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Abstract

In this paper we establish new Hermite-Hadamard type inequalities involving fractional integrals with
respect to another function. Such fractional integrals generalize the Riemann-Liouville fractional integrals
and the Hadamard fractional integrals. (©2016 All rights reserved.
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1. Introduction

One of the most known inequalities for convex functions is the Hermite-Hadamard inequality [13]. It
states that if f: I — R is a convex function, where [ is an interval of real numbers and a,b € I with a < b,

then f<a~2+b)§bia/bf(x)dx§f(“);f(b).

Many generalizations and extensions of the Hermite-Hadamard inequality exist in the literatures; see
[1]-[12], [14, [15], [18]-[23] and references therein. Recently, several Hermite-Hadamard type inequalities were
obtained for various classes of functions using fractional integrals; see [3, [5] [6], (T4, [15] 22, 23] and references
therein.
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Our aim in this paper is to establish new Hermite-Hadamard inequalities for convex functions involving
fractional integrals with respect to another function. The obtained results generalize some existing results
from the literature including those obtained in [23].

At first, let us recall some definitions and mathematical preliminaries that will be used through this
paper.

Let f : [a,b] — R be a given function, where 0 < a < b < 0.

Definition 1.1 ([I6]). The left-sided Riemann-Liouville fractional integral J&_ of order a > 0 of f is defined

by
70 f(z) = P(la)/ (x =) f(r)dr, =>a, (1.1)

provided that the integral exists. The right-sided Riemann-Liouville fractional integral J;* of order av > 0

of f is defined by

b
JE f(z) = P(la) / (r—2)* Lf(r)dr, = <b (1.2)

provided that the integral exists.
Definition 1.2 ([17, 16]). The left-sided Hadamard fractional integral J%, of order a > 0 of f is defined by

o _ 1 * AN f(T)

Ja+f(ﬂf) = w/a (ln ;) T dT, x> a, (13)
provided that the integral exists. The right-sided Hadamard fractional integral Jj of order a > 0 of f is
defined by

1P et f(7)
IO fz) = —— (1 f) dr, b, 1.4
o= f(x) F(a)/l, n— —dr, z< (1.4)

provided that the integral exists.

Definition 1.3 ([16]). Let g : [a,b] — R be an increasing and positive monotone function on (a, b}, having
a continuous derivative ¢'(x) on (a,b). The left-sided fractional integral of f with respect to the function g
on [a,b] of order & > 0 is defined by

N R T .
@) = 1y | gt e (L5)

provided that the integral exists. The right-sided fractional integral of f with respect to the function g on
[a,b] of order o > 0 is defined by

o 1 ()
I flz) = )/r o _dt, x<b, (1.6)

b9
provided that the integral exists.

Observe that for g(z) = x, the fractional integral reduces to the left-sided Riemann-Liouville frac-
tional integral , and the fractional integral reduces to the right-sided Riemann-Liouville fractional
integral . However, for g(z) = Inz, the fractional integral reduces to the left-sided Hadamard
fractional integral , and the fractional integral reduces to the right-sided Hadamard fractional
integral .

Using the change of variable
T—a

S = s
Tr—a

we have

_ (x —a) /1 g (sx+ (1 —s)a)f(sz+ (1 —s)a) s
0

[9(z) — g(sz + (1 — s)a)]1—2 x> a. (1.7)



M. Jleli, B. Samet, J. Nonlinear Sci. Appl. 9 (2016), 12521260 1254

Using the change of variable

5=
we have
oy o) [yt (et (s
0@ = Ty | e e gt # < (18

2. Main results

Let f: I 3Rbea given function, where a,b € T and 0 < a <b< co. We suppose that f € L*(a,b) in
such a way that I%, f () and I, b (x) are well defined. We define the functions

flx)=fla+b—2x), z¢€]la,b

and
F(x) = f(x)+ f(z), x€]la,b].

We have the following result.

Theorem 2.1. Let o > 0. If f is a convex function on [a,b], then

a+b D(a+1) N N f(a) + £(b)
H("57) = s (1 r @ 4 13y r@) < L0270 (2.1)

Proof. For s € [0,1], let u =as+ (1 — s)b and v = (1 — s)a + bs. The convexity of f yields

(7)) =1 (5Y) < 3w+ 3500

that is,

f <“ . b) < %f(as F(1—s)h)+ %f((l — )+ bs). (2.2)

Multiplying both sides of (2.2) by

(b—a) g (sb+ (1 —s)a)
I'(a) [g(b) —g(sb+ (1= s)a)]'~

and integrating over (0, 1) with respect to s, we get

(b—a), (a+b\ [! g'(sb+ (1 = s)a)
o) * < 2 >/0 900 —g(sb+ (1 —s)ja)e ©
1

< 1(b—a) g (sb+ (1 —s)a)f(as+ (1 —s)b)
"2 T(a) Jo o [9(b) —g(sb+ (1 —s)a)]'~*

ds

Lb—a) [tg(sb+(1—s)a)f((1=s)a+bs)
T2 T /o [9(b) — g(sb+ (1 — s)a)] = ds.
Using , we get
1 g (sb+ (1 —s)a) B 1 -
/0 [g(b) — g(sb+ (1 — s)a)]t~ ds = alb—a) [9(b) — g(a)]?,

