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Abstract

The aim of this paper is to obtain some common «-fuzzy fixed points for fuzzy mappings under almost F-contraction in
the setting of metric space. In this way we generalize, unify, and complement fuzzy fixed point results of literature. As an
application, we derive some multivalued fixed point theorems as a direct consequence of our main results. We also provide a
non trivial example to show the significance of the investigation of this paper.
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1. Introduction

In the theory of metric spaces, Banach fixed point theorem [12] is an important tool which guarantees
the existence and uniqueness of fixed points of certain self mappings. It actually provides a constructive
method to find fixed points. This theorem was first stated by a Polish Mathematician Stefan Banach in
1922.

There are many generalizations of Banach fixed point theorem in the literature. One of the most
interesting generalizations is almost contraction which was first given by Berinde [13, 14]. Berinde studied
many kinds of contraction mappings and gave the concept of almost contraction in following way.

Definition 1.1 ([13]). Let (X, d) be a metric space. A mapping T : X — X is called an almost contraction if
there exists a constant A € [0,1) and some L > 0 such that

d(Tx, Ty) < Ad(x,y) + Ld(y, Tx)
for all x,y € X.

He also generalized the above almost contraction as follows.
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Definition 1.2 ([14]). Let (X, d) be a metric space. A mapping T : X — X is said to be generalized almost
contraction if there exists a constant A € [0,1) and some L > 0 such that

d(Tx, Ty) < Ad(x,y) + Lmin{d(x, Tx), d(y, Ty), d(x, Ty), d(y, Tx)}
for all x,y € X.

A new approach in the theory of fixed points was recently given by Wardowski [29]. In his article,
he extended the contractive condition on the mapping and introduced new type of contractions called
F-contractions. He proved a new fixed point theorem regarding F-contractions in the context of complete
metric spaces. Wardowski defined F-contraction as follows.

Definition 1.3. Let (X, d) be a metric space. A mapping T : X — X is said to be a F-contraction if there
exists T > 0 such that for x,y € X,

d(Tx, Ty) >0 =1+ F(d(Tx,Ty)) < F(d(x,y)),
where F: R™ — R is a mapping satisfying the following conditions
(F1) Fis strictly increasing;
(F2) for all sequence {an} C R, limy 00 &n = 0 if and only if limy 00 F(otn ) = —00;
(F3) there exists 0 < k < 1 such that lim,,_,¢+ «*F() = 0.

Later on Altun et al. [7] modified the above definitions by adding a general condition (F4) which is
given in this way:

(F4) F(inf A) =infF(A) for all A C (0, c0) with inf A > 0.

Altune et al. [6] used the concept of F-contraction and defined the notion of multivalued almost
F-contraction to prove some fixed point results in complete metric spaces.

We represent the set of all functions F: RT — R satisfying conditions (F1)-(F4) by F .

For more details on F-contraction, we refer the reader to [3, 4, 19-23, 28].

On the other hand, Heilpern [18] used the concept of fuzzy set to introduced a class of fuzzy mappings,
which is a generalization of the set-valued mapping, and proved a fixed point theorem for fuzzy contrac-
tion mappings in metric linear space in 1981. It is worth noting that the result announced by Heilpern
[18] is a fuzzy extension of the Banach contraction principle. Subsequently, several other authors have
studied existence of fixed points of fuzzy mappings, see [2, 5, 8-11, 15-17, 25, 26, 30].

