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Abstract

This paper investigates the adaptive dual synchronization of completely different four chaotic and hyperchaotic systems
with unknown parameters. Based on the Lyapunov stability theory, an efficient adaptive synchronization controller is con-
structed that converges the synchronization error signals to the origin with sufficient transient speed. Suitable adaptive laws of
unknown parameters are designed that converged the estimated values of the unknown parameters to the true values of the
systems parameters. Two numerical examples are presented and simulation results are derived to illustrate the effectiveness of
the proposed dual synchronization approach.
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1. Introduction

The idea of chaos synchronization was first introduced by Pecorra and Carroll [35] in 1991. Since
then, the synchronization of chaotic systems has been widely investigated in various scientific disciplines
for it’s theoretical as well as experimental challenges [7, 25]. Different synchronization control tech-
niques and strategies have been developed. These include, active control [44], linear feedback control
[40], nonlinear control, adaptive control, sliding mode control, projective synchronization and the lag
synchronization [1-6, 15-18, 20, 27, 42, 43, 45], etc.. In practical situations, some or all parameters of a
chaotic systems cannot be accessible in priori, and the effect of these uncertainties may completely break
the synchronization control. The adaptive control strategy is used when some or all parameters of the
chaotic systems are unknown. The significant features of the adaptive control strategy include the fast
response, robustness against the uncertainties, good transient performance, and easy implementation in
practical applications. Recently, an interesting synchronization phenomena discovered is the dual syn-
chronization. In the dual synchronization, more than one pair of a drive (master) and response (slave)
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chaotic systems are synchronized using a generated signal through a linear combination of the drive sys-
tems states. An intensive research has been devoted to study the dual synchronization of chaotic systems.
Tsimring and Sushchik [38] proposed the idea of dual chaos synchronization both for iterated maps and
ordinary differential equations. The dual synchronization between two different pairs of chaotic oscilla-
tors using a scalar signal is studied [22], where the dual synchronization is achieved by means of specific
classes of piecewise-linear maps with conditional linear coupling. In [39], the authors achieved the dual
synchronization between pairs of lasers by changing the optical frequency of each laser and controlled
the condition of injection locking instead of matching of internal parameters. Ning et al. [26] investigated
the dual synchronization among two different chaotic systems. The authors [14] established the problem
of dual synchronization using time-varying gain proportional output feedback. Gosh and Chaudhary
[13] further enhanced the dual synchronization of time-delay chaotic systems. Based on the Krasovskii-
Lyapunov functional approach, the authors [12] proposed a nonlinear observer-based projective-dual syn-
chronization in modulated coupled time-delayed systems. The dual synchronization is further improved
for fractional-order chaotic systems [41]. Using an adaptive and nonlinear feedback control approaches
[28-34], the dual synchronization and anti-synchronization are investigated. To the best of our knowl-
edge, the dual synchronization for pairs of non-identical unknown chaotic and hyperchaotic systems has
not been investigated and has been remained an open problem. In addition, it is well-known that if the
systems are completely different, then the messages of secure applications are more effective and can not
be captured easily. Generally, the applications of chaos dual synchronization in secure communication
make it much more important. In fact, in engineering, it is hardly the case that every component can
be assumed to be identical. Being motivated by the above discussion, the main objective of this paper
is to study the dual synchronization between two different unknown chaotic and hyperchaotic systems.
Based on the Lyapunov stability theory, a suitable adaptive controller is constructed that accomplished the
asymptotic stability of the synchronization errors at the origin. This paper also designed the update laws
for the estimation of unknown parameters. Two numerical examples are presented to show the efficiency
and performance of the proposed dual synchronization strategy. The rest of the paper is organized as fol-
lows. Section 2 presents the problem statement and theory of the proposed dual synchronization strategy.
In Section 3, the dual synchronization among four unknown chaotic Lorenz, Lii, Chen and Genesio sys-
tems and dual synchronization among four unknown hyperchaotic Lorenz, Chen, Lii and Lorenz-Stenflo
systems are investigated. This paper concludes in Section 5.

