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Abstract

The object of the present paper is to examine the Hyers-Ulam-Rassias stability and the Hyers-Ulam stability
of a nonlinear Volterra integro-differential equation by using the fixed point method. (©2016 All rights
reserved.
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1. Introduction

This paper is concerned with the following nonlinear Volterra integro-differential equations

t

u'(t) = f(t,u(t)) +/ k(t,s,u(s))ds, tel:=]0,T], (1.1)
0

with initial condition u(0) = «, where f(t, ) is continuous function with respect to variables ¢t and u on I xR,
k(t,s,u) is continuous with respect to ¢, s and w on I x I X R and « is a given constant. Volterra integro-
differential equations arise widely in the mathematical modeling of physical and biological phenomena.

In 1940, S. M. Ulam posed the following problem: ”Under what conditions does there exists an additive
mapping near an approximately additive mapping?” [14]. In the following year, Hyers [§] gave an answer
to the problem of Ulam for additive functions defined on Banach spaces. In 1978, Rassias [13] provided a
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generalization of the result of Hyers by proving the existence of unique linear mappings near approximate
additive mappings.

S. M. Jung [9] applied the fixed point method to the investigation of the Volterra integral equation
adhering to the notion of Cadariu and Radu [2]. He proved that if a continuous function u : I — C satisfies
the perturbed Volterra integral equation of second kind

u(t) — / F(r,u(r))dr| < o(t)

for all ¢ € I, then under some additional conditions, there exist a unique continuous function ug : I — C
and a constant C' > 0 such that

t
uo(t) = / F(r,up(1))dr and |u(t) —uo(t)| < Cp(t)
C
for all ¢ € I. Recently in [II] the authors jointly with S.-M. Jung proved that if p : I — R, ¢ : I — R,

K:IxI—Rand ¢ : 1 — [0,00) are sufficiently smooth functions and if a continuously differentiable
function u : I — R satisfies the perturbed Volterra integro-differential equation

t
W (8) + p(tyu(t) + q(t) + / K(t, ryu(r)dr| < o(t)

for all t € I, then there exists a unique solution ug : I — R of the Volterra integro-differential equation

u'(t) + p(t)u(t) + q(t) + /t K(t,7)u(r)dr =0,

utt) ~ ua(0)] < xpf - [ tpmdf} / o) ol | fpmdf} dé

for all t € I. In the past recent years, several authors proved the Hyers-Ulam stability of Volterra equations
of other type (we refer to [1, B[4, [6] [7, 12]).

such that

Definition 1.1. If for each continuously differentiable function u(t) satisfying

t

() — F(tu(t)) —/ k(t, 5, u(s))ds

0

< Y(t),

where 1(t) > 0 for all ¢, there exists a solution ug(t) of the Volterra integro-differential equations (1.1]) and
a constant C' > 0 with

u(t) —uo(t)] < C¥(t)
for all ¢, where C is independent of u(t) and wug(t), then we say that the equation (|1.1)) has the Hyers-Ulam-

Rassias stability. If ¢(t) is a constant function in the above inequalities, we say that equation (|1.1)) has the
Hyers-Ulam stability.

For a nonempty set X, we introduce the definition of the generalized metric on X.

Definition 1.2. A function d : X x X — [0, 00] is called a generalized metric on X if and only if d satisfies
(My) d(z,y) = 0 if and only if z = y;
(Ms) d(z,y) = d(y,z) for all z,y € X;
(M3) d(z, z) < d(z,y) +d(y, z) for all z,y,z € X.