Let (X, d) be a metric space and CB(X) the family of nonempty, closed, and bounded subsets of X. For
A, B € CB(X), define

H(A,B) = max ¢ sup d(a,B),supd(b,A) »,
acA beB

where
d(x,A) = inf d(x,y).
yeA

A fuzzy set in X is a function with domain X and values in [0, 1], IX is the collection of all fuzzy sets
in X. If A is a fuzzy set and x € X, then the function values A(x) is called the grade of membership of x
in A. The «-level set of A is denoted by [A], and is defined as follows:

Al, ={x:Ax) > oif x € (0,1], [A],={x:A(x) >0}

Here B denotes the closure of the set B. Let J(X) be the collection of all fuzzy sets in a metric space
X. For A,B € J(X), A C B means A(x) < B(x) for each x € X. We denote the fuzzy set x(,; by {x} unless
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and until it is stated, where x(, is the characteristic function of the crisp set A. If there exists an « € [0, 1]
such that [A]_, [B],, € CB(X), then define

poc(A/B) = inf d(xry)/ DOC(A/B) :H([A]O(I[B}(X)
x€[Al,,yelBl,

If [A], , [B],, € CB(X) for each « € [0, 1], then define

P(A,B) =supp«(A,B), dw(A,B) =supDy(A,B).
X x

We write p(x, B) instead of p({x}, B). A fuzzy set A in a metric linear space V is said to be an approximate
quantity if and only if [A], is compact and convex in V for each « € [0,1] and sup, ., A(x) = 1. The
collection of all approximate quantities in V is denoted by W(V). Let X be an arbitrary set and Y be a
metric space. A mapping T is called fuzzy mapping if T is a mapping from X into J(Y). A fuzzy mapping
T is a fuzzy subset on X x Y with membership function T(x)(y). The function T(x)(y) is the grade of
membership of y in T(x).

Definition 1.4. Let S, T be fuzzy mappings from X into J(X). A point u € X is called an x-fuzzy fixed
point of T if there exists « € [0, 1] such that u € [Tu], . The point u € X is called a common «-fuzzy fixed
point of S and T if there exists « € [0, 1] such that u € [Su], N [Tu], . When « = 1, it is called a common
fixed point of fuzzy mappings.

The aim of this article is to prove some common «-fuzzy fixed points for fuzzy mappings for almost
F-contraction in the context of complete metric space to generalize some known results of literature.
For the sake of convenience, we first state some known results for subsequent use in the next section.

Lemma 1.5 ([24]). Let (X, d) be a metric space and A, B € CB(X), then for each a € A,
d(a,B) < H(A,B).
Lemma 1.6 ([8]). Let V be a metric linear space, T : V. — W(V) be a fuzzy mapping, and xo € V. Then there exists
x1 € V such that {x1} C T(xg).
2. Main results

Theorem 2.1. Let (X, d) be a complete metric space and let S, T be fuzzy mappings from X into J(X) and for each
x € X, there exist as(x), oat(y) € (0,1] such that [Sx] s (x) 7 Tyl oy (y) Are nonempty, closed, and bounded subsets
of X. If there exists some F € F, T > 0,and L > 0 such that

vt F(H (¥ MWlarqy) ) ) < FA G y)) + LM, Y)) 2.1)

forall x,y € X with H ([Sx] s (x) 7 [Ty]“T(y)> > 0, where

MOx,y) = min {d (%, 5¥0q ) 4 (0 Mol ) & (% Ml ) £ @ (90 X ag) }

then there exists some w € [Suly () N [Tw 4y -

Proof. Let xq be an arbitrary point in X, then by hypotheses there exists «s(xg) € (0, 1] such that [Sx] s (x0)
is a nonempty, closed, and bounded subset of X. Let x1 € [Sxql 4 (x,) - FOr this x; there exists acr(x1) € (0,1]
such that [Txl]oq( is a nonempty, closed, and bounded subset of X. By Lemma 1.5, (F;), and (2.1), we
have

x1)

T+ F (4 (%1, Ml (ey)) ) < T+ F (H(18%0ag ) Tty () ) ) < Fldlx0,30)) + L(Mx0,30)),
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where
M(x9,x1) = min {d (xo, [Sxo] (XS(XO)) ,d (xl, le]ow(m)) ,d (xo, [Txl]aT(Xl)) ,d (xl, [Sxo]as(XO)) } .