2. Problem statement

Consider the following two different systems with uncertain parameters as the drive systems:

X1 = f1(x1) + Fi(x1) e, Y1 = g1(y1) + Gi(y1)B, 2.1)

where x; € R™, y; € R™ are the state vectors of the systems, f; : R — R™ and g; : R™ — R™ are two
continuous vector functions, F; : R™ — R™*™1 G, : R™ — R™*41 are two matrix functions, and o« € R™1,
B € R are the unknown parameter vectors of the two drive systems. By a linear combination of the
drive systems states, a scalar signal is generated in the form of

n
€4 = Z (aix1+biy1) = ATX1 + BTyl = CTX,

i=1

where A = (ay,a,...,an)" and B = (by,by,...,bn) 7" are coupling parameters to be selected later, C =
(AT BNT, x = (x{ y{)T. This generated scalar signal is fed to the following response systems which are
completely different from the drive systems.

X2 = fa(x2) + F2(x2)0 + 1y, U2 = g2(y2) + Ga(y2)0 + uy, (2.2)
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where x; € R™ and y, € R™ are the state vectors, f, : R — R™ and g, : R™ — R™ are two continuous
vector functions, F, : R™ — R™ ™2 G, : R™ — R™* 92 gre two matrix functions, and 6 € R™2, 0 € R9 are
the unknown parameter vectors of the two response systems and 1 = (u; up)" € R*™ is a controller. The
feedback signal of the system (2.2) is given as follows:

n

&r = Z (aixo+biys) = C'y,

i=1
where y = (xJ ya4)T is a combination of the responses states.

2.1. Adaptive dual synchronization
System (2.1) can be written in the following form

x| _ | filxa) F1(x1) 0 o .
[91 } a [ g1(y1) ]Jr{ 0  Gi(u1) ] [ ] X = f(x) + F(x)A. (2.3)

I 10 = [ i) atun) 17, P = | 1)

larly, system (2.2) can be written in the following form:

x2 | | fa(x2) Fa(x2) 0 5 W _
[Uz ] a [ 92(y2) } +[ 0 Gy } [ 0 } + [ Uy ] y=9(y)+Gyx+U, (2.4)

where x = [ X1 U1

where y = [ X2 12 }Tf gly) = [ falx2) 92(y2) }T, G(x) = [ F2(0X1) Gz?yz) }, andx =[5 6 }T and

u= [ U U ]T. The main goal is to dual synchronize the drive systems (2.1) and the respond systems
(2.2) such that

lim [[x —x1]| =0, lim ||y —y1]| =0.
t—o0 t—o0

Remark 2.1. In this paper, we will assume that systems (2.1) and systems (2.2) satisfies f1(-) # f2(-) and
Fi(-) # Fa(-), 91(-) # g2(-) and G1(-) # Gaz(-), then the structure of systems (2.1) and (2.2) are different.

Theorem 2.2. If the adaptive control functions is selected as
U = f(x) +F(x)A —g(y) — G(y)& — ke —es
and updated by the following adaptation laws:
A=—TFelTe,  %=1GW)I"e,

then the response system (2.3) can adaptive dual synchronize the drive system (2.4) globally and asymptotically,
where k > 0 is a constant, e; = CT(y —x) is linear coupling for dual synchronization, and /\,)2 are the estimations
of the unknown parameters A, X, which need to be estimated.

Proof. The error system of the adaptive control scheme between systems (2.3) and (2.4) is given as follows:
e=G(y)(x—%) —FX)(A—A) —ek—es. (2.5)
Let us construct the following Lyapunov function candidate as
1 U
V= E[eTe +ATA+%"K],

where, A = A — A, % = x — & Taking the time derivative of V along the error dynamical system (2.5)which
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is given as follows:

V=[eTe+ ATA+%"%,
=e[G(y)x—F(x)A—ke—es]+e F(x)A—eTG(x)gx = —e'ek—ee; = —e'Pe.

Obviously, to ensure that the zero solution of the error dynamical system (2.5) is asymptotically stable,
the real symmetric matrix P should be positive definite. So, based on Lyapunov stability theory [36], we
know that the error dynamical system (2.5) is asymptotically stable. O

3. Dual synchronization of different chaotic systems with unknown parameters

In this section of the paper, we imply our proposed adaptive control method to achieve the asymptot-
ical dual synchronization of non identical chaotic systems with unknown parameters. Let us consider the
drive-response systems as follows:

Drive 1: Lorenz system [23] is given by
X1 =o0(y1—x1), Y1 =px1—x121 —Y1, Z1 =X1Y1 —YZ1. (3.1)
Drive 2: Lii system [24] is given by
X2 =a(Yys—x2), Yo =-—%2+0Ys, 2z =x2ys— Pzo. (3.2)

Response 1: Chen system [9]

