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Abstract

In this paper, we prove some best proximity point theorems for multivalued mappings in the setting of
complete partially ordered metric spaces. As an application, we infer best proximity point and fixed point
results for single valued mappings in partially ordered metric spaces. The results presented generalize and
improve various known results from best proximity and fixed point theory. (©2016 All rights reserved.
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1. Introduction and preliminaries

Let A be a nonempty subset of a metric space (X,d). A mapping T : A — X is said to have a fixed
point in A, if the fixed point equation T'xr = x has at least one solution. That is, x € A is a fixed point of
T if d(x,Tx) = 0. Suppose the fixed point equation Tx = = does not have a solution, then d(x,Tz) > 0 for
all x € A. In such a situation, it is our mission to find an element = € A such that d(z,Tz) is minimum in
some sense. The best approximation theory and best proximity pair theorems are studied in this direction.
Here we state the best approximation theorem due to Ky Fan [§].
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Theorem 1.1 ([8]). Let A be a nonempty compact convex subset of a normed linear space X and T : A — X
be a continuous function. Then there exists v € A such that |x — Tx| = d(Tx, A) := inf{||Tz—al : a € A}.

Such an element = € A in Theorem [I.1]is called a best approximant of 7" in A. Note that if z € A is a best
approximant, then || — Tz|| need not be the optimum. Best proximity point theorems have been explored
to find sufficient conditions so that the minimization problem mingc 4 ||z — Tz|| has at least one solution.
Now, let us consider two nonempty subsets A, B of a metric space X and a mapping T : A — B. The
natural question is whether one can find an element z¢ € A such that d(zo,Tz¢) = min{d(z,Tx) : © € A}.
Since d(z,Tx) > d(A, B), the optimal solution to the problem of minimizing the real valued function
x — d(z, Tz) over the domain A of the mapping 7" will be the one for which the value d(A, B) is attained.
A point zy € A is called a best proximity point of T" if d(xzg, Tx¢) = d(A, B). Note that if d(A, B) = 0, then
the best proximity point is nothing but a fixed point of 7. The existence and convergence of best proximity
points is an interesting topic of optimization theory which recently attracted the attention of many authors
[4, 7, 1T}, 12, [16), 19} 20]. For the existence of best proximity point in the setting of partially order metric
space, one can go through to [1 2], 13| [14], (15, 17, [18§].

Let X be a non-empty set such that (X, d, <) is a partially ordered metric space. Consider A and B are
non-empty subsets of the metric space (X, d). We denote by CB(X) the class of all nonempty closed and
bounded subsets of X and B(X) the class of all nonempty bounded subsets of X. The following notions are
used subsequently:

D(z,B) = inf{d(z,y) : y € B} for all z € X
d(A, B) :=sup{d(z,y) : v € A and y € B},
d(A, B) ;= inf{d(z,y) : x € A and y € B},

)
Ag={z € A:d(z,y) = d(A, B) for some y € B},
By ={y € B:d(z,y) = d(A, B) for some z € A}.

In [12], the authors discussed sufficient conditions which guarantee the non-emptiness of Ay and By. Also,
in [19], the authors proved that Ag is contained in the boundary of A.

Suppose that T : A — 28 is a multivalued non-self-mappings. An element zo € A is said to be best
proximity point for 7" if zg € T'zg. On the other hand if AN B = (), the multifunction 7" has no fixed point.
Then D(z,Txz) > 0 for all z € A. Analogously, one can investigate to find necessary conditions so that
minimization problem min,e 4 D(z,Tz) has at least one solution. Since D(x,Tx) > d(A, B) for all z € A,
the optimal solution to the problem of minimizing the real valued function x — D(x,Tx) over the domain
A of the mapping T will be the one for which the value d(A, B) is attained. A point xg € A is called a best
proximity point of a multivalued non-self-mapping T, if D(xo, Txg) = d(A, B). Note that if d(A, B) = 0,
then the best proximity point is nothing but a fixed point of T.

For the existence and convergence of best proximity point for multivalued non-self mappings, we refer
the reader to [3], 9].

The following notion of an altering distance function was introduced by Khan et al. in [10].

Definition 1.2. A function ¢ : [0,00) — [0,00) is said to be an altering distance function if it satisfies the
following conditions.

(i) % is continuous and non-decreasing.
(ii) ¢(t) = 0 if and only if ¢t = 0.

