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Abstract

The concept of rectangular b-metric space is introduced as a generalization of metric space, rectangular
metric space and b-metric space. An analogue of Banach contraction principle and Kannan’s fixed point
theorem is proved in this space. Our result generalizes many known results in fixed point theory.
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1. Introduction and Preliminaries

Since the introduction of Banach contraction principle in 1922, because of its wide applications, the
study of existence and uniqueness of fixed points of a mapping and common fixed points of two or more
mappings has become a subject of great interest. Many authors proved the Banach contraction Principle in
various generalized metric spaces. In the sequel Branciari [9] introduced the concept of rectangular metric
space (RMS) by replacing the sum on the right hand side of the triangular inequality in the definition of a
metric space by a three-term expression and proved an analogue of the Banach Contraction Principle in such
space. Since then many fixed point theorems for various contractions on rectangular metric space appeared
(see [11,[3], 4], [10], [15], [16], [17], [18], [19], 2], 23], [25], [26] ).

On the other hand, in [5] Bakhtin introduced b-metric space as a generalization of metric space and
proved analogue of Banach contraction principle in b-metric space. Since then, several papers have dealt
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with fixed point theory or the variational principle for single-valued and multi-valued operators in b-metric
spaces (see [2],[6],[7],[8],[11],[12],[13],[14],[20] and the references therein).

In this paper we have introduced the concept of rectangular b-metric space, which is not necessarily
Hausdorff and which generalizes the concept of metric space, rectangular metric space and b-metric space.
Note that spaces with non Hausdorff topology plays an important role in Tarskian approach to programming
language semantics used in computer science (For some details see [24]). Analog of the Banach contraction
principle as well as the Kannan type fixed point theorem in rectangular b-metric space are proved. Some
examples are included which shows that our generalizations are genuine.

Definition 1.1 ([5]). Let X be a nonempty set and the mapping d: X x X — [0, c0) satisfies:

(bM1) d(x,y) =0 if and only if z = y for all z,y € X

(bM2) d(x,y) = d(y,x) for all z,y € X;

(bM3) there exist a real number s > 1 such that d(x,y) < s[d(z,2) + d(z,y) for all z,y,z € X.

Then d is called a b-metric on X and (X, d) is called a b-metric space (in short bMS) with coefficient s.

Definition 1.2 ([9]). Let X be a nonempty set and the mapping d: X x X — [0, 00) satisfies:

(RM1) d(x,y) =0 if and only if z =y for all z,y € X;

(RM2) d(z,y) = d(y,x) for all z,y € X;

(RM3) d(x,y) < d(x,u) + d(u,v) + d(v,y) for all z,y € X and all distinct points u,v € X \ {z,y}.

Then d is called a rectangular metric on X and (X, d) is called a rectangular metric space (in short RMS).

We define a rectangular b-metric space as follows :

Definition 1.3. Let X be a nonempty set and the mapping d: X x X — [0, 00) satisfies:

(RbM1) d(z,y) =0 if and only if x = y;

(RbM2) d(z,y) = d(y,z) for all z,y € X

(RbM3) there exists a real number s > 1 such that d(z,y) < s[d(z,u) + d(u,v) + d(v,y)] for all z,y € X
and all distinct points u,v € X \ {z, y}.

Then d is called a rectangular b-metric on X and (X,d) is called a rectangular b-metric space (in short
RbMS) with coefficient s.

Note that every metric space is a rectangular metric space and every rectangular metric space is a
rectangular b-metric space (with coefficient s = 1). However the converse of the above implication is not
necessarily true.

Example 1.4. Let X =N, define d: X x X — X by
0, if z=uy;
d(z,y) = ¢ 4a, if z,y € {1,2} and = # y;
a, if zory¢{1,2} and z # vy,

where a > 0 is a constant. Then (X, d) is a rectangular b-metric space with coefficient s = % > 1, but (X, d)
is not a rectangular metric space, as d(1,2) = 4a > 3a = d(1,3) + d(3,4) + d(4, 2).