X3 =a1(yzs —x3) +u, Yz = (01 —oq)x3—xX3z3 +01Yy3 + U2, Z3 =x3yz— B1z3 + us. (3.3)
Response 2: Gensio system [11]

X4 =Ya+Us, Ys=24+Us, Z14=—01Xa— P1Yys— Y124+ X5 + U, (3.4)
where o, p,7v, &, 8, 3 and oy, 81, 31, 01, p1, Y1 are unknown system parameters which need to be estimated.
The control input is defined as u;, (i = 1,2,...,6). Subtracting (3.1) from (3.3) and (3.2) from (3.4), then
the error system is given as follows:

€1 = o1(ys —x3) —o(yr —x1) +uq,

€2 = (81 — aq)x3 — X323 + 81Y3 — Px1 + X121 + Y1 + U2,
€3 = x3Yys — P1z3 —x1y1 +vz1 + U,

€1 =Yg — (Y2 —x2) +uy,

€5 = z4 + X222 — dYo + U5,

(3.5)

€ = —O1X4 — P1Y4 — Y124 + X5 — X2y2 + Bz + U,

where €1 = X3—X1, €2 = Yz —Yq1, €3 = Z3 —Z1, €4 = X4 —X2, €5 = Y4 — Y2, €6 = Z4 — Z2. The dual
synchronization of non identical chaotic systems needs the stabilization of the error system (3.5) at the
origin by a suitable adaptive controller which forces the trajectories of the response systems to track
the trajectories of the drive systems so that the error vector in the situation of unknown parameter i.e.,
tli_}n(}o llei(t)]| =0, (i=1,2,...,6). In order to achieve that, we state the following theorem.

Theorem 3.1. For any initial conditions, the systems (3.1)-(3.2) and (3.3)-(3.4) are globally asymptotically dual
synchronized if we design the following adaptive control functions and adaptation law:

W = —&(ys —x3) + 6(y1 —x1) —kier — e,
Uy = —(81 — &1)x3 +x323 — d1y3 + Px1 —x121 — Y1 — kaez — e,
U3 = —x3Y3 + B12z3 + x1y1 — V21 — kses — e,
) (3.6)
Uy = =Yg + &(Yy2 —x2) —kseg — e,
Us = —2z4 — X2z + dys — kses — es,

A A N 2 A
Ug = O1xq + P1Ys + Y124 — X5 +X2y2 — Pz2 — Kees — €5,
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and
6=—(y1—x1)er, pPp=-x1e2, Y=ze3 & =—(y2—x2)es,
0 = yaes, B=1zes & =(ys—x3)e1 —xzez, 1 = (x3+ys)ea, (3.7)
P1 = —zzes, 61 =—xs€6, P1=—Yases, Y1 = —2z46,

where ki > 0,(i = 1,2,...,6), 6,0,¥, &9, and &1,81, 31,61, p1,V1 are the parameter estimations of ,p,Y,
«,d, B and «1, 01, B1, 01, P1,7Y1, respectively, and

3 3
es = Zaiei+Zbiej, j=4,56,e=y—x,y #x.
i=1 i=1
where, e is the linear coupling of the drive and response systems.
Proof. Inserting (3.6) into (3.5) yields the following form of the error system

€1 = &1(yz —x3) — &(y1 —x1) —kie; —es,
€ = (01 — &1)x3 + 01y3z — px1 — ke — e,

€3 = —Piz3 + V21 —kses — e,

€4 = —&(y2 —x2) — kgeq — e,

€5 = —dys — kses — e,

€6 = —01X4 — P1Yys — V124 + Pzo — kees — e,

where 5 =0—6,p=p—py=v— 9, &=a—8&8=0-8B=p—Pand & =01 —&,5; =8 — 1,1 =
B1—P1,61 = 01 —61,P1 = p1— = P, V1 = Y1 —F1. Let us construct the following Lyapunov function
candidate as

1 3 4 ~ ~
V=2lelet s +p"+9° + &%+ 8+ B2+ 64+ 8+ BT+ 51 + 1 + V1),
Applying the above equations in the time derivative of V leads to