To define the multivalued nondecreasing map, in [5], Beg and Butt presented the following relations
between two subsets of X.

Definition 1.3 ([5]). Let A and B be two nonempty subsets of a partially ordered set (X, <). The relation
between A and B is denoted and defined as follows: A <1 B, if for every a € A there exists b € B such that
a=b.
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In [6], Choudhury and Metiya proved the existence of fixed point for multivalued self mappings in
partially ordered metric spaces.

Theorem 1.4. Let (X, =<,d) be a partially ordered complete metric space. Let A be a non-empty closed
subset X and T : A — B(A) is a multivalued mapping such that the following conditions are satisfied:

(i) there exists xy € A such that {xo} <1 Txg ,
(i) T satisfies (6(Tx,Ty)) < kip(M(x,y)) for all x <y in A, where k € (0,1),
D(x, T D(y,T
M(z,y) = max{d(,y), Diw, Tw), D(y, Ty), 22TV ;r . T2)
(iii) for x,y € A, x <y implies Tz <1 Ty,
(iv) if {x,} is a nondecreasing sequence in A such that z, — x, then x, < x for all n.

Then T has a fized point.

} and 1) is altering distance function,

In this article, we attempt to give a partial generalization of Theorem by considering a non-self
multivalued map T.
The notion of P-property was introduced by Sankar Raj as follows.

Definition 1.5 ([16]). Let (A, B) be a pair of non-empty subsets of a metric space X with Ag # (). Then
the pair (A, B) is said to have the P-property if and only if
d(z1,91) = d(A, B)

d(z2,y2) = d(A,B)} — d(x1,22) = d(y1, 2),

where x1,x9 € Ag and y1,y2 € Byp.

Example 1.6. Let A, B be two non-empty closed convex subsets of a Hilbert space X. Then (A, B) satisfies
the P-property.

Example 1.7. Let A, B be two non-empty subsets of a metric space (X, d) such that Ay # () and d(A, B) =
0. Thus (A, B) has the P-property.

Definition 1.8 ([I7]). A mapping T': A — B is said to be proximally increasing if it satisfies the condition
that

y1 < Yo
d(.ﬁUl,Tyl) = d(A,B) — 1 < X9,
d(zq,Ty2) = d(A, B)

where 1, z2,y1,y2 € A.

One can see that, for a self-mapping, the notion of proximally increasing mapping reduces to that of
increasing mapping.
Here we defined the notion of proximal relation between two subsets of X.

Definition 1.9. Let A and B be two nonempty subsets of a partially ordered metric space (X, d, <) such
that Ag # (). Let By and By be two non-empty subsets of By. The proximal relation between By and Bs
is denoted and defined as follows: By <(y By, if for every by € By with d(a1,b1) = d(A, B) there exists
by € By with d(ag,bs) = d(A, B) such that a; < as.

One can see that, when A = B, B; =) By reduces to By <1 Bs.

Example 1.10. Let X = R? and consider the order (x,y) < (2,t) <& z < z and y < t, where < is usual
order in R. Thus, (X, <) is a partially ordered set. Besides, (X,d) is a complete metric space where d is
usual metric. Let A = {(0,2) : z € [0,00)} and B = {(1,z) : € [0,00)} be a closed subset of X. Note
that, d(A,B) =1,A = Ap and B = By. Take By = {(1,z) : € [0,1]} and Bz = {(1,z) : € [2,3]}. Then
B1 <(1) B, that is, for every by € By with d(a1,b1) = d(A, B) there exists by € By with d(ag, b2) = d(A, B)
such that a1 < as.
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2. Main Results
Now, let us state our main result.

Theorem 2.1. Let (X, <,d) be a partially ordered complete metric space. Let A and B be non-empty closed
subsets of the metric space (X,d) such that Ay # 0 and (A, B) satisfies the P-property. Let T : A — CB(B)
be a multivalued mapping such that the following conditions are satisfied:

(i) there exist two elements xg,z1 in Ag and yo € T'xg such that
d(r1,90) = d(A, B) and xo = 1,
(i) Txq is included in By for all xg € Ay and

Y(O(Tr, Ty)) < kp(M(z,y)) — kb (d(A, B)) for all z <y in A (2.1)
D(z,Ty) + D(y,Tx)

where ks € (0,1), M(z,y) = max{d(z,y), D(z, Tz), D(3, Ty),
distance function also it satisfies (s +1t) < (s)+(t), for all s,t € [0,00),
(iii) for x,y € Ao, x Xy implies Tz <1y Ty,

} and v is altering

(iv) if {xy} is a nondecreasing sequence in A such that x,, — x, then x,, < x for all n.