Example 1.5. Let X =N, define d: X x X — X such that d(z,y) = d(y, ) for all z,y € X and

0, if x =y;
10, if x=1,y=2;
dz,y) =4 «, if x€{1,2} and y € {3};

2a, if x€{1,2,3} and y € {4};
3a, if xory¢{1,2,3,4} and x # y,

where a > 0 is a constant. Then (X, d) is a rectangular b-metric space with coefficient s = 2 > 1, but (X, d)
is not a rectangular metric space, as d(1,2) = 10a > 5a = d(1,3) + d(3,4) + d(4,2).
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Note that every b-metric space with coefficient s is a RbM S with coefficient s? but the converse is not
necessarily true. (See Example below).
For any z € X we define the open ball with center x and radius r > 0 by

B (x)={y e X :d(x,y) <r}

The open balls in RbM S are not necessarily open(See Example below). Let U be the collection of all
subsets A of X satisfying the condition that for each z € A there exist » > 0 such that B,(z) C A. Then
U defines a topology for the RbM S (X, d), which is not necessarily Hausdorff(See Example below).

We define convergence and Cauchy sequence in rectangular b-metric space and completeness of rectan-
gular b-metric space as follows :

Definition 1.6. Let (X, d) be a rectangular b-metric space, {x,,} be a sequence in X and x € X. Then

(a) The sequence {z,} is said to be convergent in (X, d) and converges to x, if for every € > 0 there exists
ng € N such that d(z,,z) < € for all n > ngy and this fact is represented by nh_}ngo Tp = X O Ty, — T a8
n — 0.

(b) The sequence {z,} is said to be Cauchy sequence in (X, d) if for every € > 0 there exists ng € N such
that d(zp, zp4p) < € for all n > ng,p > 0 or equivalently, if nh_)ngo d(zy, Tnyp) = 0 for all p > 0.

(¢) (X,d) is said to be a complete rectangular b-metric space if every Cauchy sequence in X converges to
some = € X.

Note that, limit of a sequence in a RbM S is not necessarily unique and also every convergent sequence
in a RbM S is not necessarily a Cauchy sequence. The following example illustrates this fact.

Example 1.7. Let X = AU B, where A = {% n € N} and B is the set of all positive integers. Define
d: X x X — [0,00) such that d(z,y) = d(y,z) for all z,y € X and

0, ifz=y;
2ce, if x,y € A;
d(az,y) = @ Y

> if x€ Aand y € {2,3};

2n’
«, otherwise,

where a > 0 is a constant. Then (X, d) is a rectangular b-metric space with coefficient s = 2 > 1. However
we have the following :

1) (X,d) is not a rectangular metric space, as d(3,3) = 2a > 12 = d(3,4) + d(4,3) + d(3, 3) and hence not
a metric space.

2) There does not exist s > 0 satisfying d(z,y) < s[d(x, z) + d(z,y)] for all z,y,z € X, and so (X, d) is not
a b-metric space.

3) B%(%) = {2,3,3} and there does not exist any open ball with center 2 and contained in B%(%) So
B%(%) is not an open set.

4) The sequence {1} converges to 2 and 3 in RbM S and so limit is not unique. Also d(2, n—}rp) =2a 40
as n — 0o, therefore {%} is not a Cauchy sequence in RbMS.

5) There does not exist any r1,r2 > 0 such that B, (2)() B, (3) = ¢ and so (X, d) is not Hausdorff.