V=ele+ o8+ pp+7V + &b+ 85+ B + dudu + 5181 + Fi1f1 + 5181 + p1f1 + Vit

= e1[&1(ys —x3) — 6(y1 —x1) — kier — es] +ex[(81 — &1 )x3 + 81y3
— px1 —kaex —es| +e3[ — P1z3 4+ ¥z1 —kses —es] + es| — &(y2 —x2)
—kses —es] +es[ — dys — kses — es] + es[ — F1xa — P1Ys — V124 + P22
—kees —es| + G((y1 —x1)e1) + p(x1e2) + V(—z1e3) + &((y2 — x2)es)
+ 8(—y2es) + B(—z2e6) + &1 (—((ys — x3)e1 —xzea)) + 81 (—(x3 + yz)e)
+ PB1(zzes) + 51(xse6) + P1(yaes) +V1(zse6)

= —[(k1 +a1)ef + (a1 + az)erer + (a1 + az)eres + (a1 + by )eres + (a1 + ba)eres
+ (a1 +bz)eres + (ko + az)es + (a2 + as)ezes + (az + by)ezes + (az + by)ezes
+ (a2 +b3)ezes + (k3 + as)e3 + (a3 + bi)eses + (az + ba)eses + (az + ba)eses
+ (kg +b1)ej + (b + ba)eses + (by + bz)eseq + (ks + ba)ed + (ba + bs)eses + (ke + bs)eg]

= —eTPe,

where, e = [le1], |ez], |es], |e4l, |es], |es]] and P is real symmetric. From the Lyapunov theorem of stability

[19], it is simple to point out that the zero equilibrium point (e; = 0,i =1,...,6) of the error dynamical
system (3.5) is globally asymptotic stable if the real symmetric matrix P is positive definite. According



A. O. Almatroud, M. S. M. Noorani, M. Al-sawalha, J. Math. Computer Sci., 18 (2018), 398410 403

to Sylvester’s theorem [36], P is positive definite if and only if A; > 0,1 =1,2,...,6, where A; represents
the ith order sequential sub determinant of matrix. That is, we should choose the appropriate coupled
parameters. Then, we realize the adaptive dual synchronization between different chaotic systems. This

completes the proof. O
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Figure 1: Evolution of the drive system (3.1) and response system (3.3) state, (a) signals x; and x3; (b) signals y; and y3; (c)
signals z; and z3.
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Figure 2: Evolution of the drive system (3.2) and response (3.4) system state, (a) signals x, and x4; (b) signals y, and yy; (c)
signals z; and zy4.
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Figure 4: (a) Estimate values of parameters of system (3.1); (b) Estimate values of parameters of system (3.2); (c) Estimate values
of parameters of system (3.3); (d) Estimate values of parameters of system (3.4).

3.1. Numerical simulations

In this subsection, to verify and demonstrate the effectiveness of the proposed method, we discuss the
simulation results for the adaptive dual synchronization of different chaotic systems. In the numerical
simulations, the fourth-order Runge-Kutta method is used to solve the systems (3.1)-(3.4) with time step
size 0.001. The parameters of the drive and the response systems are set as 0 = 10,p =28,y =8/3, & =
36,6 =20, =3, 01 = 35,8, = 28,p1 = 3,01 = 6,p1 =2.92,v1 =12, a; = (1,1,1),b; = (1,1,1),i =1,2,3
and ki =4,1=0,1,...,6, for which condition P is positive definite. The initial conditions of the drive and
response systems are taken as, x1(0) = 0.5,y1(0) =1,21(0) = 1 and x,(0) = 1.5,y2(0) = 2.5,2,(0) = 0.65,
x3(0) = 10.5,y3(0) = 1,2z3(0) = 37, x4(0) = 10.5,y4(0) = 1,24(0) = 37, respectively. Adaptive dual
synchronization of the systems (3.1)-(3.4) via adaptive control law (3.6) and (3.7) with the initial estimated
parameters &(0) = 2,(0) = 3,9(0) = —1, &(0) = 2,8(0) = 3,(0) = —1 and &;(0) = 2,8:(0) = 3,B1(0) =
—1,61(0) = 2,p1(0) = 3,71(0) = —1 are shown in Figures 1-4. Figures 1-2 show the evolution of the
drive systems (3.1)-(3.2) and the response systems (3.3)-(3.4). Figure 3 shows the error signals ej, s, e3
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and ey, es, e with initial conditions e;(0) = 10,e5(0) = 0, e3(0) = 36,e4(0) =9, e5(0) = —1.5, e4(0) = 36.35.
Figure 4 shows that the estimates &, 0, ¥, &, §,B and &3, 81, B1, 61, p1,¥1 of the unknown parameters o, p,7,
o, 5,3 and «q,81, 31,01, p1, Y1 converges to 0 =10,p =28,y =8/3, x =36,0 =20,3 =3 and «; = 35,01 =
28,1 =3,00=6,p1 =292, y1 =12ast — oco.