Then, there exists an element x in A such that
D(z,Tx) =d(A, B).

Proof. By the assumption (i), there exist two elements xg,x; in Ay and yy € Txg such that d(x1,y0) =
d(A, B) and o =X 1. By the assumption (7ii), Tzg < (1) T'r1, there exists y; € T'rq with d(z2,y1) = d(A, B)
such that x; < xo. In general, for each n € N, there exists z,4+1 € Ag and y,, € Tz, such that d(x,y1,yn) =
d(A, B). Hence, we obtain

d(Tnt1,Yn) = D(xpt1, Tzy) = d(A, B) for all n € N (2.2)

Withl’ojl’ljl‘gj"'l‘nﬁl‘n+1"'

If there exists ng such that x,, = Tny+1, then D(xpg+1, TTn,) = D(2ng, T2n,) = d(A, B). This means that
Zn, is a best proximity point of 7" and the proof is finished. Thus, we can suppose that x,, # x,41 for all n.
Since d(Zn+1,yn) = d(A, B) and d(zy,yn—1) = d(A, B) and (A, B) has the P-property,

d(xp, Tnt1) = d(Yn—1,yn) for all n € N. (2.3)
Since x,—1 < Z,, by inequality

P(d(xn, tni1)) = P(d(Yn-1,Yn)) < PO6(Txn-1,Tn)) < kP(M(2n-1,20)) — kp(d(A, B)). (2.4)
Now from the triangle inequality for d, we have

D n— 7T n D ’mT n—
M<mn—la$n) = max{d(xn_l,:rn),D(:Un_l,Tacn_l),D(xn,T:L‘n), (x Lo ) —; (x ° 1)}
d(xn—l’ @/n) + d(wm yn—l) }

2
< max{d Tp— 1a$n) d(Zn—1,Yn—2) + d(yn—2ayn—1)7d($myn—1) + d(yn—layn)7
d(l‘nfla yn72) + d(yn72a ynfl) + d(ynfla yn) + d(xn, ynfl)}

2
< max{d(xn_1,%,),d(A, B) + d(zp—1,y),d(A, B) + d(xpn, Tni1),

< max{d

Tn—1, xn) (xnfla ynfl)a d(mna yn),

(
(
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d(A, B) + d(zp—1,%n) + d(zn, Tnt1) + d(A, B)}
2

=max{d(A, B) + d(zp—1,x,),d(A, B) + d(zp, Tnt+1) }-

From and above inequality, we get
(d(zn, Tni1)) < kY (max{d(A, B) + d(zn-1,2n), d(A, B) + d(zn, tni1)}) — k(d(A, B)). (2.5)
If d(zpn, Tpt1) > d(zp—1,25). From (2.5), we obtain
Y(d(zn, tni1)) < kY (d(A, B) + d(2n, 2ni1)) — kY (d(A, B))

< k[y(d(A, B) + ¢(d(zn, tni1))] — kv (d(A, B))
= kg (d(wn, 2ny1)) < P(d(2n, Tnt1)),

which is a contradiction. So, we have
d(xp, Tny1) < d(xp—_1,xp). (2.6)

Hence, the sequence {d(xy, +1)} is monotone non-increasing and bounded below. Thus, there exists r > 0
such that
lim d(xy,Tpt1) =7 > 0. (2.7)

n—oo

Suppose that limy, oo d(2n, Tpy1)) =7 > 0. Using (2.6) then the inequality (2.5) becomes

w(d(xm «Tn-i-l)) < kw(d(Av B) + d<xn—17 .CCn)) - k"(b(d(A, B))
< k[¢(d(A7 B)) + w(d(‘rn—h xn))] - kw(d(Av B))
= kw(d<xn—17$n))a

implies that ¢ (r) < kv (r), which is a contradiction unless r = 0. Hence,

lim d(zy,zp41) = 0. (2.8)

n—00

Now to prove that {z,} is a Cauchy sequence. In contrary case, suppose that {z,,} is not a Cauchy sequence.
Then there exists € > 0 for which we can find subsequences {x,()} and {z,)} of {z,} such that n(k) is
smallest index for which n(k) > m(k) > k, d(y,(x), Tp(k)) > €. This means that