From (F4), we know that

F (d (Xl’ [TXﬂ“T(X]))) - yE[Tgl]focT(xl) F(d(XLy))

Thus

T+ _inf  F(d(x1,y)) < F(d(xo,x1)) + L min
yE[TXﬂExT(Xl)

d (xo, [SXO](Xs(XU)> ,d (xl, [Txl]oq(xl)) p
d (xo, [Txl]‘xT(XlJ ,d (xl, [Sxo] ocs(XO)) .

Then, there exists x, € [Txq] ) such that

ot (%1
T+ F(d(x1,%2)) < F(d(xo,%1)) +Lmin{d (xo,x1), d (x1,%2),d (x0,%x2) , d (x1,%1)} = F(d(x0,%1)).

For this x; there exists «s(x2) € (0, 1] such that [Sx,] as
X. By Lemma 1.5, (Fy), and (2.1), we have

T+F (d (XZ, [sz]“s(xz)» <Tt+F (H ([Txﬂm(xl) , [sz](xsm)))

— T+ F (H <[SX2]cxs(X2) / [Txl]cxﬂxl))) < Fldbax)) + LM 1)),

x,) 18 @ nonempty, closed, and bounded subset of

where
M(x2,x1) = min {d(xz,xl), d (xz, [sz]cxs(xz)> ,d (xl, [Txl]aT(Xl)) ,d (xz, [Txl](xT(Xl)) ,d (x1, [sz]as(xz)) } .

From (F4), we know that

F [d <X2, [sz]cxs(xz)ﬂ = inf F(d(x2,y1)).

yi1€ [SXZLXS (x2)

Thus

d(x2,x1), d (x2, [Sx2l 5c (xo1 ) - A (X1, [Tx1) o () )
t+ inf  F(d(x2,y1)) < F(d(x2,%1)) + Lmin ( s 2)) < ar N) .
y1€[sz]“S(X2)

d <X2/ [TX]] O‘T(Xl)) 7 d <X1/ [SXZ] g (Xz])
Then, there exists x3 € [Sx] as (x2) such that
T+ F(d(XZ/ X3)) < F(d(xlzxz)) + Lmin{d(XZIXl)/ d (XZ/ X3) s d (X1/X2) s d (XZ/ XZ) s d (X’1/X3)}I

which implies
T+ F(d(x2,%x3)) < F(d(x1,%2)).

So, continuing recursively, we obtain a sequence {x,} in X such that xon4+1 € [Sx2n]
[Mx2n 1) op ( ) and

s (xam) and Xon+42 €

Xon+1

T+ F(d(X2n41,X2n+2)) < F(d(x2n, Xon+1)) (2.2)

and
T+ F(d(x2n+2/ X2n+3)) < F(d(x2n+1r X2n+2)) (23)

for all n € IN. From (2.2) and (2.3), we have

T+ F(d(xn, xn+1)) < Fld(xn—1,%n)).
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Therefore,
F(d(xn,xn41)) < F(d(xn—1,%n)) =T < F(d(Xn—2,Xn-1)) — 27,

which implies

F(d(xn, Xn+1)) < --- < F(d(xo, %)) — . (2.4)
Letting n — oo in above inequality, we obtain lgrl F(d(xn,Xn+1)) = —oo that together with (F,) gives
n o0

lim d(xn,xn1) =0.
n—oo

Now by (F3), there exists h € (0,1) such that

lim [d(xnz Xn+1)]hF (d(xn/ Xn—!—l)) = 0.
n—o0

From (2.4) we have

[d(Xn, Xn+1)]hF (d(Xn, Xn+1)) - [d(xnr Xn+1)]hF (d(XOI Xn+1)) < _nT[d(an Xn+1)]h <0.
On taking limit as n — oo we obtain

lim n[d(xn,xn+1)]h =0.
n—oo

Hence lim n%d(xn, xnt1) = 0 and there exists n; € IN such that nw d(xn,xns1) < 1forallm > ny. So we
n—oo