2. Main results
Following theorem is the analogue of Banach contraction principle in rectangular b-metric space.

Theorem 2.1. Let (X,d) be a complete rectangular b-metric space with coefficient s > 1 and T: X — X
be a mapping satisfying:
d(Tw, Ty) < Ad(z,y) (2.1)

for all x,y € X, where X € [0, %] Then T has a unique fized point.
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Proof. Let xg € X be arbitrary. Define the sequence {x,} by x,+1 = Tz, for all n > 0. We shall show that
{zy} is Cauchy sequence. If z,, = z,,4+1 then z,, is fixed point of T'. So, suppose that z,, # z,4+1 for all n > 0.
Setting d(zy, Tnt1) = dp, it follows from ([2.1]) that
d(xn7xn+1) = d(TﬂL’n_l, Txn) < )\d(xn—lyxn)
dn, Ady—1.

IN

Repeating this process we obtain
dp, < N'dp. (2.2)

Also, we can assume that xg is not a periodic point of T Indeed, if 2y = x,, then using (2.2)), for any n > 2,
we have

d(xo, Tzg) = d(xn, Txy)

d(zo,z1) = d(zn,Tp+1)
do = dp
do < A'dp,

a contradiction. Therefore, we must have dg = 0, i.e., xg = x1, and so zg is a fixed point of T. Thus we
assume that z, # x,, for all distinct n,m € N. Again setting d(z,,zn+2) = d}, and using (2.1) for any
n € N, we obtain
d(xn7$n+2) - d(Txn—laTxn—&—l) S )\d(wn—hxn—i—l)
dy, < Xd;_;
Repeating this process we obtain
(X, Tnta) < A"d. (2.3)

For the sequence {z,} we consider d(x,, Tnp) in two cases.
If p is odd say 2m + 1 then using (2.2) we obtain

d(@n, Tnyom+1) < sld(@n, Tng1) + d(Tns1, Tnta) + d(@ng2, Tngom1)]

< s[dp +dns1] + 32[d($n+27 Tnt3) + d(Tnt3; Tnta)
+d(Tp+4; Tryom+1)]

< sldp + dpy1] + 82[dn+2 + dpis3] + §3 [dnta + dnys)
+-+5"dpyom

< s\ + A" Tdg] + S22 dg + ANT3dg] + s AT + A" d)
4 AT

< SN+ sAZ 2N 4 ]do + sATTHL 4 sA 4 2 4 ]d

= 11—+512 sA\"dy  (note that sA? < 1).

Therefore,
d(Xn, Tptams1) < 11—+312 s\"dp. (2.4)

If p is even say 2m then using and we obtain
d(@n, Tnyom) < S[d(@n, Tng1) + d(@ngr, Tntz) + d(@nt2, Tngom)]
< sldp +dpya] + 52[d(35n+27 Tnt3) + d(Tnt3, Tnta)
+d(Tpt4, Tntom)]
sldn + dn+1] + Sz[dn-I—Q + dny3] + s* [dn+a + dps)
+ oo+ 8" dom—a + dam—3] + " d(@ns2m—2, Tntom)

IN
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< s[Ndo + A" o] + SP APy + A dg) + s A dg + Ao dy)
et Sm—l [)\Zm—4d0 + )\Qm—SdO] + Sm—l)\n—i—Qm—QdS

< SN sAE A 4 do 4+ sATTHL H sAR 4 2 4 do
+Sm—l)\n+2m—2d6’

ie.
1+ A
d(Tn, Tniom) < l —+3)\2 sAdy + smfl)\”+2m72d8
1+ A
< 7 _+ e sA"dg + (sA)?™A"2d5 (as 1< s)
1+
< ] _+ /\28)\nd 0+ A2y (as A< D).
Therefore 14\
d(@n, Tntom) < 7 + T\ do + A" 2d3. (2.5)
It follows from and . that
lim d(zp,zn4p) =0 forall p>0. (2.6)

n—oo

Thus {z,} is a Cauchy sequence in X. By completeness of (X, d) there exists u € X such that

lim z, = u. (2.7)

n—oo
We shall show that u is a fixed point of T. Again, for any n € N we have

d(ua TU) < S[d(u> l‘n) + d(lEn, :CTH-l) + d($n+1a TU)]
= sld(u,zy) + dp + d(Txp, Tu)]
< sld(u, zp) + dp + Ad(zp, w)].
Using (2.6)) and ([2.7)) it follows from above inequality that d(u,Tu) = 0, i.e., Tu = u. Thus w is a fixed point
of T.
For uniqueness, let v be another fixed point of 7. Then it follows from (£2.1)) that d(u,v) = d(Tu,Tv) <