ATy Tr(k)—1) < €. (2.9)
and
€ < d(Zp()s Tn(k))

< d(@(k)s Tnk)—1) + ATnk) -1, Tn(k))
<€+ d(xn(k)—lv xn(k’))

Letting k — oo and using ([2.8]) we can conclude that

klggo (T (), Tr(k)) = € (2.10)
Again,
d(xm(k)a mn(k)—l) < d(xm(k)a xn(k)) + d(l"n(k)? xn(k)—l)
and

ATy, Tr(k)) < A Tp(k)> Tre)y—1) + ATk Tnr)y—1)-
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Therefore,
(T (k) Trgk)=1) = ATy Tngr))| < ATn(k)s Tngr)—1)-
Taking k — oo and using (2.10]) and (2.8) it follows that

lim =€ 2.11
kl d(xm(k) ) xn(k‘)—l) € ( )
Similarly, we can prove that

klinolo d(‘rm(k)—la $n(k)) = klggo d(xm(k)—l’xn(k)—l) = klinolo d(mm(k)-&—la zn(k))

= lim = €. 2.12
kl d(xm(k)7 xn(k)—&-l) € ( )
Since m(k) < n(k), Tmx)—1 = Tn)—1, from (2.3) and (2.1, we have

V(A Zn(kys Tnry)) < VO T2 )—1, TTp(k)-1))
< kw(M(l'm(k)—lv xn(k)—l)) - kw(d(Aa B))a (213)

where

M (1) =15 Ty —1)
= max{d(Zm k)~ 1, Tn(k)-1), D(@mk) -1, TCm(k)-1)s D(@nik) -1, TTn(k) 1)
D(@p(iy—1, TTp(k)-1) + D(@Tniy-1, Tﬂcm(k)—ﬁ}
2
< max{d(Tm(k)—1> Tn(k)—1)> UATmk)—1> Ym(k)—1)> AL (k) =1 Yn(k)—1)
d(gjm(k)—l) yn(k)—l) + d($n(k)—1a ym(k)—l) }
2
< max{d(Tm(k)—1> Tn(k)—1)> ATmk)—1> Ym(k)—2) T A Ymk)—25 Ym(k)-1)
AT (k)15 Yn(k)—2) + A Yn(k)—2: Yn(k) 1)
A(Trn(k)=15 Tn(k)—1) + ATnk)—15 Ynk)—1) T ATnk)y—1> Tmk)—1) + A Tpr)-1, ym(k)q)}
5 .

Using (2.3) and d(zyp+1,yn) = d(A, B) in the above inequality, we get

M (L (k) —15 Tr(k)—1)
< max{d(xm(k)—lv xn(k)—l)a d(A7 B) + d(xm(k:)—b xm(k))a d(A7 B) + d(wn(k)—lv $n(k))> (214)
2d( Ty (k)15 Tr(k)—1) + ATn)—1> Tn(k)) + ATm)—1, Tm)) + 2d(A, B)}

2
Using in and taking k — oo, from (2.8),(2.10) and (2.12)), we get
P(e) < kip(max{e, d(A, B),d(A, B), e+ d(A, B)}) — k¢ (d(A, B)) (2.15)
< k() + ky(d(A, B)) — kp(d(A, B)) = ky(e), (2.16)

which is a contradiction to the property of ¢. Thus, {x,} is a Cauchy sequence in A and hence converges
to some element x in A. Since d(xy,,Zn+1) = d(Yn—1,Yn), the sequence {y,} in B is Cauchy and then
is convergent. Suppose that y, — y. By the relation d(z,4+1,yn) = d(A, B) for all n, we conclude that
d(xz,y) = d(A, B). We now claim that y € Tx.

Since {z,} is a increasing sequence in A and z,, — x, by the hypothesis (iii), z, < = Vn.
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(D (yn, T)) < Y(3(Txy, Tx))
< ky(max{d(zn, z), D(2n, Txy), D(z, Tx), D(xy,Tx) —;—D(:n,Tmn)

1) — ky(d(A, B))
D(q;n,T:z:)z—F d(xjyn)D — ky(d(A, B)).