have
1

ni/h

for all n > ny. Now consider m,n € IN such that m > n > ny, we have

d(xn, Xn—l—l) <

00
1
d (anxm) <d (XTL/XT‘L+1) +d (XT‘L+1I Xn+2) +- 4+ d(Xm—1,%Xm) < Z 117
i=n

By the convergence of the series > 7~ ﬂ%, we get d (xn, Xm) — 0asn, m — oco. Therefore {x,,}is a Cauchy
sequence in X. The completeness of (X, d) ensures that there exists u € X such that, limn 0o Xn = u.
Now, we prove that u € [Tul,_ (). We suppose on the contrary that u ¢ [Tul,_ (), then there exists
an ng € IN and a subsequence {xn, } of {xn} such that d(xpn, 1, [Tul ocT(u)) > 0 for all nx > ngy. Since
d(xon, +1, [Tu] ar(w)) > 0 for all ng > ng, so by Lemma 1.5, (Fy), and (2.1), we have

T+ F (Ao, 1, Mg ()] < T+ F[HIS%m g ) MWy ()]
d (Xan/ [sznk]“s(xmk)) ,d (LL, [Tu] cxﬂu)) ’

d(XZTLk/ u)/ d (ink’ Xan+1) ’ d (u, [Tu] “T(u)) ,
d (Xan/ [TLL] OCT(U)) ,d (U., ink_H) ’

< F(d(xon,,u)) + Lmin

< F(d(x2n,, 1)) + Lmin {

which further implies that

d(Xan/ u)l d (Xanl XZTLk+1) s d (u/ [Tu] “T(u)> ’

—T
4 (Xame [Ty 1)) 4 (18,520, 41)

Fdbon, 1, [Ty ()] < Fldlxon,, w) + Lmin

d(x2n,, u), d (x2n,, Xon, 1), d (u, [Tu] ,
< F(d(Xan; 'LL)) + Lmin e e Tt ( (XT(U—)>

4 (Xane Mg ) 4 (0 X2m 1)
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Since F is strictly increasing, we have

d(xan,+1, [Tu o () < d(¥2n,, w) + Lmin {

d(Xan, u)/ d (ineran—i-l) ’ d (u/ [Tu] “T(u)> ’
d (ink’ [T'LL] OCT(U)> s d (LL, Xan+1)

Letting n — oo, we have
d(w, [Tuly; () < 0.

Hence u € [Tu], (,, - Similarly, one can easily prove that w € [Su], (). Thus u € [Sul, () N Tul oy -

O

Theorem 2.2. Let (X, d) be a complete metric space and let S, T be fuzzy mappings from X into J(X) and for each
x € X, there exist as(x), ot (y) € (0,1] such that [Sx] (), [Tyl oy (y) Are nonempty, closed, and bounded subsets
of X. If there exist some F € F and T > 0 such that

Tt F(H (1590 () Tlayy) ) ) < FA(x,Y)

forall x,y € X with H ([Sx] s (x) 7 ”‘ﬂ«ﬂy)) > 0, then there exists some u € [Su () N [Tl oy -

Proof. Taking L = 0 in Theorem 2.1. O

Corollary 2.3. Let (X, d) be a complete metric space and let S be fuzzy mapping from X into J(X) and for each
x € X, there exist «s(x), as(y) € (0, 1] such that [Sx] s (x) 7 [Syl are nonempty, closed, and bounded subsets

as(y)
of X. If there exist some F € f, T > 0and L > 0 such that

T+ F(H (I8 (0) 1SUlas ) ) < F(A (0 y) + LM% )

forall x,y € X with H ([Sx]“s(x) , [Sy]as(y)) > 0, where

MOx,y) = min {d (%, 5¥ag ) @ () SYlag ) ) +d (% SUlagy) ) 4 (9 SX]ag) )

then there exists some w € [Su] () -

Proof. Taking S =T in Theorem 2.1. O

Corollary 2.4. Let (X, d) be a complete metric space and let S be fuzzy mapping from X into J3(X) and for each
x € X, there exist as(x), as(y) € (0,1] such that [Sx] s (x) 7 [Syl are nonempty, closed, and bounded subsets

as(y)
of X. If there exist some F € | and © > 0 such that

T+ F(H (159 (x)  SUl o) ) < Fld(0))

forall x,y € X with H ([Sx] s (x) 7 [Sy]as(y)> > 0, then there exists some u € [Sul, () -