Ad(u,v) < d(u,v), a contradiction. Therefore, we must have d(u,v) = 0, i.e., u = v. Thus fixed point is
unique. O

Example 2.2. Let X = AU B, where A = {1:n € {2,3,4,5}} and B = [1,2]. Define d: X x X — [0,00)
such that d(z,y) = d(y,z) for all z,y € X and

d(3, %) =d(;, %) =0.03
d(3,3) = d(5,9) = 0.02

d(3,3) =d(z,35)=0.6

d(z,y) = |z — y|? otherwise

Then (X, d) is a rectangular b-metric space with coefficient s =4 > 1. But (X, d) is neither a metric space
nor a rectangular metric space. Let T : X — X be defined as :

7o - {

Then T satisfies the condition of Theorem and has a unique fixed point x =

fzecAd
ifzeB

(S

1
1
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Remark 2.3. We say that T': X — X has property P if F(T) = F(T") (see [21]) where F(T) = {z € X :
Tz = x}. It is an easy exercise to see that under the assumptions of Theorem T has property P.

Following theorem is the analogue of Kannan type contraction in rectangular b-metric space.

Theorem 2.4. Let (X,d) be a complete rectangular b-metric space with coefficient s > 1 and T: X — X
be a mapping satisfying:
d(Tz, Ty) < Md(z, T) + d(y, Ty) (2.8)

for all x,y € X, where XA € [0 Then T has a unique fized point.

1
551
Proof. Let xyp € X be arbitrary. We define a sequence {z,,} by z,+1 = Tz, for all n > 0. We shall show

that {x,} is Cauchy sequence. If x,, = ,,11 then z, is fixed point of T. So, suppose that x,, # x,41 for all
n > 0. Setting d(zy, Tni1) = dy, it follows from ((2.8)) that

d(xp, xny1) = d(Txp—1,Try) < Nd(xp—1,TTHn-1)+ d(2p, TT))]

A1) = Md(Tn-1,70) + d(@n Ts1)]
dn = )\[dn—1+dn]
A
d, < ﬁdnflzﬁdnfb

1

whereﬁz%<%(as,)\<s+l

= ). Repeating this process we obtain
dn, < B"dy. (2.9)

Also, we can assume that x( is not a periodic point of 7. Indeed, if zy = x,, then using (2.9)), for any n > 2,
we have

d(zo, Tzg) = d(xn,Txy)

d(%o,aj‘l) = d(xTL?x?"H—l)
do = dp
dO < /Bnd07

a contradiction. Therefore, we must have dy = 0, i.e., xg = x1, and so zg is a fixed point of 7. Thus we
assume that z, # x,, for all distinct n,m € N. Again using and for any n € N, we obtain
d(xn, tpnt2) = d(Txp—1,Txni1) < Nd(xp-1,T2n-1) + d(@pnt1, TTnt1)]
= Ad(zn-1,2n) + d(@n+1, Tny2)] = Aldn—1 + dpt1]
AB" o + B o]
AL+ B%]do
v8" dy.