< kyp(max{d(zn, x), d(xn,yn), D(z, Tz),

Taking n — oo in the above inequality, using =, — x, y, — y and d(z,y) = d(A, B), we get

D(z,Tz) + d(A, B)

Y(D(y, Tw)) < kip(max{0,d(A, B), D(z, Tx), 5 }) — kv(d(A, B))
< kY(D(x,Tx)) — k(d(A, B))
< k¢(d(z,y) + D(y,Tz)) — ki (d(A, B))
< ky(d(z,y)) + k¢ (D(y, Tx)) — k¢ (d(A, B))
< ky(d(A, B)) + k¢ (D(y, Tx)) — ki (d(A, B))
< ky(D(y, Tx)),

which is contradiction unless D(y, Tx) = 0.
This implies that y € Tz and hence D(z,Tz) = d(A, B). That is x is a best proximity point of the
mapping 7. O

Let us illustrate the Theorem [2.1] with the following example.

Example 2.2. Let X = R? and consider the order (z,y) < (2,t) & o < z and y < t, where < is usual order
in R.

Thus, (X, <) is a partially ordered set. Besides, (X,d;) is a complete metric space where the met-
ric is defined as di((z1,y1), (z2,92)) = |x1 — 22| + |y1 — y2|. Let A = {(—6,0),(0,—-6),(0,5)} and B =
{(-1,0),(0,—-1),(0,0),(—1,1),(1,1)} be a closed subset of X. Then, d(A,B) =5,A = Ay and B = By. Let
T : A — CB(B) be defined as

{(0,-1),(0,0)} if (z,y) = (=6,0),
T(ZL‘,y) = {( L, )7 (0 O)a( 1a0)} if (x,y) = (Oa _G)a
{(17 1)7( L, 1)} if (x,y) - (07 )

It can be seen that condition (i) is true. Since there exist two elements (—6,0), (0,5) in Ay and (0,0) €
T(—6,0) such that
d((0,5),(0,0)) = d(A, B) = 5 and (—6,0) < (0,5).

Now, we have to prove the condition (ii). It is easy to prove that Tz is included in By for all zy € Ay.

Note that the only comparable elements in A are (—6,0) < (0,5) and (0,—6) = (0,5). In both cases,
(Tx,Ty) =3, M(z,y) =11 and d(A4, B) = 5.

For ¢(t) = 2t, we get, ¥(§(Tz,Ty)) = 6 and (M (z,y)) — ¢¥(d(A, B)) = 12. Hence T satisfies the
condition (i) when k € [3,1), that is

Y((Tx, Ty)) < k(M (z,y)) — k(d(A, B)) for all z < y in A. (2.17)

Also, it can be easily prove the conditions (iii) and (iv). Hence all the hypotheses of the Theorem
are satisfied. Also, it can be observed that (0,5) is the best proximity point of the mapping 7. That is ,
D((0,5),7(0,5)) =d(A,B) =5



V. Pragadeeswarar, M. Marudai, P. Kumam, J. Nonlinear Sci. Appl. 9 (2016), 1911-1921 1918

3. Applications

As an application of our results, we infer new best proximity point and fixed point results for multivalued
and single valued mappings in the set up of partially ordered metric spaces.
If we take ¢ an identity function in Theorem then we have the following result.

Corollary 3.1. Let (X, <,d) be a partially ordered complete metric space. Let A and B be non-empty closed
subsets of the metric space (X,d) such that Ay # 0 and (A, B) satisfies the P-property. Let T : A — CB(B)
be a multivalued mapping such that the following conditions are satisfied:

(i) there exist two elements xo,x1 in Ay and yo € Txo such that
d(xz1,y0) = d(A, B) and z¢ = x1,
(i) Txq is included in By for all xg € Ay and
§(Tx, Ty) < k[M(x,y) — d(A, B)] for allz <Xy in A, (3.1)

D(z,Ty) + D(y, Tx)
2

where k € (0,1) and M (z,y) = max{d(z,y), D(z,Tz), D(y, Ty),

(iii) for x,y € Ag, x Xy implies Tx <1y Ty,
(i) if {x,} is a nondecreasing sequence in A such that x, — x, then x, < x for all n.

Then, there exists an element x in A such that
D(z,Tz) =d(A, B).
That is x is a best proximity point of the mapping T.