4. Dual synchronization of different hyperchaotic systems with unknown parameters

In this section, we will choose the four systems with different structure that are hyperchaotic sys-
tems, namely, hyperchaotic Lorenz system, hyperchaotic Chen system as the drives and hyperchaotic Lii,
hyperchaotic Lorenz-Stenflo as the responses, we illustrate the effectiveness of the adaptive dual synchro-
nization scheme of different hyperchaotic systems. The nonlinear differential equations that describe the
different hyperchaotic systems are
Drive 1: Hyperchaotic Lorenz system [10] is given by

X1 =0oyr—x1), Y1 =Pixi—xizi+yi—wi, Zi=xy1—vizi, Wi =0yiz. (4.1)
Drive 2: Hyperchaotic Chen [21] is given by
X2 =02(Y2—x2) + w2, Yo =Poxa—Xz2+ Yz, Z=XY2—Y2z2, W2 =Yz +6wa  (42)
Response 1: Hyperchaotic Lii [8] is given by
X3 = a3(ys —x3) +wz +uy,
Y3 = —x3z3 + d3y3 + Uy,

. (4.3)
Z3 = X3Yy3 —Y3z3 + U3,
W3 = X323 + 03w3 + uy.
Response 2: Hyperchaotic Lorenz-Stenflo [37] is given by
X4 = x4 (Ys — Xg) + d4wy + us,
g = [PaXq4 — X424 —Yg + Ug,
Y = PaXxa —X4Zs —Ys + Ue (4.4)

Z4 = X4Y4 —YazZ4 + Uy,
Wy = —X4 — 04W4 + Ug,

where &4, 31,v1, 01, 02, B2, 02,v2, 02, &3, 03,V3, 03, x4, B4,Y4, 04 are unknown system parameters. The con-
trol input is defined as ui, (i =1,2,...,8). The error system can be written as follows:

€1 = a3(ys —x3) + w3 — o1 (y1 —x1) + g,
€ = —x32z3 + 63ys — P1x1 + X121 —Y1 + W1 + up,
€3 = X3Y3 — Y323 —X1Y1 +Y1z1 +uz,
€4 = x323 + 03w3 — 01Y121 + Uy, (45)
€5 = 04(ys — xq) + 04ws — a2 (Y2 — x2) — w2 +us,
€6 = Paxa — X424 —Ys — P2x2 + X222 — S2y2 + U,
€7 = X4Y4 —Y4Z4 —X2Y2 + Y222 + U7,
€3 = —Xg4 — W4 — Yoz — Oowy +ug,
where e; = x3—X1, €2 =Yz — Y1, €3 = 23— 21, €4 = W3 — W3, €5 = X4 — X2, € = Y4 — Yo, €7 = 24 — 27,
eg = wy —wy. Our goal is to find proper control functions u;,i = 1,2,...,8 and parameter update rule,
such that system (4.1)-(4.2) asymptotically dual synchronization systems (4.3)-(4.4), i.e., tli_>nfo1o llei(t)]| =0,

(i=1,2,...,8). The following theorem shows that hyperchaotic systems (4.1)-(4.2) and (4.3)-(4.4) can be dual
synchronized effectively by the following proposed adaptive controller.
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Theorem 4.1. Systems (4.1)-(4.2) and (4.3)-(4.4) are globally asymptotically dual synchronized if we design the
following adaptive control functions and adaptation law:

u = —&3(ys —x3) —wz + &1(y1 —x1) —kie; —eg,

Uy = X323 — 03Y3 + P1X1 — X121 + Y1 — w1 — kpex — e,

uz = —x3Yy3 + V323 + x1y1 — Y121 — kzez —es,
wg = —x3z3 — O3w3 + O1y121 — kaes — e, (4.6)
Us = —8&4(Ya — xa) — dswa + & (Y2 — x2) + Wy — kses — e, .
U = —Paxa + xazg +Ys + Pox2 — X222 + 82y2 — kees — e,
Uy = —X4Yq + V124 +x2y2 — Y222 — kyey —es,
ug = x4 + 4wy + Y22z + 0wy — kgeg — e,
and

b1 = —(y1—x1)e;, B1=—xe, $1=z1e5, 61 =—yr1z1es,

bo = —(y2 —xa)es, Pa = —xaes, 8y = —yses, V2 =xa2€7, 47)