Proof. Taking S =T and L = 0 in Theorem 2.1. O

Corollary 2.5. Let (X, d) be a complete metric space and let A, B : X — CB(X) be multivalued mappings. If there
exist some F € F, >0, and L > 0 such that

T+ F(H (Ax, By)) < F(d(x,y)) + LM (x,y)
forall x,y € X with H (Ax, By) > 0, where
M(x,y) = min{d (x, Ax),d (y,By),d (x,By),d (y, Ax)},

then there exists some u € Au N Bu.
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Proof. Consider a mapping « : X — (0,1] and a pair of fuzzy mappings S, T : X — J(X) defined by

s 5 IR e o= {5 il

Then
[SxXly(x) ={t:S(X)(H) > ax(x)} = Ax and  [Txly () ={t: T(x)(t) > a(x)} = Bx.

Thus, Theorem 2.1 can be applied to obtain u € X such that

u € [Sul ooy NTUl gy () = AunBu O

u)

Corollary 2.6. Let (X, d) be a complete metric space and let A, B : X — CB(X) be multivalued mappings. If there
exists some F € [ and T > 0 such that

T+ F(H (Ax, By)) < F(d(x,y))
forall x,y € X with H (Ax, By) > 0, then there exists some uw € AuN Bu.
Proof. Taking L = 0 in Theorem 2.5. O

Corollary 2.7. Let (X, d) be a complete metric space and let A : X — CB(X) be multivalued mapping. If there
exists some F € F, Tt > 0and L > 0 such that

T+ F(H(Ax, Ay)) < F(d(x,y)) + LM(x,y)
forall x,y € X with H(Ax, Ay) > 0 > 0, where
M(x,y) = min{d (x, Ax),d (y,Ay),d (x, Ay), d (y, Ax])},
then there exists some u € Au.

Proof. Taking A = B in Theorem 2.5. O

Corollary 2.8. Let (X, d) be a complete metric space and let A : X — CB(X) be multivalued mapping. If there exist
some F € [ and © > 0 such that
T+ F(H(Ax, Ay)) < F(d(x,y))

forall x,y € X with H (Ax, Ay) > 0, then there exists some u € Au.
Proof. Taking A = B and L = 0 in Theorem 2.5. O

Theorem 2.9. Let (X, d) be a complete metric linear space and let S, T : X — W(X) be fuzzy mappings. If there
exist some F € F,t>0,and L > 0 such that

T+ Flde (S(x), T(y))) < Flp(x,y)) + LM(x,y)
forall x,y € X with d (S(x), T(y)) > 0, where
M(x,y) =min{p (x,S(x)),p (y, T(y)),p (x, T(y)),p (y,S(x))},
then there exists some w € X such that {u} C S(u) and {u} C T(u).

Proof. Let x € X, then by Lemma 1.5 there exists y € X such that y € [Sx];. Similarly, we can find z € X
such that z € [Tx];. It follows that for each x € X, [Sx]y(x), [TX]«(x) are nonempty, closed, and bounded
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subsets of X. As «(x) = «(y) = 1, by the definition of a d.,-metric for fuzzy sets, we have

H (1% o)/ Tl gx ) < oo (S0, ()

for all x,y € X. From (F;), we have

T+ F (H (590, ol ) ) < T+ F (dao(S06), T(W)) < Fp () + IM(x, ),

where
M(x,y) = min{p (x,S(x)),p (y, T(y)),p (x, T(y)),p (y,S(x))}

for all x,y € X. Since [Sx]; C [Sx]« for each o € (0, 1]. Therefore d(x, [Sx],) < d(x, [Sx];) for each & € (0, 1].
It implies that p(x,S(x)) < d(x, [Sx];). Similarly, p(x, T(x)) < d(x, [Tx];). This further implies that for all
x,y € X,

T+ F(H([Sx]y, [Tyly)) < F(d(x,y)) +LM(x,y),

where
M(x,y) = min{d (x, [Sx];),d (y, [Tyl,),d (x, [Tyl;), d (y, [Sx];)}.