Theorem 3.2. Let (X, <,d) be a partially ordered complete metric space. Let A and B be non-empty closed
subsets of the metric space (X, d) such that Ag # 0 and (A, B) satisfies the P-property. Let T : A — CB(B)
be a multivalued mapping such that the following conditions are satisfied:

(i) there exist elements xg,x1 in Ay and yo € Tz such that
d(z1,y0) = d(A, B) and xy < z1,
(ii) Txq is included in By for all xg € Ap and
Y(O6(Tz, Ty)) < k(M (z,y)) for allx <y in A, (3.2)

where k € (0,1), ¥ is altering distance function and

D(z,Ty) + D(y,Tx)

M(z,y) = max{d(x,y), D(z,Txz) — d(A, B), D(y, Ty) — d(A, B), 5 —d(A, B)},
(iii) for x,y € Ao, x Xy implies Tx <1y Ty,
(i) if {x,} is a nondecreasing sequence in A such that x, — x, then x, < x for all n.
Then, there exists an element x in A such that
D(z,Tz) =d(A, B).
Proof. The proof is similar to Theorem O

As a consequence of Theorem [3.2] by taking T is single valued map, we derive the following result.
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Corollary 3.3. Let (X, <,d) be a partially ordered complete metric space. Let A and B be non-empty closed
subsets of the metric space (X,d) such that Ag # 0 and (A, B) satisfies the P-property. Let T : A — B be
a single valued mapping such that the following conditions are satisfied:

(i) there exist elements xo,x1 in Ay such that
d($17Tx0) = d(Aa B) and o = Iy,

(i) T(Ag) € By and
Y(d(T,Ty)) < kip(M(x,y)) for all w 2y in A, (3.3)

where k € (0,1), ¢ is altering distance function and

M (z,y) = max{d(z,y),d(x,Tz) — d(A, B),d(y,Ty) — d(A, B), d(z, Ty) —;— dly, T)

—d(4, B)},
(ii) for z,y € Ao, x 2y implies {Tx} <1y {Ty},
(iv) if {xn} is a nondecreasing sequence in A such that x,, — x, then x,, < x for all n.

Then, there exists an element x in A such that
d(z,Tz) = d(A, B).
If we take A = B in Theorem [2.1] and Theorem then we conclude to the following result.

Corollary 3.4. Let (X, =<,d) be a partially ordered complete metric space. Let A be a non-empty closed
subset X and T : A — CB(A) is a multivalued mapping such that the following conditions are satisfied:

(i) there exist two elements xg,z1 in A and yo € Txg such that

d(x1,y0) = 0 and xo < 21 = Yo,

(ii) T satisfies
Y(O(Tx,Ty)) < kp(M(z,y)) for allz <y in A, (3.4)
D(z,Ty) + D(y,Tx)

where k € (0,1), M(z,y) = max{d(z,y), D(z,Tx), D(y, Ty), 9

distance function,
(iii) for x,y € A, x <y implies Tz <1 Ty,

(v) if {xn} is a nondecreasing sequence in A such that x,, — x, then x,, < x for all n.

} and 1 is altering

Then, there exists an element x in A such that
D(z,Tx)=0.
That is x is a fixed point of the mapping T.
The following corollary is a special case of Theorem when T is a single valued self mapping.

Corollary 3.5. Let (X, <,d) be a partially ordered complete metric space. Let A be non-empty closed subset

of the metric space (X,d). Let T : A — A be a single valued mapping such that the following conditions are
satisfied:

(i) there exist elements xo and x1 in A such that

d(z1,Tz9) =0 and xo = z1,
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(ii) T satisfies

V(d(Tx,Ty)) < k(M (z,y)) for allz <y in A, (3.5)
d(z, Ty) + d(y, T'x) : :
where k € (0,1), M(z,y) = max{d(z,y),d(z,Tz),d(y,Ty), 5 } and v is altering

distance function,
(iii) for xz,y € A, v <y implies {Tz} <1 {Ty},
(i) if {xn} is a nondecreasing sequence in A such that x, — x, then x,, < x for all n.

Then, there exists an element x in A such that
d(xz,Tz) = 0.
That is x is a fixed point of the mapping T.

Furthermore, if we take T is single valued self mapping and v is identity function in Theorem [2.1}then
we deduce the following result.

Corollary 3.6. Let (X, <,d) be a partially ordered complete metric space. Let A be non-empty closed subset
of the metric space (X,d). Let T : A — A be a single valued mapping such that the following conditions are
satisfied:

(i) there exist elements xo and x1 in A such that
d(xz1,Tzg) =0 and xo = 21,
(ii) T satisfies
d(Tz, Ty) < kM (z,y) for allx <y in A, (3.6)

d(z, T d(y, T
where k € (0,1) and M(z,y) = max{d(z,y),d(z, Tz),d(y, Ty), (z, Z/)‘; (v, x)}

(iii) for z,y € A, x <y implies {Tz} <1 {Ty},
(i) if {x,} is a nondecreasing sequence in A such that z, — x, then x, < x for all n.