I IA

Therefore,
d(xnaanrQ) < Wﬁn_ld(]v (210)

where v = A[1 + %] > 0.
For the sequence {z,} we consider d(z,, Zn+p) in two cases.
If p is odd say 2m + 1 then using (2.9 we obtain

Cl((]?n, xn+2m+1) S S[d(wrw xn—l—l) + d(xn—f—l, xn+2) + d(xn—f—% xn+2m+1)]
< S[dn + dnJrl] + 52[d(1’n+27 xn+3) + d(anrSa $n+4)
+d(Tnia, Tnrom1)]

s[dp + dpi1] + 8% [dnyo + dpys) + 83 [dnga + dnys)
+o 4 8" dpgom

IN
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< s[B"do + B do] + SP[B"Pdo + B do] + 5P [B" T do + B0 do)
N Sm6n+2md0
< sBML4 R+ 57BN+ do + BT+ B2 4 2B + -+ Jdo
1+ n
= 1 ng sB"dy  (note that sB% < 1).
Therefore,
1+ n
d(xna xn+2m+1) < /gQ SB dO (211)
If p is even say 2m then using and we obtain
d(l'na xn—i—?m) < S[d(xn’ xn—&—l) + d(In_H, 1'n+2) + d($n+2, xn+2m)]
S S[dn + dn—i—l] + 32[d(xn+27 xn+3) + d(mn+37 $n+4)
+d(Tnta, Tniom)]
S S[dn + dn—i—l] + SQ[dn—i-Q + dn+3] + 83 [dn+4 + dn+5]
+ o4 8" dom—a + dom—3] + 8" d(Tns2m—2, Tntom)
< s[B"do + BT o) + $*[B" Rdy + B T3do] + 3[BT o + B dy)
S Sm—l[BZm—4d0 + 52m—3d0] + Sm_l’}/ﬁn—‘er_Sdo
< SB[+ 887+ 528 4 - Jdo + sBmTH L + 587 + B + -+ ]do
+Sm_1’yﬁn+2m_3do
i.e.
1+ B n m—1 n+2m—3
<
d(zp, Tniom) < T sB8%do + sy B do
1
< 7 —+sg2 sB"do 4+ y(sB)*™B" 3dy  (as 1< s)
1+ ﬂ n n—3 1
< 3 —35286 do +7B" "do  (as B < 3).
Therefore 148
d(Xp, Tptom) < e —— L s5p"dy + 8" 3dp. (2.12)
It follows from (2.11f) and ( - ) that
h_>m d(zp, Tpip) =0 forall p>0. (2.13)
Thus {z,} is a Cauchy sequence in X. By completeness of (X, d) there exists u € X such that
lim z, = u. (2.14)

n—o0

We shall show that u is a fixed point of 7. Again, for any n € N we have

du,Tu) < sld(u,x,) + d(xn, Tny1) + d(Tps1, Tu)]
= sld(u,zy) + dyp + d(Ty, Tu))
< sld(u, zp) + dp, + Md(zp, Txyn) + d(u, Tu) }]
= sld(u,xyn) + dp + Md(xpn, 2nt1) + d(u, Tu) }]
(1- s)\)d(u Tu) < s[d(u,z,)+ "do + Ad(xn, Tpi1)]

Using (2.13]) and - and the fact that A < ?, it follows from above inequality that d(u,Tu) = 0, i.e.,

Tu = u. Thus u is a fixed point of T
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For uniqueness, let v be another fixed point of 7. Then it follows from (2.8) that d(u,v) = d(Tu,Tv) <
Ad(u, Tu) +d(v, Tv)] = Ad(u,u) +d(v,v)] = 0. Therefore, we have d(u,v) = 0, i.e., u = v. Thus fixed point
is unique. O

Remark 2.5. On the basis of discussion contained in this paper, we have the following:

1) The open ball defined in b-metric space, RMS and RbMS are not necessarily open set.

2) The collection of open balls in RbMS, RMS and b-metric space do not necessarily form a basis for a
topology.

3) RbMS, RMS and b-metric space are not necessarily Hausdorff.

OpenProblems :
1) In Theorem can we extent the range of A to the case % <A<l

2) Prove analogue of Chatterjee contraction, Reich contraction, Ciric contraction and Hardy-Rogers
contraction in RbM S.
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