last step . p = Ppxy.
Without loss of generality, let ¢ = Ppx; = PFiX( PaPy)L1- Then ¢ € E C C, for all n > 1. Since
Tnt1 = Po, 21, [|[2ng1 — 21| < ||z — 24|| for all z € Cpq1. From this and E C Cy,41, we have

[2n41 = 1]l < llg = 2]. (2.5)

In view of z,,41 — p € E. Take n — oo in (2.5)), one has ||p—z1|| < |/¢ —x1]||. This, together with ¢ = Pgz1,
shows that p = ¢ = Pgx;.
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(ii) Let us prove that p — Pg(p) = Pr—5(0).
Indeed, since p € E = Fix(P4Pg), p = PaPp(p). Therefore, by Fact and Lemma we have

v =p— Pp(p) = P;—5(0). (2.6)
(iii) Let us prove that
lim ||z, — Pp(zs)| = lm |y, — Pp(xn)|| = [lp — Pp(p)|| = d(4, B).
n—oo n—oo
Since x,,y, — p and from the continuity of Pp, one has
lim |z, — Pg(xn)|| = lim |lyn — Pp(zy)|l = lp — Pe(p)l|-
n—oo n—oo
It follows from (2.6)) that p — Pg(p) is a gap vector from B to A. This, together with Facts shows that
loll = llp = Pa(p)|| = d(A, B).
As a consequence, we derive that

litn — Po(ea)ll = T lyn — Pa(an)l| = Ip — Po(p)| = d(A, B).

lim
n— o0
(iv) It follows from (2.6) and Lemma[L.8 that

p— Pp(p) € Ng(Ps(p)), Pp(p) —p € Nalp).

This completes the proof. O
The next corollary shows the Algorithm ([2.1)) to solve a convex feasibility problem.

Corollary 2.2. Let A, B be two nonempty closed convex subsets of a Hilbert space X such that AN B # ).
Then the sequence (x,,) generated by Algorithm (2.1)) strongly converges to some point p of AN B, moreover,
p = Panp(71).

Particularly, if A and B are two closed affine subspaces of X, we have the following result.

Corollary 2.3. Let A, B be two closed affine subspaces of a Hilbert space X. Then the sequence (xy)
generated by Algorithm (2.1) strongly converges to some point p of AN B, moreover, p = Panp(x1).

If AN B =, then we can find the distance between A and B from Algorithm ([2.1]).

Corollary 2.4. Let A, B be two nonempty closed convex subsets of a Hilbert space X such that ANB = (),
and let the sequences (x,,) and (y,) be generated by Algorithm (2.1). Assume that there exist a € A and
b € B such that d(A,B) = |la —b||. Then

(i) d(A, B) = limp 00 [[2n — Pp(2n)]| = limn oo [lyn — Pp(zn)l| = [lp — Pe(p)| > 0;
(i) p — Pp(p) = P;—5(0), where p = PFiz(PAPB)(xl)'

Remark 2.5. (i) The assumption “there exist a € A and b € B such that d(A4, B) = |ja—b|| " is reasonable.
On the one hand, from the computational viewpoint, we, in general, can only obtain approximate
solutions (e-optimal solutions) of nonlinear and linear problems by using the algorithms proposed in
the literature, where € is the tolerance. So, we can view the assumption “there exist a € A and b € B
such that d(A, B) = ||a — b|| " as the terminative condition or the tolerance ¢ = d(A, B) = ||a — b]| of
Algorithm in the numerical experimentation. On the other hand, if A(\B = ), and A or B is
bounded, we know that the assumption “there exist a € A and b € B such that d(A,B) = |la —b| "
holds.
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(ii) The assumption "there exist a € A and b € B such that d(A, B) = |la — b|| ” is essential in Theorem

2.1 and Corollary [2.4

Example 2.6. Let A = {(z,y) € R? : y <0} and Y(x) = €* for all x € (—o00,+00). Then the graph of T,
denoted by B, B = {(z,y) € R?: €* < y} is a nonempty closed and convex subset of R2. It is easy to check
that A B = ). But there does not exist a € A and b € B such that d(A, B) = |la — b|| ”. Indeed, since the
distance d(A4, B) = 0 and E = Fix(P4Pg) = 0.

Remark 2.7. Theorem and Corollaries and develop and improve Corollaries 5.23, 5.25 and 5.28
of (Bauschke and Combettes [4], pages 84-85) in the following aspects:

(i) Theorem[2.1]and Corollaries[2.2]and [2.3|do not involve the assumptions Fix(PaPg) # 0 and A B # 0;
(ii) The sequence (x,) generated by Algorithm can be guaranteed the strong convergence under the
assumptions of Theorem [2.1] and Corollaries [2.2] and
(iii) Compared with the Algorithms 6.1 and 6.2 of Kassay, Reich and Sabach [13] and Algorithm 6.1 of
Sabach [17], the step Qni1 = {2z € A(\B: (x1 — Tpt1,2 — Tpt+1) < 0} is removed.

In the proof of Theorem [2.I] we observe that
Ja € A,b € B such that d(A, B) = ||a — b|| = Fix(PaPp) # 0. (2.7)

Naturally, a question arises: whether the converse of (2.7)) is true?