(b—a) [1g(sb+ (1—3s)a)f((1—s)a+bs)
() Jo o lg(b) = g(sb+ (1= s)a)]'—

ds = 3+;gf(b)7
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(b—a) /1 g (sb+ (1 —s)a)f(as+ (1 — s)b) ds — ]ng;gf(b).
0

[9(b) — g(sb+ (1 — s)a)]1—2

As consequence, we have

[g(b) - g(a)]a a+b I(?*’;QF(b)
Tla+1) f( 2 )S R (2:3)
Similarly, multiplying both sides of by
(b—a) g9'(sb+ (1 —s)a)
I(a) [g(sb+ (1 —s)a) —g(a)]'~’
and integrating over (0, 1) with respect to s, we get
(b—a),[a+b ! g (sb+ (1 —s)a) .
o (50) [ Gert 0w st
1(b—a) ['g'(sb+(1—s)a)f(as+ (1 - S)b) .
<3y A T e g
1(b—a) /1 g'(sb+ (1 —s)a)f((1 —s)a+ bs) ds
2 T'(@) Jo  [9(sb+(1—s)a)—g(a)'~ '
Using ([L.8), we get
L g (sb+ (1 — s)a) 1 o
|, G (=)= g = a9~ 90"
(b—a) [1g'(sb+(1—s)a) ((1—8)a+ s) o
Fo) o e T e) g % = Bl )
o) [t (o () o
Fo) o e (1 g % a0
As consequence, we have @
[9() —g(a)]* , (a+ b\ _ Ly F'la
F(a+1) f( 2 ) — 2 ' (2.4)
By adding the above inequalities ([2.3)) and (| ., we get
a+b F(Oé + 1) a «
/ ( 2 > < T5) g aral 0+ Iy F@).
and the first inequality is proved.
Since f is convex, for every s € [0, 1], we have
flas+ (1= s)b) + f((1 — s)a+bs) < f(a) + f(b). (2.5)
Multiplying both sides of by
(b—a) g (sb+ (1 —s)a)
I(a) [9(b) — g(sb+ (1 —s)a)]t=>
and integrating over (0,1) with respect to s, we get
(b—a) [tg'(sb+ (1—s)a)f(as+ (1 —s)b) (b—a) [*g'(sb+(1—s)a)f((1— s)a+ bs) .
fo " st T Ty = gt =g

b-a) [' gsbt(1-9))
< U+ 100 557 || Gy gt G s
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which yields
o by < WO =IO 4oy pay). 26)
Similarly, multiplying both sides of by
(b—a) g'(sb+ (1 — s)a)
I'(a) [g(sb+ (1= s)a) —g(a)]'~=

and integrating over (0, 1) with respect to s, we get

(b—a)/19’(sb—|—(1—S)a)f(as+(1—s) - /19 (sb+ (1 —3s)a )f((l—s)cH—bs)dS
L(e) Jo  [g(sb+ (1= s)a) —g(a)]! (a 0 (sb+ (1 —s)a) — g(a)]'
(b—a) [ g'(sb+ (1 = s)a)
S U@+ 50) 555 || G e g
which yields
Ib%;gﬂa) < IO (1o + 50 1)
By adding the above inequalities (2.6 and ., we get
[+ 1) o o fla) + f(b)
) gla (o O+ Iy @) < T2,
and the second inequality is proved. O

Take g(z) = = in (2.1]), we obtain the following result proved in [23].

Corollary 2.2. Let a > 0. If f is a convez function on [a,b], then

("57) = g Uz g+ 5 fla < HOTIE,

Take g(x) = Inz in (2.1]), we obtain the following result involving the Hadamard fractional integral.

Corollary 2.3. Let a > 0. If f is a convez function on [a,b], then

a+b F(Oé+1) @ o f(a)+f(b)

For > 0, let 24 4 : [0,1] — R be the function defined by

Bayg(t) =[g(ta+ (1 —1)b) — g(a)]* = [g(bt + (1 — t)a) — g(a)]*
+[9(b) = g(bt + (1 = t)a)]* = [g(b) — g(ta+ (1 —)b)]".

Before stating and proving our next result, we need the following lemma.

Lemma 2.4. Let « > 0. If f € CY(I), then

f@)+ ) T+l (o, T U B RO R
s i — gt (PO I F@) = it [ a0 Gt (-0 at. 25)
Proof. Using an integration by parts, we obtain
—agla)l™ —a 1
ot F(0) = MF(Q) + F((bonri)/O [g(b) — g(bs + (1 — 8)a)]*F'(bs + (1 — s)a) ds. (2.9)

Similarly, we have



M. Jleli, B. Samet, J. Nonlinear Sci. Appl. 9 (2016), 12521260 1257

l9(b) — g(a)]
IMNa+1)

Using (2.9) and ([2.10)), we obtain

dlgd) —g(@)]® (fla)+ f(b)  Tla+1) o p
(b—a) ( 2 Tg(0) = glaye Lo (0) + I )]> (2.11)

1
= /0 ([g(bs + (1 = s)a) — g(a)]* = [g(b) — g(bs + (1 = s)a)]”) F'(bs + (1 — s)a) ds.