We now introduce one of the fundamental results of fixed point theory that will play an important role
in proving our main theorems.
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Theorem 1.3 ([5]). Let (X,d) be a generalized complete metric space. Assume that A : X — X a strictly
contractive operator with the Lipschitz constant L < 1. If there exists a nonnegative integer k such that
d(A** 1z AF2) < oo for some x € X, then the followings are true:

(a) the sequence {A™z} converges to a fixed point x* of A;

(b) x* is the unique fized point of A in

X*:{yeX‘ d(Akx,y)<oo}; (1.2)
(c)If y € X*, then
1
d(y, %) < —d(Ay,y). (1.3)
1-L
The present paper is motivated by the desire to investigate the Hyers-Ulam-Rassias stability and Hyers-
Ulam stability for the nonlinear Volterra integro-differential equation ([1.1)).
2. Hyers-Ulam-Rassias Stability

In this section, we will prove the Hyers-Ulam-Rassias stability of the nonlinear Volterra integro-differential

equation (|1.1]).

Theorem 2.1. Let I := [0,T] be a given closed and bounded interval, with T > 0, and M, Ly and Ly, be
positive constants with 0 < MLy + M?L;, < 1. Suppose that f: I x R — R is a continuous function which
satisfies a Lipschitz condition

\f(t,ul)—f(t,uQ)\ SLf ]ul—ug\, VtGI, Vul,uQ eR (2.1)
and k: I x I xR — R is a continuous function which satisfies a Lipschitz condition
|k(t,s,ur) — k(t,s,u2)| < Lg |ug —uz|, Vt,s €I, Yup,ug € R. (2.2)

If a continuously differentiable function u: I— R satisfies

u'(t) — f(tu(t)) — /tk(t,s,u(s))ds <y(t), Vtel, (2.3)
0
where ¢ : I — (0,00) is a continuous function with
t
| wtepe < arot) (2.4

for each t € I, then there exists a unique continuous function ug : [— R such that

ww:a+43@w@WEﬁ[A%wa%@mws (2.5)

and

M
(MLy+ M2Ly)

u(t) — uo(t)] < wlt), Vel (2.6)

Proof. Let X denote the set of all real-valued continuous functions on I. For v, w € X, we set
d(v,w) =1inf {C € [0,00] | |v(t) —w(t)| < CY(t), Vt e I}. (2.7)

It is easy to see that (X, d) is a complete generalized metric space (see [10]).
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Now, consider the operator A : X — X defined by

(Av)(t) =« ~|—/0 f(&v())dE +/0 /OS k(t,&,v(€))deds, Yt € T (2.8)

for all v € X.
We check that A is strictly contractive on X. Let Cy, € [0,00] be an discretionary constant with
d(v,w) < Cyy, for any v, w € X, that is, by (2.7), we have

’U(t) - w(t)| < vaw(t)v vtel. (29)
It then follows from , , (2.4), (2.8) and (2.9) that

|(Av)(t) — (Aw)(8)] = /0 {£(&0(8)) = f(&w(§))} dg

+/0 /o {k(t, € v(&)—k(t, & w(€))} deds

< / FE0(6)) — F(€. w(©))]de
0

+/t /S |k(t, &, v(8))—k(t, &, w(E))| dEds
<Lf/ [v(€) \d§+Lk// 0(€) — w(€)| deds

< L;Cyy /0 P(E)dE + LiyCon /O /0 B(€)deds
< Copth(t)(MLp + M*Ly,), Vt € 1,

that is, d(Av, Aw) < Cyyt(t)(MLy+M?Ly). Hence, we can conclude that d(Av, Aw) < (M Lp+M?2Ly)d(v, w)
for any v,w € X, where we note that 0 < ML + MQLk < 1.
It follows from ([2.8]) that for arbitrary wg € X, there exists a constant 0 < C' < oo with
t t s
()0 = wn()] =+ [ seun@nac + [ [t ug(ededs—uott)
< Cy(t), vVt € I,

since f(§,wo(§)), k(t, &, uy(§)) and wo(t) are bounded on their domain and rgli}u/;(t) > 0. Thus, lb implies
€
that
d(Awp, wp) < o0.
Therefore, according to Theorem (a), there exists a continuous function uy : I — R such that
A'wy — ug in (X, d) and Aug = ug, that is, ug satisfies equation (2.5)) for every t € I.
Since w and wq are bounded on [ for any w € X and min#(t) > 0, there exists a constant 0 < Cy, < 0o

tel
such that
[wo(t) —w(t)| < Cuwtp(t)

for any ¢t € I. We have d(wg, w) < oo for any w € X. Therefore, we obtained that {w € X | d(wp,w) < 0o}
is equal to X. From Theorem (b), we deduce that ug, given by (2.5)), is the unique continuous function.