The next proposition presents some sufficient and necessary conditions for Fix(P4Pg) # () as well as
Fix(PsPg) = 0.

Proposition 2.8. (i) 3a€ A,be B such that d(A,B) = ||a —b|| & Fiz(PaPp) # 0;
(ii) for any a € A,b € B such that d(A, B) < |la —b|| & Fiz(P4Pg) = 0.

Proof. (i) By the proof of Theorem [2.1) we only need prove the sufficiency of (i).
Suppose that Fix(P4Pp) # . We divide into two cases:

(a) If A B # 0, then (i) holds;

(b) If ANB = 0. Since Fix(PaPp) # 0, for f* € Fix(PaPp), one has f* = PsPp(f*) € A and
Pp(f*) = PePa(Pp(f*)) € B. By Lemmas and f*— Pp(f*) is a gap vector from B to A,
that is, f* — Pp(f*) = Py—5(0). This shows that || f* — Pp(f*)|| = d(A, B), as required.

(ii) It directly follows from (i). This completes the proof. O

We now propose another question: what will happen of Algorithm ({2.1)) when Fix(P4sPg) = (7

Theorem 2.9. Let A and B be two nonempty closed and convexr subsets of a Hilbert space X such that
E = Fiz(PsPg) = 0. Assume that the sequence (xy,) is generated by Algorithm (2.1)). Then exactly one of
the following alternatives holds:

(i) ||znl] = +o0 as n — oo whenever Cy, # O for alln > 1;
(i1) Algorithm (2.1) stops at finite iteration n > 1 whenever Cy,, =0 for some n > 1.

Proof. We only need to prove that (i) holds. Suppose that |x,| 4 +o0o as n — oo. That is, for some
M > 0, there exists a subsequence (xy, )72, of (x,) such that ||x,,| < M. In other word, the subsequence
(Zn, )32 is bounded. Then zpn, — v € X (here we may take a subsequence (zn,, ) of (zn,) if necessary).
Since C), is closed and convex for all n > 1, v € (5, Cp,. Take into account C,, 1 C C,, for all n > 1, one
has (51 Cn = g>1 Cny- Moreover, v € (1,5, Cp #£ (). Without loss of generality, let Nk41) = 7k + 1. In

view of Trgpr) = P x1 € Cp - C’nk.ilt follows from z,, = Pcnk x1 that

(k+1) (k+1)

[, — 21 < [lo =21l (2.8)
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and

[2n, — 1]l < [#ngs) — 21l (2.9)
Both (2.8) and (2.9) imply that limy_,ec [|#n, — 21]| exists. Again, from ., € Cy, and z,, = Pc, 21,
one has

<xn(k+1) - xnkaxl - xnk> S 0. (210)

Owing to Hxn(k+1) — Ty [|* + (|20, — 21| = ||$”(k+1> — a1 + 2<x”(

(2.10f), shows that

pe1) — T T1— Zn,). This, together with

gy = Tnil® + l2n, = 21]® < Ml2ng,, — 21l
Furthermore, one has
[ngsry = Tl < NEngy — 21ll® = lln, — 2.
This implies that
Hxn(kﬂ) — Zp, || =0, k— oo.
Since Tngyq € C’n(k+1> C Oy, 41, by the definition of C},, 11, we have
1Zngey1y = Ynill < N Tngeyry — Tngll-
Moreover, one has
Hl‘n(kﬂ) — Yn,ll =0, k— 0.
In the light of ||zn, — yn, [l < |20, — Tn ey | + | Zngyyy — Yni ll, we conclude that
|Zn, — Ynll = 0, k — oo.

Consequently, one has
i (2, — gl = Jim [[za, — PaPs(en,)]| = 0.
By Fact we derived that v = P4Pg(v) and so,
v € Fix(P4Pg) # 0,
which contradicts E = Fix(P4Pg) = (). This completes the proof. O

3. An application to split feasibility equilibrium problem

Let C' and D be nonempty closed and convex subsets of finite Euclidean spaces X and Y, respectively,
and let T : X — Y be a bounded linear operator, g : C x C' — R and h: D x D — R be two functions.
We consider the following split feasibility equilibrium problems (shortly, (SFEP)):
Find z* € C such that
g(@*,z) =0 (3.1)
for all x € C', and y* = T'x* is a solution of the following equilibrium problem:
Find y* € D such that
h(y*,y) >0 (3.2)
for all y € D.
Denote the solutions set of (SFEP) by S. If we set S1 = {z € C : g(z,2) > 0, Vz € C} and Sz = {x €
C:y=Tx e D, h(y,v) >0, Yv € D}, then (SFEP) is equivalent to the following feasibility problem:

Find 2z € S () S2. (3.3)

The characterizations of solution set of various equilibrium problem had been studied by many authors
(see, [B [6], [7, 8L 10, 12]). Here we assume that S; and Sy are nonempty, closed and convex with Sy () .Sy # 0.

Lemma 3.1. Let A := Sy and B := Sy in Theorem 2.1 Assume that the sequence (xy,) is generated by
Algorithm (2.1). Then the sequence () generated by Algorithm (2.1) converges to a solution of S.

Proof. It directly follows from Theorem (i). This completes the proof. O
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