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Abstract

Recently, the non-linear Changhee differential equations were introduced by Kim and Kim [T. Kim, D.
S. Kim, Russ. J. Math. Phys., 23 (2016), 1–5] and these differential equations turned out to be very useful
for studying special polynomials and mathematical physics. Some interesting identities and properties
of Changhee polynomials can also be derived from umbral calculus (see [D. S. Kim, T. Kim, J. J. Seo,
Adv. Studies Theor. Phys., 7 (2013), 993–1003]). In this paper, we consider differential equations arising
from Changhee polynomials and derive some new and explicit formulae and identities from our differential
equations. c©2016 All rights reserved.
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1. Introduction

As is well known, the Euler polynomials are defined by the generating function

2

et + 1
ext =

∞∑
n=0

En(x)
tn

n!
, (see [1, 4, 10]). (1.1)
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With the viewpoint of deformed Euler polynomials, the Changhee polynomials are defined by the gen-
erating function

2

2 + t
(1 + t)x =

∞∑
n=0

Chn(x)
tn

n!
, (see [4]). (1.2)

From (1.2), we note that

2

elog(1+t) + 1
exlog(1+t) =

∞∑
n=0

En(x)
1

n!
(log(1 + t))n

=
∞∑
n=0

En(x)
∞∑

m=n

S1(m,n)
tm

m!

=
∞∑

m=0

(
m∑

n=0

En(x)S1(m,n)

)
tm

m!
,

(1.3)

where S1(m,n) is the Stirling number of the first kind which is defined as

(x)0 = 1, (x)n = x(x− 1) · · · (x− n + 1) =
n∑

l=0

S1(n, l)x
l, (n ≥ 1). (1.4)

From (1.2) and (1.3), we note that

Chm(x) =

m∑
n=0

En(x)S1(m,n), (m ≥ 0), (see [4, 12]). (1.5)

By replacing t by et − 1 in (1.2), we get

∞∑
n=0

En(x)
tn

n!
=

2

et + 1
ext =

∞∑
m=0

Chm(x)
1

m!
(et − 1)m

=
∞∑

m=0

Chm(x)
∞∑

n=m

S2(n,m)
tn

n!

=

∞∑
n=0

(
n∑

m=0

Chm(x)S2(n,m)

)
tn

n!
,

(1.6)

where S2(n,m) is the Stirling number of the second kind which is given by xn =
∑n

l=0 S2(n, l)(x)l, (n ≥ 0).
Thus, by (1.6), we get

En(x) =

n∑
m=0

Chm(x)S2(n,m), (n ≥ 0), (see [4]). (1.7)

Recently, several authors have studied Changhee polynomials and numbers (see [1, 2, 3, 4, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14, 15, 16, 17, 18, 19]). In this paper, we consider differential equations derived from the
generating function of Changhee polynomials and give some new and explicit formulae for the Changhee
polynomials by using our results on differential equations.

2. Differential equations for Changhee polynomials

Let

F = F (t, x) =
1

2 + t
(1 + t)x. (2.1)
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From (2.1), we can derive the following equations:

F (1) =
d

dt
F (t, x) = (−(2 + t)−1 + x(1 + t)−1)F, (2.2)

F (2) =
d

dt
F (1) = (2(2 + t)−2 − 2x(2 + t)−1(1 + t)−1 + (x2 − x)(1 + t)−2)F, (2.3)

and

F (3) =
d

dt
F (2) =(−6(2 + t)−3 + 6x(2 + t)−2(1 + t)−1

+ (3x− 3x2)(2 + t)−1(1 + t)−2 + (x3 − 3x2 + 2x)(1 + t)−3)F.
(2.4)

By continuing this process, we put

F (N) =

(
d

dt

)N

F (t, x) = (
N∑
i=0

ai(N, x)(1 + t)−i(2 + t)i−N )F, (2.5)

where N = 0, 1, 2, · · ·. From (2.5), we note that

F (N+1) =
d

dt
F (N) =

(
N∑
i=0

ai(N, x)(−i)(1 + t)−i−1(2 + t)i−N

)
F

+

(
N∑
i=0

ai(N, x)(1 + t)−i(i−N)(2 + t)i−N−1

)
F

+

(
N∑
i=0

ai(N, x)(1 + t)−i(2 + t)i−N

)
F (1)

=

{
N∑
i=0

(−i)ai(N, x)(1 + t)−i−1(2 + t)i−N

+

N∑
i=0

(i−N)ai(N, x)(1 + t)−i(2 + t)i−N−1

−
N∑
i=0

ai(N, x)(1 + t)−i(2 + t)i−N−1

+
N∑
i=0

xai(N, x)(1 + t)−i−1(2 + t)i−N

}
F

=

{
N+1∑
i=1

(1− i)ai−1(N, x)(1 + t)−i(2 + t)i−N−1

+

N∑
i=0

(i−N)ai(N, x)(1 + t)−i(2 + t)i−N−1

−
N∑
i=0

ai(N, x)(1 + t)−i(2 + t)i−N−1

+

N+1∑
i=1

xai−1(N, x)(1 + t)−i(2 + t)i−N−1

}
F.