(b—a)

fimsg ) = T(a+1)

F(b) -

1
/0 [g(bs + (1 — s)a) — g(a)]*F'(bs + (1 — s)a) ds. (2.10)

On the other hand, we have
F'(bs + (1 —s)a) = f'(bs+ (1 — s)a) — f'(sa+ (1 — s)b), s€0,1].

Then, we obtain
1
/O [9(bs + (1 — 8)a) — g(a)]*F(bs + (1 — s)a) ds (2.12)
1
:/0 lg(ta+ (1— 8)b) — g(a)]*f'(ta + (1 — )b) dt

1
—/0 (bt + (1 — £)a) — g(@)]* f'(ta + (1 — )b) dt

and
/0 [9(B) — g(bs + (1 — $)a)]*F'(bs + (1 — 5)a) ds (2.13)
:/O 9(B) — glta+ (1 — OB F (ta + (1 — £)b) dt

—/0 9(b) — gth + (1 — )a)]*f'(ta + (1 — £)b) dt.

Finally, (2.8) follows form (2.11)), (2.12)) and (2.13).

For a > 0, we introduce the following operator

a+b b

Lo = [T o= ullg) - gt [ o= ullgw) - gl du, 2.y € fa.b]

=
We have the following result.

Theorem 2.5. Let o > 0. If f € CY(I) and |f'| is convex on [a,b], then

‘f(a) +/0)  Tlet+1)
2

I (a,b)
1g(b) — g(a))o :

= 1g(0) — g(@)](b—a) (IF' @]+ ®)), (2.14)

[I((;JF;QF(b) + Il?*;gF(a)]

where
I;‘(a, b) = E;‘(b, b) + E;‘(a, b) — E;‘(b, a) — L;"(a, a).

Proof. Using Lemma, and the convexity of |f’|, we obtain

‘f(a) +f0)  T(a+1)
2 4[g(b) — g(a)]*

1 F(b) + I}, F(a)]
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B O N .
< Ty el Jp [ZealON o+ 1
(b_a) / ! = / ! A=
< o) = gl (If(a)l/0 t|~a,g(t)|dt+|f(b)|/0 (1 t)|ua7g(t)|dt>. (2.15)

On the other hand,
1 _ 1 b
| et = =z [ letulo =) du,

p(u) = [g(u) — g(a)]* = [g(b+a —u) — g(a)]* + [g(b) — g(a+b—u)]* = [g(b) — g(u)]*, wu € [a,b].

Observe that ¢ is a non-decreasing function on [a, b]. Moreover, we have

p(a) = —2[g(b) — g(a)]* <0

and

As consequence, we have

Hence, we obtain

1
(b— a)2/ U, () dt = I + o + I + I,
0

where
n-/ = - wlat) - glu)® du - /a;aa —w)lg(s) — g(w)]* du,
h=- = - wlat) — gl du + /b 90) — g(@)]*(6 — u),
- Flotbt ) (@ - /b l9(b+a—w) — g(@)* (b — u) du,
Ii=— /aa;b[g(b) —gatb—u)*(b— u) du + /ib [9(5) — gla+b — w)]*(b— u) du.

Observe that
I = L§(b,b) and Iy =—Lg(ba).

On the other hand, using the change of variable v = a + b — u, we get
Iy =—Lg(a,a) and Iy = L{(a,b).
Thus, we obtain

! a(b,b) + £2(a,b) — £2(b, a) — £2(a, a
/0t|5a,g(t)|dt:£9( )Ll (b)_a)g( ) = £g(@a), (2.16)

Similarly, we obtain

/01(1 By (0)]df = L£5(b,b) + E;‘(a,(bb)_—f)g(b, a) — Ly (a, a). (2.17)

Finally, the desired result follows from (2.15)), (2.16)) and (2.17]). O]
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Take g(z) = z in , we obtain the following result proved in [23].

Corollary 2.6. Let o > 0. If f € Cl(f) and | f'| is convex on [a,b], then

fla)+f(b) _Tla+1)
2 2(b—a)~

(b—a)
= 2at1)

[Ja+ f(0) + Jg- f(a)]

(1 5) @ + o)L

Take g(x) = Inx in (2.14]), we obtain the following result.

Corollary 2.7. Let a > 0. If f € CY(I) and |f'| is convex on [a,b], then

fla)+ f(b)  T(a+1) (@, b)

where

- I F () + I Fla))| <

2 i(mb)" (I (@) + 17 ®)).

4lg(b) — g(a)]*(b—a)

Il?l(a’v b) = ﬁl(b? b) + [’lorll(av b) - Eﬁl(ba CL) - ﬁﬁl](a7 CL)-
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