Now, by Theorem 2.1, we obtain u € X such that u € [Su]; N [Tuly, i.e., {u} C T(u) and {u} C S(u). O

Corollary 2.10. Let (X, d) be a complete metric linear space and let S, T : X — W(X) be fuzzy mappings. If there
exists some F € [ and T > 0 such that

T+ Fldeo (S(x), T(y))) < Fip(x,y))
forall x,y € X with d (S(x), T(y)) > 0, then there exists some w € X such that {u} C S(u) and {u} C T(u).
Proof. Taking L = 0 in Theorem 2.9. O

In the following, we suppose that T (for details, see [27, 30]) is the set-valued mapping induced by
fuzzy mappings T: X — J(X), i.e,,

T(x)(t) = {y eX:Tx)(y) = maxT(x)(t)} .
tex

Lemma 2.11 ([1]). Let (X, d) be a metric space, w € X, and T : X — J(X) be fuzzy mapping such that Tx is non
empty compact set for all x € X. Then w € T(u) iff T(u)(u) > T(u)(x) for all x € X.

Theorem 2.12. Let (X, d) be a complete metric space and let S, T : X — J(X) be fuzzy mappings such that for all
x € X, S(x), T(x) are nonempty closed bounded subsets of X. If there exists some F € [, © > 0and L > 0 such that

o+ F(H(500,T(v) ) < Fldbxy) +IMixy)

forall x,y € X with H <§(x), T(y)) > 0, where

M(x,y) = min {d (x, §(x)) ,d (y,?(y)) ,d (x,?(y)) ,d (y,g(x)> } ,
then there exists a point x* € X such that S(x*)(x*) > S(x*)(x) and T(x*)(x*) = T(x*)(x) for all x € X.
Proof. By Corollary 2.5, there exists x* € X such that x* € Sx* N Tx*. Then by Lemma 2.11, we have
SOF)(xT) = S(xF)(x)  and  T(x")(x¥) = T(x*)(x)

for all x € X. O
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Corollary 2.13. Let (X, d) be a complete metric space and let S, T : X — J(X) be fuzzy mappings such that for all
x € X, S(x), T(x) are nonempty closed bounded subsets of X. If there exists some F € F and T > 0 such that

v+ F(H (S(), Ty) ) ) <Flaboy))
forall x,y € X with H (g(x),?(y)) > 0, then there exists a point x* € X such that S(x*)(x*) > S(x*)(x) and
T(x*)(x*) > T(x*)(x) forall x € X.
Proof. Taking L = 0 in Theorem 2.12. O

Now we present a non trivial example to show the significance of the investigation of our main
Theorem 2.1.

Example 2.14. Let X = [0,1] and define d : X x X — R as follows:
d(x,y)=x—yl.

Then (X, d) is a complete metric space. Define a pair of mappings S, T : X = J(X) for « € [0,1] as follows.
For x € X, we have

o, if0<t< g, o, fOSt<E,
XX g X LX<t
_ ) 2 W3 S 207 _ ) 3 60 S 30/
S =4 & pPTST L and T =g & G 9TSY
5, it <t<l, 7, it <t<],
such that
X X
Mo = [0, 25], 1850 = [0,55]-
Let F(t) =1In(t) and L = 0. Then there exists some T € (0,1In ‘ ly— T‘ ) such that
Yy—s5 30
T+ F (H ([Sx]as(x) , [Ty](xﬂy)» < Fd(x,y))
for all x,y € X with H ([Sx] ) Tyl oy ) > 0 . Thus all the conditions of Theorem 2.1 are satisfied to

obtain 0 € [S0], N [TO],
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