02 = —waes &s = (ys —x3)ey, b3 =vyses, 3 = —zses,

03 = waey, by = (Ys—xa)es —waes, Ps=xses, Fa=—z4€7, 4 —=wpes,

where ki > 0,(i =1,2,...,8), &1, B1,¥1,01, &, B2, 82,92, 02, &3, 83, %3, 03, &, Ba, V4, 4 are the parameter esti-
mations of &1, 31,v1,01, 02, B2,02,Y2,02, &3, 83,73, 03, X4, B4, Y4, 84, respectively, and

es = aje| + arep + ages + ageq + bres + breg + bzeg + byeg.

Proof. The error system (4.5) can be written as follows

€1 = &3(ys —x3) +wz — &1 (y1 —x1) —kjeg —es,

€ = d3y3 — P1x1 —koex —es,

€3 = —Y323 + Y121 —Kzez —es,

€y = 03wz — 01y121 — kaes — e,

€5 = &a(ys —xa) + daws — 8o (yz — x2) — kses — e,

€6 = Baxa — Paxo — dyz — keeg — €5,

€7 = —V4z4 + Y222 —K7e€7 — €5,

€g = —Guwy — Oywy —kgeg — e,
where, & =0y — 61,1 =B1— B, V1=Vv1—-91,01 =01 -0, 60 =00 — 8, B2 =B2— B2, =82 —0s, 72 =

Y2 —\72,?2 = 92-?2, & = o3 — 83,03 =083—83, V3 =v3—V3,05 =03 — 03,04 = o4 — &y, By = Bs— Ps, V4 =
Y4 — V4,04 = 84 — 04. The Lyapunov function candidate is formed as

vzE(eTe+6c%+{3%+7%+9%+6c§+r5§+6§+i/2+e§+a§+5§+v3+e§+5¢i+Bi+ixﬁ+6ﬁ).

Applying the above equations in the time derivative of V leads to the time derivative of V leads to
V=ele+agdy + Bi1B1+ Vi1 + 0101 + dado + BaB2 + 8280 +2v2 + 020,
+ 8383 + D303 + V3V3 + 0303 + 8484 + PaPa + VaVa + 8484
=ep [563@3 —x3) — &1(y1 —x1) —kieq — es} +e [53y3 — B1x1 — koey

— es} +e3 [ —¥323 + V121 — kzez — es} +ey [93W3 —01y121 — kaeq — es}
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+es [564(94 —x4) + 84wy — 8o (Yo — x2) —kses —es| + €6 [B4X4 — Box2
—5292—1%66—%} +e7[—1747~4 +1727~2—k7€7—€s} +68[_5(4W4_92W2
—kgeg — es} + 1 ((y1 —x1)e1) + Br(x1e2) +¥1(—z1e3) + 01 (y1z1€4)

+ & ((y2 — x2)es) + B2 (x2e6) + 82 (yzes) + V2 —2z2€7) + 02 (woes)

+&3(— (ys —x3)e1) +83( —yazez) +V3(z3e3) + 03( —waes)

+ 8ty (— (ya —xa)es —waeg) + Ba( —xae6) + Va(za€7) + 84— woes)

—[(k1 +ap)ef + (a1 + az)erer + (a1 + az)eres + (a1 + ag)eres + (a1 + byeges
+ (ag +bo)ereg+ (a1 + bzlerer + (ag + by)ereg + (ko + az)e% + (ap + asz)ezes
(a2 + as)ezes + (a2 + by)ezes + (ax + ba)ezes + (az + bz)ezey + (az + by)ezes
(ks + az)e3 + (a3 + ag)eses — (a3 + by)eses + (a3 + ba)eses + (a3 + bs)esey
(a3+bs)eses + (ks + ag)ej + (ag +by)eges + (ag + ba)eses + (ag + bz)eges
(as+bs)eses + (ks + by)es + (by + ba)eseg + (by + bz)eses + (by + by)eses

( ) ( ) ( )

( )

k¢ + bo e%+(b2+b3)6667+ by + by)eges + (k7 + bs e%+(b3+b4)e7eg
8

+ o+ + + + o+

ks +bg)e

—eTPe,

(4.8)

where, e; > 0,(i = 1,2,...8) and P is is real symmetric. From the Lyapunov theorem of stability [19],
it is simple to point out that the zero equilibrium point (e; = 0,1 = 1,...,8) of the error dynamical
system (4.5) is globally asymptotic stable if the real symmetric matrix P is positive definite. According
to Sylvester’s theorem [36], P is positive definite if and only if A; > 0,1 =1,2,...,8, where A; represents
the ith order sequential sub determinant of matrix. That is, we should choose the appropriate coupled
parameters. Then, we realize the adaptive dual synchronization between different hyperchaotic systems.