(2.6)
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On the other hand, by replacing N by N + 1 in (2.5), we get

F (N+1) = {
N+1∑
i=0

ai(N + 1, x)(1 + t)−i(2 + t)i−N−1}F. (2.7)

By comparing the coefficients on both sides of (2.6) and (2.7), we have

a0(N + 1, x) = −(N + 1)a0(N, x), (2.8)

aN+1(N + 1, x) = (x−N)aN (N, x), (2.9)

and
ai(N + 1, x) = (x + 1− i)ai−1(N, x) + (i−N − 1)ai(N, x), (2.10)

where 1 ≤ i ≤ N.

We also note that
F = F (0) = a0(0, x)F. (2.11)

Thus, by (2.11), we get
a0(0, x) = 1. (2.12)

From (2.2) and (2.5), we can derive the following equation:

(−(2 + t)−1 + x(1 + t)−1)F = F (1) =

(
1∑

i=0

ai(1, x)(1 + t)−i(2 + t)i−1

)
F

=
(
a0(1, x)(2 + t)−1 + a1(1, x)(1 + t)−1

)
F.

(2.13)

By comparing the coefficients on both sides of (2.13), we get

a0(1, x) = −1, a1(1, x) = x. (2.14)

Also, by (2.8) and (2.9), we have

a0(N + 1, x) = −(N + 1)a0(N, x) = (−1)2(N + 1)Na0(N − 1, x) = · · ·
= (−1)N (N + 1)N · · · 2a0(1, x) = (−1)N+1(N + 1)!,

(2.15)

and

aN+1(N + 1, x) = (x−N)aN (N, x) = (x−N)(x− (N − 1))aN−1(N − 1, x)

= · · · = (x−N)(x− (N − 1)) · · · (x− 1)a1(1, x)

= (x−N)(x− (N − 1)) · · · (x− 1)x = (x)N+1.

(2.16)

From (2.10), we can derive the following equations:

a1(N + 1, x) = xa0(N, x)−Na1(N, x)

= x (a0(N, x)−Na0(N − 1, x)) + (−1)2N(N − 1)a1(N − 1, x)

= · · ·

= x

N−1∑
i=0

(−1)i(N)ia0(N − i, x) + (−1)NN !a1(1, x)

= x

N∑
i=0

(−1)i(N)ia0(N − i, x),

(2.17)
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a2(N + 1, x) = (x− 1)a1(N, x) + (1−N)a2(N, x)

= (x− 1) (a1(N, x) + (−1)(N − 1)a1(N − 1, x))

+ (−1)2(N − 1)(N − 2)a2(N − 1, x)

= · · ·

= (x− 1)
N−2∑
i=0

(−1)i(N − 1)ia1(N − i, x) + (−1)N−1(N − 1)!a2(2, x)

= (x− 1)

N−1∑
i=0

(−1)i(N − 1)ia1(N − i, x),

(2.18)

and

a3(N + 1, x) = (x− 2)a2(N, x) + (2−N)a3(N, x)

= (x− 2) (a2(N, x) + (−1)(N − 2)a2(N − 1, x))

+ (−1)2(N − 2)(N − 3)a3(N − 1, x)

= · · ·

= (x− 2)

N−3∑
i=0

(−1)i(N − 2)ia2(N − i, x) + (−1)N−2(N − 2)!a3(3, x)

= (x− 2)
N−2∑
i=0

(−1)i(N − 2)ia2(N − i, x).

(2.19)

By continuing this process, we have

aj(N + 1, x) = (x− j + 1)

N−j+1∑
i=0

(−1)i(N − j + 1)iaj−1(N − i, x), (1 ≤ j ≤ N). (2.20)

The matrix (ai(j, x))0≤i,j≤N is given by



0 1 2 . . . N

0 1 −1! (−1)22! . . . (−1)NN !
1 0 x . . . . . . ·
2 0 0 (x)2 . . . ·
...

...
...

...
. . .