Then, there exists an element x in A such that
d(xz,Tz) = 0.

That is x is a fixed point of the mapping T.

Acknowledgement

The work was supported by the Higher Education Research Promotion and National Research University
Project of Thailand, Office of the Higher Education Commission (NRU Grant No.58000512).

References

[1] A. Abkar, M. Gabeleh, Best prozimity points for cyclic mappings in ordered metric spaces, J. Optim. Theory
Appl., 150 (2011), 188-193.

[2] A. Abkar, M. Gabeleh, Generalized cyclic contractions in partially ordered metric spaces, Optim. Lett., 6 (2012),
1819-1830. [

[3] A. Abkar, M. Gabeleh, The existence of best prozimity points for multivalued non-self-mappings, Acad. Cienc.
Exactas Fs. Nat. Ser. A Math. RACSAM, 107 (2013), 319-325.

[4] M. A. Al-Thagafi, N. Shahzad, Convergence and existence results for best prozimity points, Nonlinear Anal., 70
(2009), 3665-3671.

[5] I. Beg, A. R. Butt, Common fized point for generalized set valued contractions satisfying an implicit relation in
partially ordered metric spaces, Math. Commun., 15 (2010), 65-76.



V. Pragadeeswarar, M. Marudai, P. Kumam, J. Nonlinear Sci. Appl. 9 (2016), 1911-1921 1921

[6]
[7]

(8]
(9]

[10]
[11]
12
13
[14]

[15]

[16]
[17]
[18]
[19]

[20]

B. S. Choudhury, N. Metiya, Multivalued and singlevalued fized point results in partially ordered metric spaces,
Arab J. Math. Sci., 17 (2011), 135-151.

A. Eldred, P. Veeramani, Ezistence and convergence of best prozimity points, J. Math. Anal. Appl., 323 (2006),
1001-1006. M

K. Fan, Eztensions of two fized point theorems of F.E. Browder, Math. Z., 122 (1969), 234-240.

M. Gabeleh, Best prozimity points: global minimization of multivalued non-self mappings, Optim. Lett., 8 (2014),
1101-1112. @

M. S. Khan, M. Swaleh, S. Sessa, Fized point theorems by altering distances between the points, Bull. Austral.
Math. Soc., 30 (1984), 1-9.

W. K. Kim, K. H. Lee, Ezistence of best prozimity pairs and equilibrium pairs, J. Math. Anal. Appl., 316 (2006),
433-446. [

W. A. Kirk, S. Reich, P. Veeramani, Proziminal retracts and best proximity pair theorems, Numer. Funct. Anal.
Optim., 24 (2003), 851-862.

V. Pragadeeswarar, M. Maruda, Best proximity points: approximation and optimization in partially ordered
metric spaces, Optim. Lett., 7 (2013), 1883-1892.

V. Pragadeeswarar, M. Marudai, Best proximity points for generalized proximal weak contractions in partially
ordered metric spaces, Optim. Lett., 9 (2015), 105-118.

V. Pragadeeswarar, M. Marudai, P. Kumam, K. Sitthithakerngkiet, The existence and uniqueness of coupled best
prozimity point for proximally coupled contraction in a complete ordered metric space, Abstr. Appl. Anal., 2014
(2014), 7 pages.

V. S. Raj, A best prozimity point theorem for weakly contractive non-self-mappings, Nonlinear Anal., 74 (2011),
4804-4808. I} 5]

S. Sadiq Basha, Discrete optimization in partially ordered sets, J. Global Optim., 54 (2012), 511-517.

S. Sadiq Basha, Best prozimity point theorems on partially ordered sets, Optim. Lett., 7 (2013), 1035-1043.
S. Sadiq Basha, P. Veeramani, Best prozimity pair theorems for multifunctions with open fibres, J. Approx. Theory,
103 (2000), 119-129.

P. S. Srinivasan, P. Veeramani, On existence of equilibrium pair for constrained generalized games, Fixed Point
Theory Appl., 1 (2004), 21-29.



	1 Introduction and preliminaries
	2 Main Results
	3 Applications