This completes the
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Figure 5: Evolution of the drive system (4.1) and response system (4.3) state, (a) signals x; and x3; (b) signals y; and y3; (c)
signals z; and z3; (d) signals wy and ws.
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Figure 6: Evolution of the drive system (4.2) and response system (4.4) state, (a) signals x, and x4; (b) signals y, and yu; (c)
signals z; and z4; (d) signals wy and wy.

Figure 7: The dual synchronization errors (a) eq, ey, e3, e4 between the pair of systems (4.1) and (4.3); (b) es, eg, e7, eg between the
pair of systems (4.2) and (4.4).
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Figure 8: (a) Estimate values of parameters of system (4.1); (b) Estimate values of parameters of system (4.2); (c) Estimate values
of parameters of system (4.3); (d) Estimate values of parameters of system (4.4).
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4.1. Numerical simulations

In the numerical simulations, we demonstrate the effectiveness of the proposed method and discuss
the simulation results for the adaptive dual synchronization of different chaotic systems, the fourth-order
Runge-Kutta method is used to solve the systems (4.1)-(4.4) with time step size 0.001. The parameters
of the drive and the response systems are set as o; = 10,31 = 28,1 = 8/3,0; = 0.1, a0 = 35,32 =
7,52 = 12,‘}/2 = 3,92 = 0.6, X3 = 35,53 = 20,‘}/3 =3 ,93 = 1, xXq4 = 1, f.)>4 = 26,‘}/4 = 0.7,54 = 1.5 and
ai =(1,1,1,1),by =(1,1,1,1),i=1,2,4and k; =4,i =0, 1,..., 8 for which condition P is positive definite.
The initial conditions of the drive and response systems are taken as x;(0) = —1,y;(0) = —1,z(0) =
1,W1(0) = 1, Xz(O) = —1,y2(0) = 1,22(0) = 2,W2(0) = 0, X3(0) = 5,y3(0) = 2,23(0) = —5,W3(0) = -2
and x4(0) = —4,y4(0) = 3,2z4(0) = —3,w4(0) = 2, respectively. Adaptive dual synchronization of the
systems (4.1)-(4.4) via adaptive control law (4.6) and (4.7) with the initial estimated parameters &;(0) =
%61(0) —1=%(0) = 3,01(0) = 2, &(0) =3 B2(0) = 2, 82(02 = —1,92(0) = 3,6,(0) = 2,4&3(0) = —1,
03(0) =3,93(0) =2,03(0) = —1, &4(0) =3, 34(0) = 3,¥4(0) = 3,04(0) = 3 are shown in Figures 5-8. Figures
5-6 show the evolution of the drive systems (4.1)-(4.2) and the response systems (4.3)-(4.4). Figure 7 shows
the error signals ey, >, e3, e4 and e, eg, €7, e, between the pair of drive systems and the pair of response
systems with initial conditions e;(0) = 6,e2(0) = 3,e3(0) = —6,e4(0) = —3,e5(0) = —3,e4(0) = 2,e7(0) =
—5,eg(0) = 2. Figure 8 shows that the estimates &;, [31,?1, é1, &, Bz, 82,‘?/2, éz, &3, 83,‘}73, ég, &y, 64,‘}74, 84 of
the unknown parameters converges to «; = 10,31 =28,v1 =8/3,01 =0.1,x0 = 35,32 =7,8, =12,y =
3,00 =06,03=,03=20,v3=3,03=1,04=1,$4=26,v4=0.7,6, =15 as t — oo.

5. Conclusions

In this paper, based on the Lyapunov theorem of stability, an adaptive control strategy is proposed
to achieve the dual synchronized among four non-identical unknown chaotic and four non-identical un-
known hyperchaotic systems are investigated.The graphical results fully certified the theoretical findings.
The error states converged to the origin with sufficient transient speed. The estimation of unknown pa-
rameters approached to the true values of the unknown systems parameters. Numerical experimental
results further validated the robustness and effectiveness of the proposed methodology.
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