...
N 0 0 0 . . . (x)n



Now, we give explicit expressions for ai(j, x). From (2.15), (2.17), (2.18), (2.19) and (2.20), we can derive
the following equations:

a1(N + 1, x) = x

N∑
i=0

(−1)i(N)ia0(N − i, x) = x(−1)N (N + 1)!, (2.21)

a2(N + 1, x) = (x− 1)
N−1∑
i1=0

(−1)i1(N − 1)i1a1(N − i1, x)

= (x)2(−1)N−1(N − 1)!
N−1∑
i1=0

(N − i1),

(2.22)
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a3(N + 1, x) = (x− 2)
N−2∑
i2=0

(−1)i2(N − 2)i2a2(N − i2, x)

= (x)3(−1)N−2(N − 2)!
N−2∑
i2=0

N−2−i2∑
i1=0

(N − i2 − i1 − 1),

(2.23)

and

a4(N + 1, x) = (x− 3)

N−3∑
i3=0

(−1)i3(N − 3)i3a3(N − i3, x)

= (x)4(−1)N−3(N − 3)!

N−3∑
i3=0

N−3−i3∑
i2=0

N−3−i3−i2∑
i1=0

(N − i3 − i2 − i1 − 2).

(2.24)

By continuing this process, we get

aj(N + 1, x) =(x)j(−1)N−j+1(N − j + 1)!

×
N−j+1∑
ij−1=0

N−j+1−ij−1∑
ij−2=0

· · ·
N−j+1−ij−1−···−i2∑

i1=0

(N − ij−1 · · · −i1 − j + 2),
(2.25)

where 1 ≤ j ≤ N + 1.

Therefore, by (2.25), we obtain the following theorem.

Theorem 2.1. For N = 0, 1, 2, · · ·, the linear differential equations

F (N) =

(
N∑
i=0

ai(N, x)(1 + t)−i(2 + t)i−N

)
F

has a solution F = F (t, x) = 1
2+t(1 + t)x, where

a0(N, x) = (−1)NN !,

aj(N, x) = (x)j(−1)N−j(N − j)!

×
N−j∑

ij−1=0

N−j−ij−1∑
ij−2=0

· · ·
N−j−ij−1−···−i2∑

i1=0

(N − ij−1 · · · −i1 − j + 1), (1 ≤ j ≤ N).

We recall that Changhee polynomials, Chn(x), (n ≥ 0), are given by the generating function

2F = 2F (t, x) =
2

2 + t
(1 + t)x =

∞∑
n=0

Chn(x)
tn

n!
. (2.26)

On the one hand, by (2.26), we get

2F (N) =

∞∑
k=N

Chk(x)(k)N
tk−N

k!
=

∞∑
k=0

ChN+k(x)
tk

k!
. (2.27)
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On the other hand, by Theorem 2.1, we have

2F (N) =

(
2

N∑
i=0

ai(N, x)(1 + t)−i(2 + t)i−N

)
F

=
N∑
i=0

2ai(N, x)

( ∞∑
l=0

(−1)l
(
i + l − 1

l

)
tl

)

×

( ∞∑
m=0

(−1)m2i−N−m
(
N + m− i− 1

m

)
tm

) ∞∑
p=0

Chp(x)
tp

p!


=

N∑
i=0

ai(N, x)

∞∑
k=0

∑
l+m+p=k

(−1)l+m2i−N−m+1

(
i + l − 1

l

)

×
(
N + m− i− 1

m

)
1

p!
Chp(x)tk

=

∞∑
k=0

k!

N∑
i=0

ai(N, x)
∑

l+m+p=k

(−1)l+m 2i−N−m+1

p!

(
l + i− 1

l

)
(
N + m− i− 1

m

)
Chp(x)

}
tk

k!
.

(2.28)

By comparing the coefficients on the both sides of (2.27) and (2.28), we obtain the following theorem.

Theorem 2.2. For k,N = 0, 1, 2, · · ·, we have

Chk+N (x) = k!
N∑
i=0

ai(N, x)
∑

l+m+p=k

(−1)l+m 2i−N−m+1

p!

(
l + i− 1

l

)

×
(
N + m− i− 1

m

)
Chp(x)

=
N∑
i=0

ai(N, x)
∑

l+m+p=k

(−1)l+m2i−N−m+1

×
(

k

l,m, p

)
(i + l − 1)l(N + m− i− 1)mChp(x),

where

a0(N, x) = (−1)NN !,

aj(N, x) = (x)j(−1)N−j(N − j)!

×
N−j∑

ij−1=0

N−j−ij−1∑
ij−2=0

· · ·
N−j−ij−1−···−i2∑

i1=0

(N − ij−1 − · · · − i1 − j + 1),

(1 ≤ j ≤ N).
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