From ({2.3), we have

t
—(t) < () — f(t,ut)) — /0 k(t, s, u(s))ds < o(t), Vtel. (2.10)
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If each term of the inequality (2.10) is integrated from 0 to ¢, then

u(t) — o - /0 F(€,u(€))de /0 /0 k(L. €, u(€))déds| < /O b(E)de, Viel.

Thus, by (2.4)) and (2.8)), we get

u(t) — (Au)(t)] < /0 P(e)de < M(t), Viel,

which implies that
d(u, Au) < M. (2.11)

By using Theorem [1.3| (c) and (2.11)), we conclude that

1 M
d < d(A < .
(u,u0) < = (MLy + M?Ly) (Au,u) < 7= (MLy; + M?Ly)
Consequently, this yields the inequality (2.6) for all ¢t € I. O

In Theorem we have examined the Hyers-Ulam-Rassias stability of the Volterra integro-differential
equation (1.1)) defined on a bounded and closed interval. We will now show that Theorem is also valid
for the case unbounded intervals.

Theorem 2.2. For given nonnegative real numbers T, let I denote either (—oo,T| or R or [0,00). Let M,
Ly and Ly be positive constants with 0 < MLy + M?L;, < 1. Suppose that f : I x R = R is a continuous
function which satisfies a Lipschitz condition for all t € I and oll up,us € R. If a continuously
differentiable function u : I— R satisfies the differential inequality for allt € I, where ¢ : I — (0,00)
18 a continuous function satisfying the condition for each t € I, then there exists a unique continuous

function ug : I— R which satisfies (2.5) and (2.6)) for allt € I.

Proof. Let I = R. We first show that ug is a continuous function. For any n € N, we define I, = [—n,n].
In accordance with Theorem there exists a unique continuous function u,, : I,,— R such that

un(t) = o+ /0 F(Esun(E))d + /0 /0 Rt €, (€))deds (2.12)

and M
) ~ w8 < =377, e (213)

for all t € I. The uniqueness of u,, implies that if £ € I,,, then
Un(t) = tn41(t) = tn(t) =+ . (2.14)

For any t € R, we define n(t) € N as
n(t) =min{n e N|tel,}.
Moreover, let us define a function ug : R — R by

ug(t) = wnp(t), (2.15)

and we claim that wug is continuous. We take the integer n; = n(t1) for an arbitrary ¢; € R. Then, ¢; belongs
to the interior of I,,,4+1 and there exists an £ > 0 such that ug(t) = up,+1(t) for all ¢t with t; —e <t <t 4.
Since up, 41 is continuous at t1, ug is continuous at ¢; for any ¢; € R.
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Now, we will prove that wg satisfies (2.5)) and (2.7) for all ¢ € R. Let n(t) be an integer for an arbitrary
t € R. Then, from (2.12)) and (2.15), we have t € I,,;) and

wlt) =ty ) =t [ FEunn(@ds+ [ [ Trlt6 g €)dcds

t t s
—a+ [ ew@e+ [ [ recuy©)aas
Since n(§) < n(t) for any & € I,,(4), the last equality be correct and we have
Un (1) (§) = un(e) (§) = uo(§),

by virtue (2.14) and (2.15]).
Since t € I,y for every ¢t € R, by (2.13) and ({2.15)), we have

M
ML+ M2Ly)

[u(®) = wo(®)] < |u(t) = uny ()] < 5 — ¥(t)

for any t € R.

Lastly, we prove that ug is unique. Assume that vy : R — R be another continuous function which
satisfies and , with vy in place of ug, for all t € R. Let ¢t € R be an discretionary number.
Since the restrictions wg| Lo and wvp| Ly both satisfy and for all ¢ € I,,(;), the uniqueness of
Up () = U Ly suggest that

uo(t) = woly, , (t) = vl (t) = vo(t).

The proof can be done similarly for the cases I = (—o0,T] and I = [0, 00). O]

3. Hyers-Ulam Stability

In this section, we will prove the Hyers-Ulam stability of the nonlinear Volterra integro-differential

equation (|1.1J).

Theorem 3.1. Let Ly and Ly be positive constants with 0 < T'Ly + T;Lk < 1 and I := [0,T] denote a
gwen closed and bounded interval, with T > 0. Suppose that f : I x R — R is a continuous function which
satisfies a Lipschitz condition (2.1)) and k : I x I xR — R is a continuous function which satisfies a Lipschitz
condition (2.2)). If for € > 0 i¢in a continuously differentiable function u : I— R satisfies

<e

u'(t) — f(t,u(t)) —/0 k(t,s,u(s))ds , Vtel, (3.1)

then there exists a unique continuous function ug : I— R satisfying equation (2.5) and

u(t) — up(t)] < a

e, Vtel. 3.2
T 1 (TLy+ T Ly) (32)

Proof. Initially, let X denote the set of all real-valued continuous functions on /. Furthermore, we define a
generalized metric on X by

d(v,w) =1inf {C € [0,00]| |v(t) —w(t)| < C, Vtel}. (3.3)

It is easy to see that (X, d) is a complete generalized metric space (see Jung [10]).
Now, we define the operator A : X — X by

t t s
(Av)(t) = +/0 f(& v(&))d¢ +/0 /0 k(t, & v(€))dEds, YVt € 1 (3.4)



S. Sevgin, H. Sevli, J. Nonlinear Sci. Appl. 9 (2016), 200-207 206

for all v € X.
We now prove that A is strictly contractive on the generalized metric space X. For any v,w € X, let
Cyw € [0,00] be an arbitrary constant with d(h, g) < Cyp, that is, let us suppose that

0(t) = w(t)] < Cypu, VEE I (3.5)

By using . and ( , we deduce
[ e - stewien) e

*/o / {k(t, €, 0(€))—k(t, &, w(€))} deds

|(Av)(t) = (Aw)(t)] =

< / F(E,0(8)) — F(€, w(©))]de

‘) | / k(€ 0(€) k(1 & w(€))| deds
<Lf/ |v(€) \d§+Lk// [0(§) — w(&)| déds

t2
< Lfcth + Lkaw 2

T2
< Coul(TLy + 5 L), Vi € 1,

that is, d(Av,Aw) < Cyu(TLy + T;Lk) We conclude that d(Av,Aw) < (T'Ly + T;Lk)d(v,w) for any
v,w € X.
Let wg be any arbitrary element in X. Then there exists a constant 0 < C' < oo with

hue)0) ~ wo)] = o+ [ € wnt@ag + [ [kt (€ s —untt)
0 0o Jo
<C,Vtel,
since f(&, wo(§)), k(t, &, wy(§)) and wp(t) are bounded on their domain. Thus, implies that

d(Awp, wp) < oo.

Therefore, according to Theorem (a), there exists a continuous function uy : I — R such that
Awy — ug in (X, d) as n — oo, and such that Aug = ug, that is, ug satisfies equation for every t € I.

As in the proof of Theorem it can be verify that {w € X | d(wp,w) < 00} = X. Due to Theorem
(b), uo, given by (2.F)), is the unique continuous function.

From , we get
e < (1) — f(tu(t)) — /t k(t, s, u(s))ds <e, Vtel.
If each term of the above inequality is integrated fr([))m 0 to ¢, then
) —a— [ feu(end— [ [ keeug@eas| <er. vier,

that is, it holds that

d(u,Au) < eT. (3.6)
Lastly, Theorem (c) together with (2.11]) implies that
1 T
d(u,up) < 7 d(Au,u) < g,
1-— (TLf + TLk) 1-— (TLf + Lk)

that is the inequality (3.2]) be true for all ¢ € I. O
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